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* INTRODUCTION 




The text that you are about td^ teach from is the result 
of collaboration between experienced high school teachers and 
university mathematlolanB , This commentary Is designed to 
help you In several waysi 

1. To help you In lesson planning, 

2, To explain why we believe it is worthwhile to make 
certain chapgei from the traditional treatment, 

3* To save you, work by giving answers to problems 

In the problem sets as well as a suggested method ^ 
of solution to all but the simplest problems,'^ 

4, To provide additional background inf orrriation , 

You can see from this list that our object In writing this 
commentary iil^ to help you to present our treatment of geometry 
as effectively as possible. 

At this point you may ask "If the text is so different 
and/or difficult that it needs an elaborate commentary, 'what 
is going to be the students' reaction to the text?" Our 
answer is as follo'.^si Any formal treatment of geometry 
would be new to the student and remarks In the text 
commenting on why we didn't treat this or that matter in thk 
traditional way would be meaningless to him. After all, he 
does not know what the traditional treatment Is, Also, It 
Is natural for us^^to equate being differeint with being 
difficult. It may well be that It is difficult for us 
because It seems so different. However, we feel certain 
that once you become accustomed to our terminology and 
treatment, you will find your geometric insight sharpened 
and the increased Qlarlty obtained well worth .the break 
from the traditional treatment, We also feel certain that 
clearly expressed thought in precise language cannot help 
but evoke real intellectual enjoyment on the student's part 
as well as making the subject easier for him to grasp. 
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The commentary Is. organized into four parts.' The first 
part, in ad^'ltion 1to the IntTOductlon yo^ are rmw reading, ' 
- contains la .short "action on estlrnates of class^time jieede^ 
|o cover each chapter. At' the^ beginning of, the prlntid 
solutions for some 'of the problem sets, .comments regardlnc 
probieme In the sets are made. ^ 

The second or main part consists of a chapter by chapter 
commentary on the text organized as follows i 

, 1. Remarks that apply generally to the chapter. 
)_ 2, Paragraph fey paragraph comments as approprj^ate . 

3% Suggested .supplementary problems that could be used. 
^ ^ either for additional asgignments or possibly as 

T test questions/ These are called Illustrative^ 

Test Items. . ■ 

The(third part 3^ . entitled "Talks to Teachers, It 
is 'a collection of essays on ^topics that cannot 'convenientTy ^^ 
be dealt with in the laain part'of the commentary in.- connection 
with a- particular passage. The essays incliade soma of the 
most important Sontent of the commentary. They will: bd 
referred to hereaftef in this manual simply as Talks , ^ 

The fourth part^ontains, firstl the atiswers to the 
Illustrative Test Itlwrtnd, second, the solutions to the 
problems , . 

One of our goals Is the development of analytla geometry 
hand-ln^hand with synthetic geometry,^ to emphasize that both 
are deductive systems and that it is useful to have more than 
one mode of attack In solving prgblims. We begin our 
development synthetically, but we are naturally led to a 
consideration of coordinate systems through our heavy reliance 
on the real number system (just as In the ^earlier SMSG 
Geometry), However, 'we do not make full lise of coordinate 
systems until the student has a good command of the method 
of synthetic proof, acquired through consj4erable practice. 
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- Obvlouslyj we wanted to choose a develQ^ment that was 
best from the pedagogic point of view as well as sound 
mathgmatlcaliy . Equally obvious wa^ the fact t4nat there ^ 
was no handy formula to guide us in making such a choice. 
The following are some of the faotors that we considered in 
CDming to our decision. 

Foremost from the mathemitlcal point of view was the 
desire %p choose as postulates a small number of independent 
statem.ehts '^strategically placed" In. the body of geometry 
so that every area of interest could\be reached by a short 
^deductlve chain. At the same time^ we wanted to have the 
postulates "intuitively reasonable" . Sometimes, unfortunatelyj 
"^he-g e tw o''~deg±WB~'B^emed -tcr-b&-i-n^ con f-J i^t — - v =^„^„ — 

In addition there was the choice of technical language. 
On the one hand it Ms desirable to use as technical words 
-those that have strong cdnnectidn-.wlth.-ColloAUlal usage and 
our intuitive geometric Ideas. On the other hand we df^not 
want to have our mathematical language so close to colloquial 
usage that' there' was danger that the wrong one of several 
possible meanings might be ta^en. In the interest of good 
teaching Qf mathematics we can hardly overemphasize the 
pedagogical importance of reinforcing for your students the 
strict meaning of termfe as given In the text by consistently 
using them only in their technical sense. 

In connection with the aim to provide additional back-^ 
ground ITpformation there are several things to be said* First , 
it is ob/iouB that* In a textbook at this levels many 
disc\j^^ons have to be logically incomplete. We have cut 
some cornersj expecting the students* intuition to take over* 
and we believe this is as it should be, OfMn, in fact^ 
it would take Gonslderable argument with most students ^to 
convince them that they had Indeed depended on their Intuition, 
On the other hand, some students may see this dependence and 
ask how the argument -may be revised to avoid such a question. 
The running commentary is designed to help you when this ^ 
happens. As a further aid you should have available a copy 



of "Studies in Mathematics," Volume Euclidean Geometry 

Based on Ruler and Protractor Axioms . by W.' Curtis, 
P. H. Daus, and R. 'J, Walker.^ It contains/ expecially in the 
^flrst chapt^s, much material that could' have been put In the 
Ta^* It^also aontalns detailed proofs of basic theorems 
that are not mentioned In the text. The properties stated 
In these theorems are IntMtively obvious and' are 
generally accepted by students without consent. A completely 
logical development of geome^try must, nevertheless, contain 
proofs of these theorems, and so they are Inalude^J^re for 
iwhatever use you wish to, make of thern, \hen we refer to the 
reference volume, - we will speak, of it as "Studies II." 

Inasmuch as "Studies II " ^was specif ically-^rltten fnjg^.th^— . 

prevloua SMSQ Geometry text, the^ G edition, as opposed €o 
this which is the GW edition, thei^e is a short essay in 
the Talks establishing the necessary connection between the 
^termiTiolog3r=nBe^^tn^^"fetiidias 11,^' and ours, " ^ ^ 

Some teachers may enjoy referring to a lighter 
presentation of some geometric idea. To them we suggest 
"Studies in Mathematics," V^olume V, poncemts of Informal 
Geometry. Information about the books can be obtained from 
School Mathematics Study-^^up, Cedar Hall, Stanford University, 
Stanford, California. 

I 

Although we felt it unwise to/^make our text logically 
complete in its theorems and proofs, we did attempt to give a 
Gomplet.^ ioun^ation of postulates and definitions. On such ^ 
a foundation a student can build as elaborate and com.plete 
a structure as his capabilities permit, with the help of his 
teacher and of supplemientary reading. 

Obviously you will like some features of this text better 
than others. In any case, we hopr%that you, will teach it 
following the presentation of the text and taking into 
conalderatlon priorities and emphases suggested In this 
Commentary. Suggestions for imppvlng the text are Invitedi 
send tnam to School Mathematics S^dy GroupCCedar Hall, 
Stanford University, "Stanford, California, 
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^ A WORD ABOUT PR0BI£M SETS 

%* * ' 
The fundamental purposes of the problem sets arei 

^ 1 . To reinforce the students ' comprehension and 
* appreciation of the ideas and techniques being 
developedi • ' 

2. To develop the students' ability to recall 
accurately and jfolly concepts once understood; 

3, To e/hance the students power to apply . 
combinations of concepts and techniques effectively 
to the solution of problemsi 

k. To/c^sAaenge the students to analyze problems and 
^ "^td^robe for^"soluti6ni^r^^ 
5. Occasionally, to orient the students' thinking 
toward a concept not yet IntroduGed but to be 
""' ' livelopeff in the succ-eedlTj|^^ext mate-rial. 

As a general rule,' each problem set will commence with 
a number of simple exercises aesigned to "drill home" the 
basic concepts. After these, the difficulty of the problems 
will increase, roughly with their order of appearance, the ' 
last one two, as a general rule, being challenge-type 
^problems . 

It Is hardly practicable, however desirable, for every 
problem set to be, or to' contain identif lably, a "proper" 
homework assignment for a given student . We have attempted 
to provide "good" problems, and enough pf the^pi to allow the 
teacher some freedom of choice. Teachers are upged to^ read 
the problems of each set, and possibly their solutions, with 
a view- to tailoring homework assignments' to fit situations. 

There may be certain problems in a set, perhaps explora- 
tory in nature and leading into succeeding sections, which 
the authors strongly recommend assigning to every^student . 
Such problems are "starred," the asterisk meaning 
"Do not omit," 
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vrith-regard to .-l^eorems" in the probltm sets/ ther^ will 
proba.l, ,ru. some questions about th.lr ktatue / StuJn.r 
• W w,,, ,,,, ^^^^^^^^ proc^roble; as a ^ 

basis fcr.a deduction m solvlns another pr^blem.^o. md.ad 
m proving a su^stquent -theorem ndt In a probXen, s«t - ' 
teacher may wish to prescribe groid rules for this, and we 
would sugsest that a "safe'frule would .e not to alldw It It 
all.^ However, ^there may bel'occaslons for relaxing "su.h a rule 
One final remark about p-^ofsi The partial "proofs" 

d'nirb " in the problem sets 

9hould not.be considered as models of "correct" proofs In a - 

™tlve way. We Intend them to Illustrate aoc::::, r " 
proo.p, but not to be the only acceptable ones. Good ■ 
^---oP+glna^t-reasohtng^n^be-pyfflWWin^W^^ 
^orderly and convincing, dl^erlng' prl.arll^ m thei^ 
resRectlve appeals to personal taste. ' 

- Following, th^-general commentary aectlor^for eacFf — 
Chapter (except Chapter l) problems suitable fr use in ' , 
a Chapter test have been listed; it sHould be clearly ^ 
-coenl.ed that the list iroften too long and may contain 
too many similar Items to constitute, a single chjter te t 
r ef^^rf'"" ^° P^vide samples of proble^^-whl ' 
a teacher mTght use in assembling such a test. A compTt-te ' 
Chapter test might be constructed by selecting a ' ^'^'^ . 
comblnfltinr, r,f« ^-v selecting a representative 

combination of these test Ite^s. In most .cases enougt 
problems testing the same points hav, been Included so that 
a teacher with .several' class sections could make different ^ 
but similar tests. ' -lerent^ 
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USING THi TIME AVAILABI£ 



Tl(ls tejtt was wrltteii so that ver/ good dlasses will 
hava ample material to. Qhallenge them for # year. -It follovra 
than^that most classes wlll^.not be able to cover the entire 
material. You ir^prerer not to rush th^'ough Important ^ 
topics .Just to aover pages, so this note will suggest some- 
of the 'possible choices that you can make. For example 
the time schedule below •iuggests two approaches, one for 
the average class and one inoludlng vectors, for the 
advanced class. 

A full course gives adequate coverage of all the 
exposition and a substantial number' of problems from each 
"seT.~There is "an abundaWe 0 thlB was . ' 

■f^t to be necessary to meet the needs of all the students, 
'certainly there are more heri than any student could be 
exp^t^ t^ work, Also there are some problems that only^ 
a te^ ^ Che students are expected to solve. 

".T^e time schedule given below Is the result of the- 
opl^ons of the secondary teachers who participated In 
• this writing pro-ject and of the experience of teachers 
Who used the .preliminary ^Itlon. The time allotment serves 
,to indicate the relative amounts of time for the various 
'chaDteri.' Whether your class be average, above average, . 
oj-. deflnltoly' superlor. the relative amounts of tli^ devoted 
to each chapter as lndlcate?"in the/chart should give ^ 
well-bilancrfd course. If you find that these Relative 
nftea are not working out in your clasaea, suggest that^ 
you consider- carefully the depth to which you are teaching - 
the various chapters. The remarks in this commentary 
were designed to be as helpful as posalbld on this question 
o,f depth., , 
/ 



Chapter \ - , , ■ • 

Part I ■ ' Cu.'n. 



1. •Introduction 

2. Sets, -Points, .Lines, and' Planes, 

3. Measurement' Of Dlsta-nce and 
Coordinates on a Line. . _ 

^. Angles . ...... 



Days Tc^,. 

S 2 

.8 10 



16- 26 



: ■ • , i .13, 39, V 

i. Congruence. . . .. ^_ _ ' 



Part II 

6. Parallerism. 

7. Similarity. 



. 21 60 



13 73 



13 86 

-and of First Semeator------^. 
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Coordinates In a Plane 3^ 

9. Perpendicularity, Parallell^, and 

Coordlnateg in Space. . . . . _ '46 
Part III , - • . ' • 

- 10. Vectors. . . 



11. Polygons a^^lyhedrona.' ^5 

12. , Circles and Sfffieres . . _ _ 



62' 



Total for year 273 

; ' °' superior students where it Is -desirable 

0 study vectors we anticipate t.at the time reo^l e 

.horten, slightly some of the times listed above, particularly 

e ":r:r °" =-gruenc:.^ The 

are ome theorems in Chapter 8. that are treated In the 
Chapter on vectors. These may be omitted from the class 
presentation of Chapter 8 ,f vectors are presented 
Details appear in the CommentarY on Chapter 8. 
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Let us'stress again that we do not^^feel we can set 
a tlcne schedule. Yet we feel reasonably secure in 

saying that you should not spehd more than thirteen we^^s , 
on Part l/ You will not accomplish this, even with ^n 
advanped ciass, if you'ltoger too long on Chapters 3 ''^ 
and ^\ With an average class you will want to^pproach 
many. of the proofs from an Intuitfive basis or by giving 
/ Illustrations using specific sit^tlons . --^n some cases / 
^you mi:^ wish to' skip the proof entirely after discussing 
what >ha theorem says. ' All this is treated more fully 
in Chapter p and ^ of the Commentary . 

Neither will you be able to meet yoiJr schedule if you 
start ^o\jr studei^ts doing proofs too early. Several' 
times ite cite Chapter ^5 as the time for students to venture 
out alont'^ This is about the ^Mght or ninth week. While 
we presented numerous proofs in the interest of having a 
complete geoniet^^lcal framework, the student is nol expected 
to be able to produce them at this stage of the -game. 
^- Spending time at this task at this time would possibly 
prohibit your considering other topics which are a vital 
part of the course. Chapter 5 deals specifically with 
techniques of proof. This is the spot where students should 
first consider the proba.em of constructing their own proofs. 

We are working on the theory that it is good to have 
an excess of food on the table. The wise person does not 
try to^at everything before him, but Judges his capacity, 
evaluates his wants, and acts accordingly , So It is in 
geom.etry, but here our wants differ greatly, being affected 
by time, teacher preferences, local syllabi, and individuaJ^ 
and group differences. We reGOOTrzt--t.^-^numerous plans are 
possible to meet the limitationfe imposed by these 
considerations. However, if you are trying to decide what, 
food to choose when you judge that your capacity will not 
permit you to make the full round of the table, we suggest 
the following as what can be omitted, in the order very 
roughly, in preference of omission, the last Item being ^ 
the one you should^ least consider omitting. 
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1» Vectors ' = ^ ^ 

2* The proofs of Chapter 9. (Treat the chapter ' 
entirely dn an Intuitive basis J 

3. The sections on polyhedral angles and polyhedrons 
In Gnapter 11, ^ ^ 

4. The detailed proofs in Chapters 3 and 4, (Treat 
the chapters on discussion and problem solving baslsj 

The sections on^the coordinate gaomet;^y of the 
sphere in Chapter / 12, 

6. The sections of Chapter 9 on the -oordina.:e 

geometry of^ljies- and planes in three dimensions. 

Finally, f or the ^ elaas, or the Individual student, 
ne'eding more material than all the numbered chapters 
provide, the appendices may provide the basis for a number 
of ■ interesting assignments. 



' . Chapter 1 . 

k / 

INTROroCTION TO FORMAL GEOMETRY - 

In this chapter we discuss Infonjially what formal 
geometry Is and the dlstltictionS^ between ifr^ and Jliyslcal 
geometry. Our dmmediate goal is to ^give the student ^some 
idea of the format of a postulational development o'^ 
geometry and to prepare him Intellectually so that he will 
be willing to work with ^ ^ 

1 ^ undefined terms 

2, postulates 

3. chains of deductive reasoning, ' 

Ideally^ it should be possible to start the text With a 
list of undefined terms on page ''l, followed, by postulates/ 
then theorems and proofs. We all imow^ however^> how 
difficult it is to play intelligently or even be an 
^interested spectator of a game in which we have no idea 
of the rules or how to keep score, ^ In a sense we are 
trying in this chapter to tell the students who the 
players are, what the rules are, and how we keep score* 
We hope that most students will becQme active j Intel- 
lectual participants, ^ ^ 

If you have never seen or played a game of cricket 
but have- tried by reading a description of cricket in an 
encyclopedia to "understand" the game, you probably have 
some idea of the student's problem in trying to 
"understand!' what formal geometry Is about > if he has 
never worked with It, An effective way of learning about 
cricket would probably be to read the encyclopedia 
article to get a general Idea of the game and then to 
watch a game in company with a fi^iend familiar with it. 
We strongly suggest that the use of this chapter should 



be similar to that of the encyclopedia article. As soon 
as he gets a fair ldea.,of! the "game," he should go on 
with his teacher ae a -guMe and start participating in lt{ 
Occasionally, it may be appropriate for the teacher to 
refer him back to thl s chapter. 

^ Needless to ^say, we are well aware that many of the 

philosophical matters we touch Irrthls chapter are 
subjects to which erttlre treatises are devoted. We are 
also^are that the student at thte stage^ olr his develop- 
ment should not be asked to pursue these' topics to any 
depth. We do suggest, however, that additional material 
in Talks / entitled, "Pacts and Theories,'' may be helpful 
to the .teacher. There Is. also a list of books at the end 
of Chapter 1 in the text from which a more detailed 
history of the evolution of geometry may te o'btained as 
well as biographical sketches of outstanding contributors 
to geometry p 

For students with a strong background in formal / 
mathematics, this chapter will serve largely to remind 
them of the general structure of formal mathematics. 
Since this Is then largely In the way of review, at least 
to the leve-3neaded to start Chapter 2, these studentT 
need spend little time on Chapter 1. For students with 
weak backgrounds In formal mathematics, for whom the 
discussion Is largely new, there/is a limit to what can 
be gained by talking about the ^iixioma^c or postulatlonal 
development of mathematics without,: working with a 
specific axiomatic Aevelopment. Hence, even if their 
understanding Is poor, If they are willing to ''play the 
game," they should go on to Chapter 2. Thum, for any - 
type of student, we conclude the time spent on this 
chapter should be brlp/ without excessive effort to / 
; examine the Ideas presented in their full depth. 

In summany of our general remarks we reiterate that, 
as spon as the students have a fair idea of the "game," 
involving undefined termg, postulates, and deductive 
reasoning, they should begin Chapter 2, 
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The numbers In the left margin refer to the pages In 
the text to which the cotiments relate. At the top of the 
pagte are the page numbers of the text that the commentary* 
refers to and, algoj the numbers of the sections* 

Presumably at the first meeting the students have not 
had an opportunity to read the text. If soj the question 
"What Is geometry?" mfght be a useful way to lead them 
into the Introduction, This query elicits a. great variety 
Of answers. These will undoubtedly give you the oppor-- 
tunity to begin to draw^ the distinction between the 
infomal geometry that they have had up to now 'and the 
formal geometry they are about to start. 

The students will be quick to recognize that they 
have acquired a numbei^ of geometric facts^ informally^ in 
previous years. They need to realize that now they are 
about to use a formal approach, one that Is deductive in 
nature. They are about to begin proving fomally what ^ 
they have already been ueing and accepting as true. 

The transition from informal acceptance of facts or 
acceptance based on Intuition a.nd^^ Inaction to the 
'formal approach Is not always eaa^yj^__Ttie student will 
encounter some facts early in the year that are so simple 
or CLbvious to him that he wonders if they are worth 
putting into words. Included in Chapter 1 are some 
examples to show ^that the deductive method can be used to 
arrive at results that are not easy to see intuitively. 

The student needs to realise (and this realization 
does not come quickly) that in geometry we take a few^ 
simple statements and l^om them, deduce more CQmpllcated 
and less obvious relations. Furthermore, these deductions 
along with the definitions and postulates can be listed 
in a way so" that any deduction is based on the statements 
that precede it. \<f . . , 

As we attempt to display this organlEatlon we face 
compromises because that which is mathematically aeeded 
is not always pedagogically feasible* When we fe^^ it 
necessary to compromise and leave a gap we have tried to 



acknowledge It an*, where practical, supply the missing 
Wthematlcs In the Appendices , the Commentary , or In 
Studleg II. " ~ " 

The Exploratory Problem Is dlscuBsed In the text on 
page 6*and, finally, on pages 12^^nd 13, Conjecture (x) 
Is established. Also see Problem 9| Problem Set 1-4, on 
page 9. ^ ^ ^ ^ . 

The emphasis of this section on the limitations of " 
the inductive process might lead the student to think that 
induction Is^Hot useful. The student should be aware that 
induction Is useful in many si^atlonsj in^fact; thei^e are 
cases when the^ scientists find it the onjy tool available. 

The statistician Is well aware of the Inductive nature 
of his conclusions and is always careful to qualify his 
assertions appropriately. For Instance,^ after investi- 
gating a small portion of a given population, he may make 
an assertion about the whole population qualiflld by a 
remark concerning the reliability of his conclusion. 

An example of the use of Inductive reasonln_g that 
probably would appeal mostly to the boys in the class 
concerns police methods. Many cities keep files listing 
the modus operandi or style of operating of various 
criminals, if a^ crime is cormnltted in a certain manner, 
the detectives refer to these files to identify criminals 
who habitually operate in this manner. The police, 
reasoning Inductively, consider the. criminals thus 
Identified to be well worth Investigating. 

An easily constructed device 
for illustrating Problem 1 consists 
of two ah^rt strips of balsa-wood 
or soda straws pierced by a pin in 
the center of each. This device 
pemlts the demonstration of a 
number of cases iqulte rapidly, A 

more elaborate presentation can be obtained by runnin_g the 
pin through the center of a circular protractor so that 
the angles aan be immediately determined. 
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It must be emphasised that this device, as wi|l. as-.>j 
other such devices you may find convenient to use, photall 
toe clearly identified in the sti^ent»s mind as objects J ■ 
belonging to physical geometry rather than Armal g©om%^^^ 
Manipulations with a physical device can never cgns$ltut|) : 
a formal proof, . . ' 

In spite of these limitations, teaching aids suem| 
these, are an excellent meaas bf starting the student 
ttie way to understanding the ide^s involved. There wi3^^, 
be cases where this understanding can be e^anced if the^^- 
student nakep the device himself or per^pps '^nvents one ^ ^ 
to illu^^te some principle. Often physical, models or ^. 
devic^ offer the best and quickest way of presenting an 
idea*/N.^^ ^ 

0 A student who wonders what an Infinite set is may toe 

satisfied by the statement that a set is infinite if and 
only if it has at least as many elements as there are 
positive Integers. Of course, this answer may raise the 
question as to the meaning of the phrase, "at least as 
many elements as there are positive integers." This means 
that there is a one-to-one pairing between the set^of 
positive integers and some subset of the given set. The 
difficulty with this more precise form of the answer Is 
that the idea of a one-to-one pairing may not be familiar, 
to the student at this stage, ^ 

Another way of answering the student is to say that ^ 
a set is finite if and only if "it can be counted," Of 
course, this answer may raise the question of what it 
means to count a set of objects. To count a set of 
objects means to establish a one-to-one correspondence 
between the objects of .the set to be counted and a subset 

' of consecutive positive integers of the form 

[l,2,,,,,Nl for some positive integer N , This expla- 
nation may toe difficult for the student who has not 
thought about one-to-one pairing and its connection with 
counting. Also it is a little remoyed from his question 
about infinite sets, since a set is infinite if and only 
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. If It is not finite. Further, to be technically correct 
/ in this way of answering the 'student, we must agree that 
although the empty set cannot be counted; it Is finite^ 
After one=to-one pairing and the empty set have been 
discussed. It may be easier to talk with students about 
infinite sets. 

We first comment generally on pages 10-12 of the, 
text, then return to specific comments related to the 
example on page 10. 

The 'description in the text of what is Involved in - 
setting up a mathematical theory emphasizes the role of 
postulates and deducta^ons. (The role of definitions and 
undefined terms Is discussed in more detail in the next 
section.) 

It took the human race a lortg time to develop the 
lde4 of a mathematical theory. You cannot expect your 
students to grasp it from an, abstract description. The 
wnderstandlng of what Is Involved in logical reasoning 
Will grow throughout the course as students kctlvely 
engage in logical reasoning. Nobody can learn logical 
reasqriiiig^^ln a vacuum. 

Only a very remarkable student will fully understand 
the paragraphs , about theorems, postulates, proofs, and 
undeflnea terms, when he first studies this chapter. 
These; Ideas will come into Bharp focus In the student 's 
mind only when he has had some experience with them. 

As you consider the meaning and significance of the 
postulates it may be useful to note that: 

1. Until about l800, everybody believed that the 
postulates 'of geometry were "self-evident truths," and 
that the theoreips jjroved from them were ' statements of 
fact about the outside world|^ learned -by pure reason. 

a. Since. the discovery' af non-Euclidean geometry, 
it has been plain that the postulates of ordinary geometry 
are not " self -evident truths J^ere are many kinds of 
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geometry that are equally valid, logicallyi some of the 
very "peculiar" ones are useful In physlcsi and each of 
them le described by its own set of postulates. Postulates 
therefore, are slntply descriptions of the kind of geo- 
metrical theory that/we propose to Investigate at a given 
time. And when we prove a theorem, we are not showing 
that the theorem Is ''true" in^ the sense that it fits the ' 
facts of the outside w^rld* When we prove a theorem, we 
.BTe merely showing that the theorem holds true in the _ 
mathematical system described by our postulates, (See 
the. remarks on non-Euclidean geometry in th^chapter on 
parallels,' ahd the Talk on Non-Euclidean Geometry,) 

However, it does not seem to us that this second 
viewpoint in all its detail is suitable for presentation 
in thd first week* The student would probably be 
completely bewildered, and he might get the idea that ^ 
fiiclldean geometry is Just words, words, words , We have, 
therefore, been treading a rather* fine line, explaining 
to .the student approximately as much as we think that he 
can understand, and being careful in the' process not to 
make any - statements that will have to be corrected laber. 



What needs to be emphasized, at the start, is that 
postulates are not Just pulled out of the air to satisfy 
somebody's whim. The space of Euclidean geometry ie an . 
extremely good approximation to physical space. This l/ 



why it got invented, and this is the most effective way 
to think about It, We can and we should use our 
intuition of physical space to help us guess what can be 
proved and how, we can prove It* The proof itself, when 
we get it,, has to be based logically on the postulates, 
A mathematical system, like ttie geometry we are developing, 
which consists of postulates and theorems involving un- 
defined and defined terms, is called a deductive theory. 
This theory itself is given meaning and content by 
exhibiting an interpretation of the undefined terms,. 
When we give the usual interpretation of point, line, and 
plane from physical space we get our physical geometry. 
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whiGh la an approximate model of our deductive theory. - 

Other Interpretations of the undefined terms lead to 

different models, A further discussion of mathematical 

models and how they work is given in the Talks. 

— — — ^ 

It might be well to return to this chapter after the 

student has had a fair amount of experience with the 

concepts which we have been trying to explain* After ^he 

class has finished Chapter 5, the ideas of postulate ^ 

' ■ l/" ^ -"- — ^ 

theorem^ - proof , and undefined terms should have become 

entirely comprehensible. 

The discussion of arjtf^^" Kg ^ leading to the con- 

cluslon that no square Is a yentagon could be expressed in 
terms of Venn diagrams, if the class is familiar witt\ 'them 
If we let the univarsal set be the set of geometric flgurei 
then the first statement, , means that the set S of 

all squares is a subset of the set of all rectangles R . 
The second statement, > means that the InterBectlon 

of the set of all pentagons p with R is the empty set. 




From this figure, the student may find It easier to under-- 
stand the deduction: No square is a pentagon. He can see 
readily that the intersection of S and P is empty. 

When Section 1-7 is studied the teacher may find it 
helpful to use Venn diagrams to illustrate the meaning of 
special words. For example, to make the distinction 
between the use of ''some" and "all," we might make some 
contrtetlng statements involving the Imaginary objects 
Satis, Ratls, and Patis. It would be equally convenient 
to use any other nonsense names such as Sip, Rip, and Pip, 
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or some other words whose initial letters are S, R, and 
P » We use Imaginary objects since some of the statemeTits 
we wish to make would not be true if they involved squares, 
rectangles J and pentagons. Suppoee that we consider first 
the argument: 

H^: All Satis are Ratisj 

Kr^i No Rati is a Patii 

Conclusion* No Satl is a^yPatl. 

If we'' denote tHe set of all Satis by S , the set of all 
Ratls by R , and the set of all Patls by p , then we see 
that a Venn diagram Interpretation of the relation among 
our statements Is exactly the same as the one above for 
the argument concerning square s^ rectangles, and pentagons. 

Now consider the statements 

K^: Some Satis are Ratis) 

K^:-. No Rati is a Patl. 

Since "some*' admits the possibility of "not all,'^ a Venn 
diagram Interpretation for K-, might be^ 




Note the difference between this possible configuration 
for R and S , and that In the earlier diagram. This 
difference is due to the difference between "all" and 
"some." To contintae by considering , we see that the 

set P must lie. outside R (this is the significance of 
"no"), but that It may or may not have elements in common 
with S . The conclusion we can deduce in this case, in 
contrast to bur -earlier conclualon, is that "some Satis 
are not Patis." 
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Clearly, this discussion does nb^t exhaust the pcrBSl- 
bllities of effective use of Venn diagrams In getting 
students to visualize set relationships.' ^ * 

16-18 The student should come to paallEe "by the. time ' 

Chapter 2 Is completed, that It Is useful and permissible 
to define other words in terms of the undefined terms, ' 
Definitions of this sort are clearly abbreviations for 
longer phrases Involving the undefined terms, . ' ' 

^He also, should come to reallze-as the course ' 
progresses that the postulates "define^' In a very ^ ' 
effective way the terms pointy llne> and plane. 

The question of definition vi; undeflne^rf terms is 
discussed more fully in Section 2-^, 

This chapter is not followed by a list of Illustrative 
Test Items as la the practice In the later chapters. We 
do not feel that it Is appropriate to test directly on 
the material of this chapter at this stage. Our aim has 
been to get the student ready to begin formal geometry. 
The best test of success in attaining this goal is to 
observe the students' progress In Chapter 2. 
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Chapter 2' ^ 

SETS, POINTS, LINES, AND PLANES 

Frorn thet:-teachlng st^dpoint this ehapter.has two 
main ddvislons: ^ ' . • * ' 

I , An ' Informal lnti^6d^,cition to set theory in 
Sections 2-1 and 2^ and a pj^asantatlon of 

*^ I -the notion of o/ie-to-one' correspondence In 

Section 2*3. ^ ! 

II, The start of the formal ax"lomatic development 
of geometry with t'pe IncldenQe posculates in 
Sections 2-4, and 2-6, ind 2-7* 

fhese divlBlons present somewhat different teaching problems. 

The discussion of sets as we have presented itj is not 
really a m.athematical theory, but simply an explanation of 
the language in which we propose to talk. As the examples 
show, all of the basic ideas about sets^-with the sole except- 
ion perhaps, of the empty set-are already familiar as they 
^occur in ^ecific examples. Only some of the worc±s and the 
conBequent abstractions In which we talk about these ideas 
are new. As soon as you feel satisfied that the students feel 
moderately at home with the technical terms--lntersect, inter- 
section, empty setj union-^you should move on to the rest 
of the chapter. These terms will be used repeatedly through- 
out the remainder" of the text and thus, there will be ample 
opportunity later to reinforce and strengthen their 
appreclat lon^m" these terms. ♦ 

For 3ome"''^tudents the sections on sets will be in the 
nature "of review. They may in addition be familiar with the 
standard notation of set theory. For these students we have 
provided problems using this notation as well as appendix. 
Appendix I, entitled A CQnvenient Shorthand , This material 
is intendea to be strictly optional, and the title of the 
appendix Is meant to suggest the spirit in which the notation 
'Is to be regarded. There is a serious danger in^^taj^lng too 



4, much/ or in ^eing;;£qtf-^ophlstlcated about sets/^''|» the hlgk 
-sehfool leveli the Impression may be eonveyed ^that writings 
llRe, (A y b)„C C^^^ is, a loftier occupatlQn than proving mtaty 
tporems and solvir^ hard,p.roblems In geometry and algfbra. 
This wou^ be sad. We therefore/ believe that the language 
of sets should be flntroduced matter*of -factly without fanfare, 
and .that the notation of a set theory should be taught ^to a 
given student when, atid only when, the student Is prepared to 
thiqk of it as a matter of oonvinience, Howeverj the language 
of sets; is going to be used continually. For example, an 
an^e will definefd as the union of two noncollinear rays. 

_As another example, two liner in the same plane are parallel 

they do not intersectj this means that the lines, considered 
as sets of polntSj have no member, in common. 

, fhe notion of one-to-one cprrespondence is a familiar 
idea for most students. It is used ^actively in connection wl-th 
^QOordinate systems on a line In Chapter 3, with ray coordinates 
in Chapter 4, with the notion of congruence in Chapter 5, and 
gerierally throughout the remainder of the text. 

^ . We recommend that as soon as" the students feel moderately 
at home with the technical terms--intersecti intersection, 
empty set, unlon--and have the idea of a one-to-one corre- 
spondence, you should move on to the formal development 
of geometry, ' 

The chief teaching problems, as we see them, related to 
the material in the second division in which we start formal 
geometry are^ 

1, The problem of gett^g the student to distinguish 
between his informal geometric ideas and the formal 
concepts as introduced by postulates and through 
definitions, 

2, The "problem of getting the student to understand 
exactly how much, and how little the po^ulatel 
assert, and to reallEe that -when we define a 
technical ^ term or state a postulate, we mean what 

' we say, and say what we mean. 



3. . The problem of helping a student to understand 
a deduetive proof* 
' We have attempted to head the ^udent In the right direction 
Vrlth respect to the problem a^iove by our remarks In .SeotloD 
2-4 which In turn relnforea some statements In Chaptei^ 1. 
It ISjhowaver^ next to Impossible to do a complete Job 
without exposing the student to the postulatlonal development 
itself, Hencej we suggest a brief treatment of Section £-4 
with- appropriate reinforcement of the Ideas presented there 
as the student works with the material in Setftlone 2-5 
and 2-6, 

The teaching problems stated as (2) and (3) above are 
closely Intertwined. Our recommendation is that the main 
emphasis in both Sections 2-5 and 2-6 be on what the 
postulates say. For Instance^ in discussing a problemj such 
^ as Problem 4 in Problem Set 2-5j Instead of asklngi ^ 

"Is the Justification under discussion really a 

proof?" J and thusj emphasise the concept of proof: 

ask insteadj "Do the postulates really permit us 

to say so-and-so?" J thus, emphasizing how much and 

how llttl the postulates s^^y, - i 

This procedure also helps the student to understand the proof. 
This focusing of attention on the postulates also makati^it; 
easier to meet the questlonj sometimes raised on the need to 
prove the ^ "obvious , " In addition, we do not feel that much 
can be expected from students at this stage^ in the way of 
proofSj although we want them to get started on them* We 
feel that we should not expect proofs from all of the students 
until we reach Chapter \5* 

19 The omission of th4 number that is reaulred f or 'a 
baseball team was Intentional, We tried by this Omission ' 

' to Indicate to the stud^ts that it is a set whether you know 
the number of elements ok*; riot. The number of elements in a 
set is a property of tt^|set>but it is not essential to the 
fundamental notion invoked, 

Since the mention of a team as a set brings to mind 
definite relationships that exist among the members of the 
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^ sat, the example involving the Empire State Bu^aing Is used 

to dispel the idea that such relationships have to exist 

before the ^.objects cart be consldererd to be members of . the . 

same setv '^f cQUrse^ after we place them In a set we establish 

at least onfe'^ relationship between them, namely, that they 

belong to the same set, * 

_ ' - ■> 
20 From time to time questions of the completion type 

i!^l be asked with the request to V-Plll, in the blanks," If 

'the books are to be used again next year you may want\to 

instruct the students to "fill in the blanks mentally" or 

"Write the answers pn ;finother sheet of paper to be tLu^n^d in - 

or considered. 'in clasa,^"*^ ^ ^ 

22 We apparently use thf word contains in two ways , f ' ^ 
However, when we say that "the iet [3, 6, 7* 9): contains 
6" We are actually presenting *a version of the, sentence 
"the set [3 J 6, 7, 9j contains the set {6}," Using 
the convenient shorthand discussed' in Appendix "contain" 
corresponds to " " and we consider that A C B (A lles^ 
in B) expresses the same ideas as B3A (B contains A), 
(This is analogous to the correspondence between the 
expressions 3 < 5 and 5 >3), Note that ^we may write in 
symbols 6e (3_, 6, >7j 8j but rrmy not write 6C[3j 6, 7, 9} 
because C (and thus D ) expresses a relation between 
sets. Instead of Incorredt use of^symbols ^'^6 C {3> 6/ 7, '9J 
we have our choice between [6J C {3j 6, 7, 9J,. 
(3, 6, 7, 9i D {6), or 6 G [J* 6, 7, -9J.; The fact 
that^ there Is a real distinction to be made between 6, 
and [6}, (that is between the element 6 and the set 
whose only element is 6) Is discussed on page 23 of the 
text. As far as tt'he student is concerned, this discussion 
in the text should suffice to make the possibility of a 
distinction clear and there is no need to labor fine points 
of language at this stage, 

2^ "We make a distinction in our *use of the wo,rda ^ " ^ 

"intersection" and. "intersect.'* This distinction ^ is presented ^ 
to ^he student on page 27- We comment on it here so that 
you will be forewarned and can look' ahead now. 
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Seme claeses n^y have some ■fcaekgrduEid In set theory* 
If iOj It Is possible* that ou^^ use of' "intersection" and 
"intersect" i^at variahce to the usage to which they are 
accustomed, » ; ' ; . 

In set theory any two satSj A B, "intersect" 

though they may have; no points In common. However^ for 
\Our use in geometryj the definitions as expressed here\ 
vkre more suitable. We might summarlre^tha situation 
in this manner! ' 

The phrase^ "A intersects b" means that A and B 
have at least one point In oommonj while an expression 
Involving the noun^ Intersection^ such as **^the Interstction 
of A and Bj " describes what may or may not be an 
empty set » , ' 

24 In the first figure, the arcs were not completed 
as circl#s| we Wished to avoid suggesting to the student that 
we are concerned with the overlapping areas, f 

The intersection would still be {P, Q) If the arcs 
were extended to form clrcleSj because we distinguish between 
a circle and the region enclosed by the circle, ^h±B 
distlhctlon is congldered later In the text, Howeverj should 
you wish to consider this distinction now the following 
paragraphs are pertinent. 

When *we say circle, we mean the set of points that make 
up the circumference. Mathematicians have come to call the 
get which Is the union of the circle and the points that 
it encloses tfie disc or circular region to distinguish this 
from the circle itself. 

If you conslderj Instead of the Intersection of two 
coplanar circles^ the intej'sectlon of the corresponding two 
discs or circular regions, you would have five cases, (l) 
If the circles do not intersect ^nd each Is outside^ the 
other,- the Intersection of the discs Is the empty set, (2) 
If the circles, are externally tan^entj the the intersection 
of the discs is a point, (3) If the circles intersect in 
the manner described in the text, the Intersection oT the 
discs consists of those points that | 
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make up a region that is shaped 
like a Qopve^ lens as ihdicat'ed 
by the cross-hatching In the 
diagram, (4): If^one olrele is 
inside the other or is Internaliy ^ 
tangent to it* the discs Intersect 
»ln the Bmalli^r circular region, 
(5) If e|Lch circle contains the 
othar#" tlie discs intersect in 
■ th^ circular region itself, 

^ •The intersection of the two llriei 
therefore properly denoted as [W^;^ - - . _ / 

6 The student might object to calling something ^ 
devoid of ep^ements a set* The idea of the intersection of 
two sets being an empty set, which we call 0, is logical^ 
but it seems sti^ange to think of this, ^the empty setj as 
being a subset of a set A, This can be Justified. For 
by definition of subset, if 0 were not a subset of A 
then there would be an element that Is an element of 0 
but not of A, But, this is not the case, since 0 
Is e^ty. Hence, the empty set Is a subset of A. Indeed, 
since A could be any set, we have shown that 0 is 
contained In every set * 

You may notice that we speak of the empty set rather 
than an empty set. The Justif Icatlon for this ^is not always 
easy for students to grasp and we have not tried to justify 
It for^ them_^ nor do we suggest that you try to. For your 
Information we will, however, give a Justification, Recall 
first that two sets are considered to be the same if and 
only if each Is contalnad^n the other. Suppose that there 
were .two empty sets^, ' 0^ and -^g. We shall prove that* 0^ 
and 0^ are^the same. First, since 0^ is an empty set/ 
it is contained in every set. But 0^ is a Set, hence, 0^ 
Is contained In pfp. Similarly, since 0^ is an empty ^t^ 
it is contained in every set. But 0^ Is a set, hencey 
pfg is contained. in 0^^, Thus, we have shown both that 0^ 



is contained in 0^^ 



and that 



02 is dontalned In p^. 
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Consequently, there is only one empty set. Hence*, W& sf^ak 
-Qf the empty set rather than ^ empty set* 

The teacher who wishes further Information on sets le 
referred to E. J, Mc Shane, "Operatlni wlthiSets, " In the 
Twenty-Third Yearbook of the National CounGii of Teachers^ 
.of Mathematics, \ 

26 Sometimes students confuse the empty s^t^ or 
with 0. There are two aspects to be considered: 

(l) How to prevent such confusion arlsln^i^ the 

first place* 
(g) Bow tO' dispel the confusion If it has 

unfortunately arisen. ^ , > 
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■In the first place we try to avoid BUch confusion by not 
^placlng 0 and ^ in close Juxtaposition either in pur ' 
writing" or in our speech. For instance j we do not say to^ 
the student that ne use 0 rather than 0 to denote the 
empty set in order to distinguish the empty set from zera 
Again, we do not say the empty set Is a set consisting of 
zero elements. To avoid the Juxtaposition of empty set and^ 
zero, we say that the empty set is a set consisting of /ho 
elements at all. * . '4^' 

Suppose that in nit& of our care, confusion between 
the empty set, 0, • 0 has arisen. The example involving 
X 4- 1 ^ X - 1 at the end of the paragraph ^on page 26 may 
be helpful, (Note that 'Wie text does not state that ^zero 
is not a solution* This is .in keeping with (1), above,) 
We have seen that the set of numbers satisfying ^is equation 
is the empty set. If 0 were the empty set then this last 
sentence would read: We have seen that the set of numbers 
satisfying this equation is sero. This sentence ^Is nonsense, 
because. zero is not a set, but even if a student cannot see 
this reason for its being nonsense, he can certainly see that 
zero is' not a solution of x+l^x-l, A similar 
Illustration may be built up using the solution set over the 
real numbers for the equation x^^ + 1 ^ 0, As another 
Illustration note that 0 is a solution of 3x - 0, while 
the solution set is not empty, ^As still another illustration 
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one may ask a studentfir there Is a differenoe between being ' 
given a zero after arj abMnee from a class, .exerqlae, and" ' . 
having no grade recorded' In theai cl^umstanees , 

3b' Throughout -the seotlon on one-to-one correBDondence 
there la a clear Implication that two non-empty sets have the 
same number of elements if and only If there Is a one-to-one 
correspondence between them, it Is Interestlne to note that 
a child who cannot count could determine that a basket of 
apples and a basket of oranges each had the same number of 
objects In them by ^he simple expedient of "pairing" the 
apples and oranges. This is one reason why the mathematician 
considers one-to-one correapoMences to be more fundamental 
than counting and why he chooses to define the idea of 
"same, number" In, terms of one-to-one correspondences. 

In studying this notion of "same number" th& mathematician 
notes that some seta have the renlarkabie property that they 
have the .same number of elements as some proper Subset of ■ 
^ themselves (a proper subset of a set is a subset that is not 
the whole set). For Instance, the set of positive Integers ' 
has a proper subset, the set of positive. even Integers. These 
two sets can be paired in a one-to-one marther as' follows i' ' 
l*-*2, a'*-^4, 3« ».6, , and in general n Is paired 
wltTi an. A. sat With this remarkable property la said to- 
be infinite. Among the sets that are Infinite is Vhe set 
of all real numbers. In Chapter 3^' We postulate that 
there Is a one-^o-one correspondence between the set of all ' 
real numbers -and the set of all points on a line. As a 
consequence of that postulate we can then say that a line 
has infinitely m.any points on it. 

A key use of the one-to-one oorrespondence concept 
occurs in the text In connection with our treatment of ' 
congruences between triangles. We use It to make explicit 
m our notation which parts of one triangle are paired with 
parts' of the other. 
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36i ' ^ In %:tartlng the formal part of geometry * may we 

remind yoU that It may be- convenient to refer tOj or refer 
the student to, the Section 1-7 Special Words and', 
Phrases in Chapter 1 of the Textl 

In past years many texts have made distinctions between 
"axiom" and "postulate" following the pattern used by Euclid, 
.Generally an axiom ,ha4 been considered to be a "self-evident 
truth" or a "common notlonj" to paraphrase Euclid, Thus, 
It was a general statement as opposed to a postulate, which 
was described as a "geometrical axiom," 

Modern usage ^ due to our deeper understanding of the 
relattons between fact and theoryj do^ not Aake such a 
distlnotlpn,^/^ In our text, the words "axiom" and "postulati" 
^ are used interchangeably, though- the .latter occurs more 
frequently* For us the "postulatlonal^ approach" is /the ; 
same as the a'^^lomatlc approach, " 

Our postulates and definitions use words, such as ^ 
"ap3^" "contains j" "exactly," "distinct," and dtKer words 
that may ftave tupen discussed in Chapter 1^ but not formally;^ 
defined. You may find words that have not been mentioned 
before. The awareness of our desire for preclseness in ^ 
^ language may prompt, the dutiful student to challenge thi_j^ 
seeming laxity, ^ ' 

He" cou4d be reminded that in a given set of postulates 
and definitions for developing a geometry > it is hardly to be 
expected that the laws of classical logic, the rules of 
grammar, and a definition of all the terms can be Included, 
We recognize their need and assume them whenever needed 
Just as we assume familiarity with set theory and with the 
usual laws of arithmetic and algebra. However, there may 
be times when in spite of our care a definition or other 
logical assumption is over-looked^ because we are so Intent. ' 
upon the partlcu^r geometric topic under Immediate ^ 
consideration, \ *■ 



Postulates are numbered oonsecutively thpoughout the 
text. Theorems are numbered cpnsecutlv|ly within each 
Chaptem In thf baoR of the textj bafoM the indexj there 

is a list of the Postulates and Theorems, Definitions are ■ ^- 

^ . • . - . _. _ 

■ not numbered or listed In the back of the text. They iimy 
be found by using the index, 

37 We have^ by no meansj started off defining a line 

despite the fact that Postulate 2 starts off in the same 
manner as many definitions, "Every line is One of 

the things that can^ be pointed" OGt about a definition is 
that it can be 'Reversed, " that is, that It amounts to an ' ) *- ' 
"if and only if" jitatement. This postulate oertainly falls 
,.>y"tlils test to qualify as a definition when we consider the 
result obtained If we attempt '^reversing" it. 

Because the introduetory gepmetry that most teachers 
ar#_f^amlliar with accompanies "line" with the word "straight j " 
there may be some reluctance to give up this adjective, 
^ Please ncff e that our postulates which relate to lines are 
designed so that they describe only "straight lines," ^Us 
being the cas% the adjective "straight-' Is superf itious . 
(See also the general discussion on the separation postulates 
in Chapter 4 of this Commentary,) 

The refeark, that we believe our development is to be more 

■ ^ - ----- - 

Instructive since we do not assume many points, is Intended 
quite literally* If we had assumed many points in our 
postulates^ much of our later discussion such as that leading 
to Theorem 2-2 and 2-7 would not be necessary and at the 
same time we would have lost some easy illustrations of how 
our postulates interact with each other, 
37^6 As the student studies^ his first proof, we should 

keep in^mind that our aim Is to help him to understand the. - 
proof. This does not mean a rote memorization of it/ Remember 
for the student at this stage, the rple of the" postulates 
and definitions^ is more Important than the formal aspect of 
proof itself. In noting the role of postulates, and definitions 
the student should be led to realize that what counts in our 
formal work is what is actually stated In the postulates and ' 
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deflnltlonsj not' what led us to state them or what might have 
Been stated* He has to beGome somewhat of a "lawyer" In his 
use of them. 

There will be an^le time later to develop the teehniques 
of proof. Teaehers have their own ways of doing thlsi^ 
Changing the labels on the flguresj encduraglng students to / 
come up wltji different proofs, challenging the exceptional' \ 
, atudent to dlEprove somethings Ghanglng from a paragraph form 
to the two-column form and vice-versa. We must aim to 
encourage the student in creative mental effort aftd not to' 
emphaslEe recitation based on memorii:atlon. 

43 In dlgeusslng the proof of Theorem 2-5, point 

out to the students the usefulness of ' a sketch to help^kfep 
track of the development of ideas in the ppoof as well as 
the notation. A suggestion to this ef fect^appears in the 
text following the statement of Theorem 2-6. 

47 - Postulate 8 fills the, blank appropriately in 

the proof of Theorem S-8y^ The hypothesis that the plane 
- does not contain the^ line is thereby contradicted, and this 
proves the theorfm since we know the plane and line have 
at least one point In corwnon (since they intersect) and have 
shown that the Intersection cannot contain more than one point. 

47-48 Postulates 2, 3, 6, 8, in that order, fill 

the blanks appropriately in the proof of Theorem 2-9 • There 
is no other plane containing ^ ^ ABj and P. Thus, we 

^^have shown not only that there is a plane which contains^ 
the point and the line but that it Is the only ^ plane which 
contains them. ^ 

48 ' In Theorem 2-10, appropriate flll^ln words 

'are Theorem ^2-4^ Postulate 2, Postulate 2, Theorem £-9 
(Just proved), and Postulate 8, in that order. The existence 
of a plane containing'' ^ , was assured y the use of 
Theorem 2-9j the fact that the plane, which contains both 
P and B of contains ^ ^ was assured by Postulate 8, 

Since the plane obtained by the use of Theorem 2-9 was the 
unique plane containing B and ^ , there is only one plane 
containing and jtr^* This proves the Theorem, ' ^ 
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There. ar% some posBibllitles for enriching the 
material In this chapter that might be suitable -€or certain 
students or for use In a mathematics club. ^ ■ 

One poisibillty is to puriue the topic of finite geometry. 
After all^ Postulates 1 through 9 do not rule out finite 
^ometry. As a rej'erence we suggest^ Miniature Oeometries 
by B* W. Jones in The Mathematlos Teacher ^ February, ^1^9,. 

Another possibility Is to study the following four 
problems. They lead to results that are muoh mora striking 
^than the theorems#ln the text. They could not be included In 
the text at this point since they assume, as^ later postulates 
will guarantee, that our geometry contains enough points and 
lines to make possible the constructions we describe. However, 
as exploratory problems they are very Interesting, The ^ 
relations suggested by the figures are quite unexpected and 
the "discoveries"" suggested are actually theorems which can 
be proved, though we shall not do so. In exploring these 
problems you may find It appropriate to refer to pages 
170-172 and 165=191 in What Is Mathematics ? by R, Courant 
and .H, Robblns, Oxford University Press, 1958. 

it "Draw two Intersecting lines, such as and 
^2 following figure. On choose 

three distinct points, A^^ B^, C^, "and ^on. ^ 
jtn choose three distinct pointSj A^, Bq, C^, 



"fheel^can be any points, as long as none' of' them coinoldts 
with 0, t he I ntersection of and New draw lines 

^jBg and I^B^ and eall thtlr point of Interaeatlon R, 
Also draw lines X^C^ and Ig?^ and call their poin t of 
Intersection - ft. Finally draw lines Bj^Cg ' and IgC^^ and 
eall their point of Intersaotlon P. Can you see any 
Interesting relation involving P, ft, and R? 

Repeat the experiment ' 

(a) using the last ^figure with renamed p^, 

renamed C^, and renamed A^^j 

(b) with a new figure in which A^^, B^, are 
on the same side of 0 but Ag is on the 

• opposite slc^e of 0 from Bg and Ogj 

(c) with a new figure in which ^ is on the 
opposite side *of 0 from A^ and C^, and 
Ag is on the opposite side of 0 from 

and Cg, 

Do Pj ftj and R always seem to be collinear? Do your 
examples prove this? 

a. Now make your experiment a^ little more special. 
Instead of taking A^, B^^ and Agj Bg, 

Cg anywhere on and ^g, respectiveiyj 

select ^them as follows. In the plane of iJ^^ 
and J. let V be any point which is not on 
il or and let a, bj c be three 

distinct lines passing through V but not through 
0, Let A^ and Ag be the points in which a 
intersects and ^g^ respectively. Let 

and be the points in which b intersects 

and J-^, and "ret and Cg be the 

points in which c Intersects and j^g. 

Now find P, ft, and R . Just as you did in 
Problem 1,^ Do they still seem to be collinear? 
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Would ygu expect them to be If your induction 
in Problem 1 we^'^e correct? -Do and 
R have any other interesting property which 
they did not have In Problem 1? Repeat 
this experiment three or four times^ Including 
at least one case in which V lies within the 
smg^ller of the angles formed by and 
Do Pj ft, R and 0 always seem to be 
collinear? Do your examples prove this? 

Extend the experiment described In Problem 2 
as follows* Consider four ll^es, a, 
d, through V and let A^^ B^, C^, D^' and 
Agj Bg, Gg, Dg be the Intersection of the 
liijes with and respectively. Using 

^1' ^1' /and Ag, B^^ Cg find P, ft, 
Rj Just as before. Then using 'B^, G^, D^, 
and B^, Gg, Dg in the same way, determlfSft 
the po/lnts analogous to P, ft, R, say 



Tj U* W^at relation seems to be satlsflld^= 
by the points Pj ft, R, S, T, and 0? 

If your Induotlon in Problem £ were correct 
could you have concl'uded by deduGtion^ without 
, performing the experiment, that r^^ ft, R, 
T, and 0 would all be co^lllnear? Why? 

Given that under the Gonditioni of Problem 2, 
the points P, ft, R, 0 are always colllnear, 
show how this fact can be used to solve, the 
following problems I^t ^ and J^^ be 
portions of two lines drawn on a sheet of paper 
which is too small to contain the point of 
Intefsectlon of the lines, asln Figure (a)* 





By working only on the sheet of paper, draw a 
line which will surely pass through the inter- ' 



section of 



i. 



and 



How could you draw 



the line determined by a given point, 
(Figure (b)) and the inaccessible intersection 
of J. ^ and 



^ Co^0€rning the solutions Qf these problems we offer 
the fd'llowlng* 

1/ P, ft, R> always appiar collinear. However, ^ 

this is a generalization (an induction) from ' ^ 
examples^ and does not prove that P, ft^ R 
will always be collinear* 

2, P, ft, R still appear collinear.. We would 

expect them to* 'P, ft, * R^ 0 appear colMnear 

in all tbe drawings, but this does not prove 
them colllnear. ' 
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Pj Qj S, T, V and 0 appear colllnear, 

Yes^ this could have been concluded by deduGtlon 
from Problem 2 on the agsumptlon that any three 
points determined In the manner of Probltik 2 
are cqlllnear with 0, In Problem 3, have 
merely determined more than three such" points. 

Prom P, any point not on 

or ^£^j draw three rays a^ _P 
b, c, intersecting and 
^2 Problem 2^ Locate 

two points^ (three if desired) 
Gorreaponding to any two of 
the points P^ R of 

Problem 2. The line con- 
taining these points will also 
contain the point of Inter- 
section of and 
ose our completion of Figure (a) 
at the right. 




(a) 



Prom any two points A^^ on draw lines through 

M and call their intersections with Jl^, respectively, 
and 

Let P be the Intersection of l^A^^ and B.Bg, 

Through P draw .any line that intersects £^ and Xg* 

Call these points of Intersection^ and 0^, respectively. 
Let N * be the intersection of B^C^ and B^C^, 
Then Mj N are colllnear with the inaccessible lnter= 

section of and See our completed Figure (b) above. 
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Illustrative Test It ems for Chapter 2 

Read each of the following statements carefully. If the 
statement Is true as It stands, write "true". If It 
Is false, write the word or phrase which, if substituted 
for the underlined portion, would change the statement 
to a true one. 

Examples I l/*The United States Is a sat conplstlpg 
of forty^eight states, fifty 

2, The intersec^tlon of the sets 

[3,-''^. 2, 8) and [5, 9s 2] is 
^the ifet [2}, " true , 

(a) The set [1, 3] is identical with 
the set (3, 1, 0},_ . 



(b) The set denr^ted .by [I,. 2," 3, 4, 

Is the sat of __the first four natural 
rtu mber s , ^ 



(c) The solution set of the equation 
(x -'3){k = 1) - 0 Is [3, 1] , 



(d) The intersection of two sets cannot be the 

^ null set, in accordance with the terminology 
usage agreed upon in our text, , 

(e) A set of five e'lements cannot be in one-to-one 
correspondence with a set of ten elements. 



(f) The postulates we have studied thus far assure 
us that at least five points, exist. . 

(g) The points of a set are colllnear if there 
is a plane which contains all of them. 



(h) If a line intersects a plane which contains ^t 
the Intersection is a single point, 

(i) When a biologist , draws a conclusion frtom a 
series of observations Of the habits of a 
fruit-fly he is reasoning deductively. 
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Illuatratlve Test Items for Chapter £ 

Read each of the following statements carefully. If the 
statement is true as it stands, write "true". If It 
Is false, write the word or phrase which, if substituted 
for the underlined portion, would change the statement 
to a true one. 

Examples I l/*The United States is a set conplstipg 
, Of forty-eight states, fifty 

2, The intersec^tlon of the sets 

[3,-^. 2, Bj and [5. 9, 2] is 
^the &&t (2}, " true , 

(a) The sat [1, 3] is Identical with 
the set (3, 1, 0] . . 

(b) The set denr^ted by [l, . 2," 3, 4, ...] 
Is the sat of the first four natural ' 
riumbers . ^ ' 

(c) The solution set of the equation 

(x -^3)(x - 1) - 0 is [3, 1} . . 

(d) The intersection of two sets Qannot be the 

. null set, in accordance with the terminology 
usage agreed upon in our text, 

(a) A set of five e'lements cannot be in one-to-one 
correspondence with a set of ten elements. 



(f ) The postulates we have studied thus far assure 
us that at least five points, exist. . 

(g) The points of a set are collinear if there 
is a plane which contains all of them. 



(h) If a line intersects a plane which contains it 
the Intersection is a single point, _____ 

(i) When a biologist , draws a conclusion frtom a 
series of observations Of the habits of a 
fruit-fly he Is reasoning deductively, 
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Indicate whether the following statements are True or 
False. 



(a) 

(b) 

(c) 
(d) 

(e) 
(r) 

(s), 

(h) 
(i) 
(J) 



A line and a plane always have at most one 
point in common. - 

EveryVtwo^, joints are colllnear, 

A line hasftwo endpolnts, 

_ If three points ^pe colllnear then they are 
coplanar , 

A point and a line not containing It always lie 
In one."and only one plane. 

Given two points there are at least two planes 
which contain them. 

The set of rational numbers Is a subset of 
the set of irrational numbers* 

A counter-example verifies the truth of a 
general statement. 

Undefined terms are not neGessary for ' 
mathematical reasoning. 



The empty set Is a subset of every set. 

Fill in the blanks in the statements below on the basis 
of the figure shown, IMPORTANT: If none of the points 
given satisfies the condition, write NONE in the blank 
space. 
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Points A, P, an^ are collinear, - . 

Points D/ p, atid ay -colllnear. 

Points P, D, B, and' are coplanar. 

Points C, B, and , are coplanar. 

6, Indicate which part of each of the following statements Is 
the hypothesis: 

(a) ^ If^ three polrlts lie In one plane/ they are said 

to be coplanar. 

(b) If a set is empty, it contains no elements, 

(c) 3x-7^x+2 when x ^ 5. 

(d) The product of two Integers Is also an integer. 

7. .Rewrite each of the following statements In the 
"If, . then. . form. 

(a) A number greater than zero Is positive, 

(b) Two lines which Intersect In a single point are 
not parallel. ^ 

(c) We stop wh^n tlie light is red. 4- 

(d) A line which does not ^^lle in a plane can intersect 
that plane in only one point , 

(a) (a -b)^ is positive whenever a and h\ are 
real numbers such th^t^^^y b.. 

(f) A four-sided polygon Is called a quadrilateral. 

(g) Squares are rectangles. 

3. Underscore the hypothesis In each of the statements ) 

you wrote in "If . , , then ..." form In problem 7. 

i - 
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9. Fill In the blanka for the proof of the theoremi 
."Space concains at least two planes." 

(a) Prom a theoremj we know that there are three 
noncolllnear points , 

(b) There Is Just plane containing these points. 

(c) There is a not in this , 

(d) This ____ is contained In at least one , 

(e) - These two ____ are distinct since there is a 

In one not the other, 

\v) Therefore, space contains at least ^ planes, 

10, Fill in the fclanks with one or more words which will 
correctly complete the^ proof of the theorem: ''If two 
distinct lines Intersect, they intersect in exactly ' 
one point , " > 

(a) Suppose that p and q are two distinct lnter= 
secting lines. Since they Intersect, they have 

at least in cominon which we shall call A. 

(b) Either they have another in common or they 
do not, 

(c) Suppose there Is another which we shall 

call B that lies in p and 

(dy) Then there Is. exactly containing A and' B, 

(ej ^^^^ means that p and q are , 

(f ) By h^othesls. .we know that p and q are 

I lines. 

(g) Since the statement In (e) the statement 
in (f we rule out ^.he possibility that p and 

q have ^ in com_m.on. 

(h) Therefore, we conclude that p and^ q have 

in common. 
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9. Fill In the blanks for the proof of the theoremi 
."Space concains at least two planes." 

(a) Prom a theoremj we know that there are three 
noncolllnear points, 

I 

(b) There Is Just plane containing these points* 

(c) There Is a not in this , 

(d) This ____ Is contained in at least one 



(e) - These two are distinct since there Is a 

in one not the other, 

\f) Therefore^ space contains at least ^ planes* 

10, Fill in the fclanks with one or more words which will 
correctly complete the^ proof of the theorem: ''If two 
distinct lines intersect, they intersect in exaGtly ' 
one point , " > 

(a) Suppose that p and q are two distinct inter- 
secting lines. Since they intersect j they have 

at least in common which we shall call A. 

(b) Either they have another in common or they 
do not, " . 

(c) Suppose there is another which we shall 

call B that lies in p and 

(dy) Then there Is. exactly containing A and' B* 

(ej ^^^^ means that p and q are , 

(f ) By h^othesis. ,we know that p and q are 

I lines. 

(g) Since the statement in (e) the statement 
in (f )j* we rule out ^.he possibility that p and 

q have ^ in com_m.on. 

(h) Therefore^ we conclude that p and^ q have 

in common. 



4f . 

32 



9. Fill In the blanka for the proof of the theoremi 
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q have ^ in com_m.on. 

(h) Therefore, we conclude that p and^ q have 
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As a matter of fact^ the source of all fund,^ 
amental .geometric concepts and axioms is our 
naive geometric perception. From It we choose the 
data whlch^ in appropriate Idealisation, we lay at 
the base of the logical treatment. As to which 
cholee should be mad#, however, there can be no 
j< mbSQlute Jud^ent, The freedom which exists here 
is subject to only one restriction, namely, the 
requirement that the system shall fulfill its 
purpose of guaranteeing a consistent development 
of geometry, ' / 

/ 

Another observation concerns our attitude to 



anayltio geometry^ and our criticism of certain 
traditions, from Euclid on^ which have long since 
ceased to conform to the position of mathematical 
science, and vi^ilch should, on that account, be ' 
given up in school instruction. In Euclid^ geome- 
try^ by reason of its axioms^ is the rigorous 
foundation of general arltjunetie. Including also 
the arithmetio of irrational numbers. Arithmetic 
remained in this position of bondage to geometry 
well on into the nineteenth century, but since 
then there has been a change. Today arithmetic ( 
analysis, as a proper fundamental discipline, has 
reached a dominating place. This is a fact which 
ought to be reckoned with in the development of 
Bclentific georaeti^. 

Oswald Veblen^ a member of the Institute for Advanaed 
Study for many years, was an ardent student of geometi^. He 
wrote in an article. The Modem Approach to Elementary Qeomet^ ^ 
[The Rice Institute Pamphlet, Vol, XXI, No, 4, October, 1934, 
pp, 209-221] the following^ 

I do not • advocate the use of any particular 
set of axioms In the schools but I do advocate the 
introduction of analytic methods in elementary 
geometry , 
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Obviously, the development of the propositions 
of geometry from these foundations [here he Is 
referring to axioms similar to ours] should be 
closely related to the study of elemental^ algebra, ' 
linear and quadratic equations, and the like. 
Moreover, 1 ought to guard against one possible 
misunderstanding. The working out of this program 
does not mean the elimination of synthetic proofs 
from geometiy. There are plenty of cases In which 
a synthetic or a mixed proof is easier than a ^-j 
^ purely analytic one. In such cases I would use th^ 
simplest and most desired process which I knew. The 
result would be, I am confident, that the student 
would have as good a grasp of synthetic methods as 
at present, and a much better idea of what it is 
all about. 

Our text has endeavor'^d to develop the thesis presented 
by the authors quoted. In" this chapter we postulate connec- 
tions between real niimbers and points in space and between real 
numbers and points on a line. Because^ of the active role which 
numbers play in our development of geometry/ we devote 
Sections 3-2 and 3-3 to a review of the real numbers, 
emphasizing features that will be particularly important in 
the sequel. In Section 3^ we introduce the notion of distance 
In Section 3-5 we introduce coordinates on a line. The 
remainder of the chapter (Sections 3-6 through 3-11) develops 
further the connections between real numbers and geometry. 
Th±B is followed by a brief summai^/of the chapter in Section 
3-12, To summarize, the chapter Is divided into two clear-cut 
parts for teaching purposes: 

I. Sections 3-1, 3-2, and 3^3, Introduction and 

review of real numbers emphasizing features impor- 
tant to our development, 

II.' Sections 3-4 through 3-12. Statement of postulates 
connecting real numbers and geometry. Development 
of consequences of these postulates followed by a 
summary of the chapter. ----- 
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Let us discuss the teaching problems and the content of 
-^hese divisions in more detail, 

In"^ Division the most important features of the real 
number system for our later development are reviewed* These 
are summarized by the word order * We develop the topic of 
Inequalities . Except for the names of the o^der properties 
which are used later In the text^ the short uhlt devoted to 
inequalities may be largely review for some classes and will 
require little class tlmej some classes may omit it entirely* 

In Division II^ the central ideas developed In our postu-- ' 
lates are the notion of ^dlstance and the concept of a coordinate 
system. In tenns of these ideas we define ray, segment, between, 
and midpoint, and explore the relationship between different 
coordinate systems. Our exposition as measured In numbers of 
pages ^may seem lengthy, but it is well to realize that In 
writing a text we cannot make the sort of informal and Informa- 
tive remarks that can be made, in the classroom where the teacher 
can tell by the student response whether he has been understop6 
or not. If a teacher ser^ses that he is not understood, he can ^ 
easily add -sufficient remarks to clarify his original statement. 
Neither does an author have the ability to point, usir^"^ 
gesture, as a teacher can at a chalkboard^ "Polny,^^ for an 
author may Involve several paragraphs or pages *>^^e can afford, 
however, to be much more Infoitnal In this commentary and Intend 
to suggest appropriate Infonnal classroom remarks you can use>,. 
to explain the material in the text. We also depend on you to 
replace the paragraphs of ■'pointing'- by appropriate gestures 
at the chalkboard. / 

In presenting Postulate 10 concerning distance, as well as 
later postulates. It is important to note that we are continuing 
our description of spatial relationships and that we are not 
trying to tell how to measure distance. Roughly speaking, all 
we are saying at this stage Is that In the measurement of distance, 
however accomplished, the end result is a number and that in the 
background there is some fundamental unit of measurement. It 
would be most confusing to students to give the Impression that 
the postulate says that we can assign any positive number we 
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like to each pair of distinct points as long a's we assign 1 
to the pair of points A and A;, This is not the case. This 
postulate Is only a part of our description of the concept^ 
of distance and does not contain Instructions for doing anythln_g, 
Indeed, this description will not be completed until we have 
deduc|^ the Pythagorean Theorem ^In Chapter 7. The Important 
thing ;s to get students to see that^ any reasonable description 
of distance must contain at some stage a statement like that 
in Postulate 10* 

Postulate 11 is placed in Section 3-4 not only because It Is 
an obvious Improvement to the description of the concept of dis- 
tance but in addition because It is needed In Section 3-6* It 
also enables us to do some preliminary work with relations tetween 
coordinate systems to prepare the student for the full treatment 
in Sections 3-9 and 3-10 which is based on Postulate 13, Indeed 
it can be seen that Postulate 13 Implies Postulate 11, In a 
mathematical treatlaa it might be considered undesirable to have 
a later postulate Imply an earlier one. However, in a classroom 
text, we feel there are stAng pedagogic reasons for doing this. 

Another aspect of this chapter is the introduction of the 
concept of betweenness. This idea, though intuitively natural, 
is one that has rarely been formalized In high school treatments 
o^ geometry. In contrast to the abstract synthetic treatment of 
b|tweenness given in many treatises, our Introduction of real 
numbers into geometry makes it easy to be clear and precise 
^^about this notion. Indeed, we have two main reasons for uglng 
the real numbers: These are, (l) to introduce the notion of 
betweenness and (2) to make possible the blending of synthetic 
and coordinate geometry. While we are quite explicit about the 
use of betweenness in this chapter, you will find places later 
In the text that technically need explicit us-m of the notion 
to establish the relative position of points, ^ut that thils is 
not pointed out to the student. We l^ored The^e technicalities 
because we feel that the student not only will not notice the 
omission but might become confused If we tried to point It out. 
On the other^hand it might be appropriate, toward the end of 
the school year to discuss with a good class the fallacy in the 
proof that every triangle Is isosceles. The "proof" goes as 



follows: ' \. # 

- In a triangle ABC let CD tie^he bisector of the angle 
at C* I^t M be midpoint of. 'and let ^ be in the 

perpendicular bisector of segment TO, Suppose further that 
D is the point of intersection of the angle bisector and the 
perpendicular bisector. 
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0 ^ 



Also let P and Q be at the foot of the perpendlGulars from 
D to Ac and BC, reBpectively , Now AD ^ BD because D 
is on the perpendicular bisector of TTS. Also DP ^ DQ because 
D la on the angle bisector. Moreover ^P and are right 

angles. Hence 4 APD ^ AbqD, Consequently^ AP ^ BQ* We see 
that the right triangles CPD and CftD are congruent since 
DP = DQ and their hypotenuses are In cormon. Th\XB CP ^ CQ* 
But CP ^ CA'+.AP and CQ = CB + B^'^ So, since AP - BQ^ and 
^CP ^ CQ^ it fDllows that CA - CB.p'Hence the triangle ^ ABC 
is isosceles, ■ ^ 

If this argument is examin^ closely it will be seen to b^r 
incomplete since we used relatrve positions of the points as 




shown in the diagram without proving that the posltloni Indlaated 
ware eorreet. 

> 

Unless we have a definition of betweennass, It is ^Impoeslble 
to apeak of the relat#i^positlon of points, and we have no way 
of Justifying statements like CP ^ CA + AP. if we do have 
a theoi^ involving betweermesij we can prove tha^ for a non- 
IsosaelM triangle, th# points do not have the relative 
positions indicated In the figure, (ihoidental'ly. It is almost 
Impossible to give a "false" proof of thle type analytically 
since the equations of lines and the coordinates of points 
carry with them inherently all the "betweemess Information" 
that exists relative to them.) 

In addition to introducing betwetnnesB we also begin in 
this chapter to use the real ntimbers to blend synthetic and 
analytic^ geometry. At this stage, we are concerned mainly with 
coordinate geometry of the line. The two key theorems are 
3'heorema 3-5 and 3-6 which are proved In Sections 3-9 and 3-10 
following the statement of Postulate 13 in Se^lon 3-8, 'Kieorem 
3-6 has a key role in our development of coordinate geometry 
In the plane and in space in Chapters 8 and 

It may seem surprising that there is no discussion in the 
text of straightedge and compass constructions for midpoints 
of segments, for dividing a segment into an Integral number of 
congruent parts, etc. gonst mictions such as these have no 
formal part In our development of geometry. The geometric 
theory on which they are based does have a part. For Instance, 
in our treatment of circles in Chapter 12, it is appropriate 
to give problems like the following i Given two coplanar circles 
of equal radius that Intersect In two points, show that the line 
detemined by these points of intersection is a perpendicular 
bisector of the se^nent Joining their centers. Such a problem 
can. be followed by a classroom comment on the associated con- 
stmictlon.* The fact that the Greeks had only a calculus in 
geometric form, in which operations were performed by geometric 
constructions, has already been commented on In the quotation 
from F, Klein at the beginning of these remarks. For us, 
numbers are not segments. Our conceptions of the roles of 
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arithmetic and geometry is not that the first depends on the 
latter or vice versa but that tht two have equal status and it 
is desirable to relate them. Coordinate geometry la preclBely ' 
this strong relatlonBhip between tham* Although conatmotiona 
have no formal part In our development , there is no r#aaon to 
exclude them from physical geometi^. We encourage the teacher 
to use them aa appropriate at the chalkboard. Appendix 12 on 
the uae of straightedge and compasses has been Included primary 
for reference purposes. If deaired. It can be used as a review 
type unit (with a fresh flavor) near the end of the couree. 

We conclude our general remarks about this chapter by 
observing that the emphasis Is largely on lines and that we 
need^n later chapters to extend our Ideas to planes and space. 
In particular, our deecrlptlon of diatance la incomplete. For 
instance^ given three noncolllnear points A^ and AB 

and AC (relative to some unlt=pair), we cannot, at this stage, 
show that AB + AC > BC* 'We also remark before beginning our 
paragraph by paragraph comments that as in Chapter 2 the 
emphasis should be on understandlngi not on requiring students 
to repeat or create fdrmal proofs. Furthermore, the development 
in Chapter 4 parallels that of this chapter. This parallelism 
will help students t| clear up minor points in Chapter 3 while 
doing Chapter 4. Thils, we recommend that as soon as the 
students have learned the material in this chapter moderately 
well that they go on with Chapter 4. 

56 The idea of a number line Is closely related to the 

notion of a coordinate system on a line as Introduced in 
Section 3-5. This is also commented on in the Text, 
page 57, It is introduced at this stage for these 
reasons : 

(1) to make easier the exposition of the notions of 
order; 

(2) to emphasize the intuitive background of a coordinate 
system on a ^ine. 
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57 Some studantB argue that ir is approximately 3.14. 

22 ' 
and slnea ^ la 3.l4 to the naaraat hundredth, ir must 

be TOls is like the fallaolous argument i yellow Is 

approximately ohartreuie, and green Is approximately 

f ohartreuse, so yellow la green. The teaoher needs to 

remind the atudent that the approximation is rational, but 

w - is not* * . 

57 ttie reference to Appendix II and the aecompanylng 

statements about the postulational nature of algebra 
emphasizes sorethlng that mi^t be new to some students. 
The unfortunate practice of waiting until we get to geome- 
try before aonslderlng deductive systems leaves the student 
feeling that geometry is where proof starte and ends. He 
is often unaware that algebra can be described using a 
relatively small oollection of postulates. While time will ' ^ 
not permit consideration of the post^atlonal development 
of algebra^ we are going to assume that the basic algebraic 
properties are understood by the Btudent, ^ . 

57=64 We use > exclusively in our discussion here^ in 
Problem Set in the first part of Section 3-3^ and 

in Problem Set 3 -3a, We did this to avoid confronting the / 
student with several symbols at once eince this might 
Interfere with out presentations of properties on page 63 
and their relationships to the number line. That Is, the 
symbols are not our major ^concern at this stage but the 
concept of order among real numbers is, 

6^ Here, we begin introducing the symbol <, 'Bils Is 

followed by the symbols > and 

69 More precise standard units (in the sense that they 

do not vary with temperature, etc,-) have now been suggested 
by nuclear physicists in tems of the wave length of light 
emitted from some very pure isotopes, 

70 As we stated in our general remarks we remind you 
that Postulate 10 should be taken as a first fonnal state- 
ment in our description of the concept of distance, not as 
a rule of procedure for assigning measure of distance to 
every ^^ir of points in space. It should be admitted quite 

- 43 -5;^ 



frankly that It is lui incompltte statement of Id'aas about- 
distanoe. It assentlally is tha statement that the end 
result of measuramant however parformed Is a ni^bar and^ 
that In the baokground somewhera there must hava been some 
unit in tems of whiGh the measurement was made, 

4 

In oonheGtion with the notation for the distanat 
between F and Q relative to {A|A»} not# that 

PQ (relative to (A, A* J) m qp (relative to {A,A»J) 

^ PQ (relative to (A'^A)) 
^ qp (relative to (A«,A]) , 

ThlB is beoause no order between the points A^A» which 
form the set (AjA*) and no order between the points P, 
Q iB implied by Postulate 10* 

Postulate 11, ^st as Postulate 10^ should be eonsldered 
^s a email part of our description of dlstanGe* Thm problems 
In the problem set have been designed deliberately not only 
to reinforce the ideas presented In this section but to 
strengthen the intuitive background for coordinate systems 
on a line. For this reason there is considerable reference 
to and dependence on the idea of a physical ruler in these 
problems t 

77 Thm intuitive background on which the definition of 
a coordinate system is based may be so strong with some 
students that they may not realise that there is a real 
need to question whether such a correspondence exists ^nd 
to postulate the existence as is done in Postulate 12, 
Thm question suggested is the question of the need to 
assert this correspondence in our fonnal geometry. We 
intend to cast no doubt whatsoever on our belief that this 
Is an Important part of our Ideas about points and lines 
and their relationships to the real numbers. The point is 
that a definition doesn't play the role of a postulate* A 
mathematical definition does not assert the existence of 
the entity defined. You may define the pot of gold at the 
end of the rainbow with great precision but you may 
experience great disappointment If you start to search for 
it and it does not exist. 



frankly that It is im Incompltte statiment of Idfeas about* 
dlitanoe. It assentlally Is tha statement that the and 
reiult of maasuramant however parformed is a ni^bar and^ 
that In the baekground somewhera there must hava been some 
unit In tenns of whloh the measurament was mada, 

4 

71 In conhaGtlon with tha notation for the dlstanae 

betwaan F and Q relative to {A|A*} nota that 

PQ (relative to (A,A*J) ^ QP (relative to {A,A»J) 

^ PQ (ralatlve to (A»^A)) 
^ qp (relative to (A«,A]) , 

IMS Is beoausa no order betwaan the points A,A» whloh 
form the sat [A, A*) and no order between the points P, 
Q IB implied by Postulate 10* 

73 Postulate 11, ^st as Postulate 10^ should be oonsldered 

^s a small part of our description of distance* Thm problems 
In the problem set have been designed deliberately not only 
to reinforce the Ideas presented In this seetlon but to 
strengthen the Intuitive baekground for eoordlnate systems 
on a line. For this reason there is eonsiderable raferenoe 
to and dependence on the idea of a physical ruler in these 
problems t 

76-77 The Intuitive background on which the definition of 
a coordinate system Is based may be so strong with soma 
students that they may not realise that there Is a real 
need to question whether such a correspondence exists ^nd 
to postuiate the existence as is done in Postulate 12, 
Thm question suggested Is the question of the need to 
assart this correspondence In our fonnal geometry. We 
Intend to cast no doubt whatsoever on our belief that this 
is an important part of our ideas about points and lines 
and their relationships to the real numbers. The point is 
that a definition doesn't play the role of a postulate* A 
mathematical definition does not assert the exlstenca of 
the entity defined. You may define the pot of gold at the 
end of the rainbow with great precision but you may 
experience great disappointment If you start to search for 
it and it does not exist. 



5J 



In the Postulate^ thtn eoordlnates on W -art eBtabllshed 
as shown Ih^ part la the dlagrain belowi 

V - W 

# — t t f — — 1 1 » 

-3 0 3 6 

If however," we let W play the role of P and V play 
the role of ft, then our diagram is as shown belowi 

V w 

< f t J I - I » 

6 3 0 -3 

The student should notlee that in the first case. It is as 
if a ruler were plaeed against the line with 0 at 7 and 
3 at In the second oase^ the ruler is "reversed" and 

0 is at W a^d 3 at Instead of saylftg in the first 

ease that "V plays the role of P" it would be equally 
suitable to say that 'V is taken as origin. Similarly, 
in the second case, W la the origin, 

80-81 In connection with the remark following Problem 5 
about problem 10, we have avoided absolute value at this 
stage to prevent making difficulties for students not 
already familiar with it* We should encourage those 
familiar with it to use It* 

83 The fact that a point on a line separates it into two 
parts has already been suggested in Problem 4 in the 
preceding Problem Set. 

84 Note that our definition of ray AB Is in tems of 
a particular coordinate system on AB in which A is 
the origin and B is the unit-point. In Section 3-10 we 
will show how to recognize a ray in tems of any coordinate 
system on the line containing it. At this stage we cannot 
prove that if C is In AB and .if C is not A then 

AC is the same ray as AB. This proof depends on the 
ideas developed In Section 3-lQ, We do not point this out 
to the student at this early stage of our development since 
we think this remark would be more confusing than helpful. 
Further, we have tried to arrange our presentation so this 
issue will not arise* On the other hand, by our example 
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of choosing a special coordinate sysfeam for this definition 
as well ai that for ka^ant, wa hope to amphailze our fraa- 
dom'^to ohoosa ooordlnata systami eonvanlantly* TOils .fraadom 
will be txploltad In connaotlon with proofs using coordl^ ^ 
nates In the gaometr^ of tha plana and spaaa. 

In the proof of Theorem 3-2, the relationship batween 
the old coordinate x and new eoordlnata x« is given 4s / 
xr = -3^. The derivation of this result follows the idea 
suggested In PrdlDlein 6 in tha previous Problam Set. 
us consider tha depandanca of this result on Postulate 
in more detail, ^ Suppose the situation Ir as daplotad 

R P Q ^' 

* — —I — — j-,— — ~h » 

^1^0 I old coordinates ^ ♦ 

I 0 coordinates 

Since R has coordinate -^1, pft ^ 1, Hanca, by Postulate 
11^ distances measured in the old coordlnata system are 
exactly tha same as those measured in the new coordinate 
system* Consider now a point T on ^} whose old 
coordinate is 5* What is the new coordinate x*? We 
toiow, measuring in the old coordinate system^ that RT ^ 6 
, and FT ^ 5* Measuring in the new coordlnata systara, we 
know that HT - or RT ^ x«-l and that PT ^ 0-x» 

or FT - xt - 0. This choice exists since we do not taow 
the sign or relative mime of x« without relying on the 
diagram. If PT ^ x« then since FT ^ 5, we have 
But then> RT ^ 5-1^ ^ which la Impossible, Hence^ 
FT ^ =x» and consequently x' = -5. 

Consider a more general situation. Suppose that the 
point T on is such that its old coordinate x is 

positive. Suppose Its new coordinate is ^x«. We know 
that RT - X = (^1) ^ X + 1 and that Rp^^ x where we 
measure In the old coordinate system. Measuring In the new 
coordinate system, wt know that RT ^ x« - 1 or RT- l-x« 
and that RF ^ x» or RP - -x». The choice exists, since 
we cannot decide without reading Into our diagram, whether 
x« is positive or negative. However, we can resolve 



thls.diffieulty without relying dn the dlagmni. Suppose 
' RT = ^ i^^rrThea, from RT ^ x + 1, we have x+ 1 ^ x» - 

or ^» ^ x + 2» mat, then substituting this yalua of x», 
f wi have RP ^ x + 2 or RP^ -(x + 2) botri of whloh 
dlsagrM with th#' fact that Rp ^*x^ Henct, M ^ x« - 1, 
Theraforei RP ^ 1 - Bit, then 1 - x« = x + 1 or 

x> ^ *x, vrtiloh we wished to show* Similarly, we can argua 
that x» ^ -X| if x' Is riagative and certainly x» ^ -x 
if X ^ 0« ^ere is no|need to go through the above with 
students. They will prbbably ba satisfied if you obsarve 
from a diagram that it la clear that the sum of the old and 
new ooordlnates Is Eero* A treatment of the general 
argument of the fomal typa above Is given in Section 3-9, 
for intferasted students. We do not reoonmend it for all 
students* 

It is technically necessary to raise the question in 
connection with the definition of se^nent as to whether one 
gets a set for the se^ent TO on the line if one' 

uses A as origin and B as unit -point that Is different 
from the set obtained if A Is taken as unit -point and B 
as origin. We do not suggest raising Jbhis point with 
students* Our talk and problems in the .text are delib- 
erately arranged to suggest that they are the same* The 
fact that they are the same la settled in Section 3-10 
although, again, no reference to the possible question is 
raised* Thm matter can be settled Here, since, as brought 
out in the example, pages 86 and 87, the relationship 
between the two coordinate systems Is given by x» = 1-x. 
Consequently, if 0 < x' < 1, then 0 < 1 - x < 1* Wius, 
subtracting one, -1 < -x ^ 0 and on multiplying by minus 
one, 1 > X ^ 0* Similarly, starting with 0 ^ x £ 1, we 
can deduce 0 £ x» ^ 1, ThuB^ which point Is taken as 
the origin and which Is taken as the unlt=point in applying 
this definition la immaterial, since either way yields the 
same set for the segment. 
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The notion of batweenness may not have been used In 
foraal geometry that you have taught before,' It was found 
toward the end of last eentury by Hllbert and others «b be 
an eseential part of Euclidean geometi^ that had been 
omitted from the formal development although used in- 
formally and in an essential way* In shorty it was read 
from diagrMis and fl^rei uneonblously, Referenee to 
Hllbert and his work oan be found in most histories of 
mathematics, A list of some histories occurs at the end 
of Chapter I of the text. 

If we say that p, R, are colllnear in that 
o^er , it also follows thdt each of Q and R are between 

P and S, ' : ^ " 

The problems in Problem Set 3-7 in addition to 
providing drill on ideas in this section are designed to 
motivate Postulate 13 -in the next section. 

Postulate 13 further Improves the fonnal description 
of our ideas about distance by expressing the relationship 
between distances measured relative to different unit -pairs 
It could have been state^d that given two unit-pairs- [A,A»] 
and tB,B*} there existe a ion-^ero constant k such that 
for any two points P^Q 

Pft (relative to [A,A0) ^ k*PQ (relative to [B,B»)). 
In this forni P and Q do not have to be distinct. Also, 
it would be fairly natural to call k the scale factor 
relating the two choices of the unit-pair. Indeed, if 
P> Q are chosen to be B^B»^ we see that 

BB» (relative to CA,A»]) ^ k 

since 

BB' (relative to [B^B*}) ^ 1 • 
In • le case that 

BB» (relative to [A,A»)) ^ 1, 

we see that 

PQ (relative to CA,A»}) - PQ (relative to [B,B») 
which is essentially the statement of Postulate 11. 
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It should be pointed out to students that many of the , 
prdblams In the previous problern set Involved ^eomputlng tht 
quotient expressed In this Postulate and using the faat 
that it is constant* , 

99 Thm starred problems In this set are designed to 

motivate ^the ajialysis of the relatisnshlp between different 
eoordlnate systems on a line in the next section* 

102-103' Prom the fact tl^ the distance In between 

two points Is 3 times the distance In C between the 
same two points and using the obvious sense of direction 
Indicated in the diagram. It Is readily apparent that the 
coordinate of t» Is . -30, The point to the eomputatlon 
Is that without using the obvious sense of direction indi- 
cated In the diagram^ the same eoneluilgn can bt reached^ 
after eliminating va,rious possibilities. In' formal 
geometiy, wt should not have to depend on a dlagr^. 
Problems 1 and 3 of Problem Set 3-9 require the student 
to make similar computations . - 

Wiile we believe that all studente should be able to 
do these computations^ we do not feel that the algebraic 
analyele ^ the problem for determining x» is suitable 
for most students, ^is algebraic analysia, using constantb 
r and s for the coordinates of R and S in C Instead 
of k and 6^ and and for their coordinates in 

C» instead of -3 and -9^ leads by exactly the same 
method of proof to the general theorem^ called the T^o 
Coordinate System Theorem. We db not feel that the student 
Is cheated if the algebraic treatment Is avoided since the 
method of analysis is exactly that of the nmnerlcal example. 
It consists in systematically excluding cases. 

The Two Coordinate System Theorem has two Important 
aspects. The first is that in a sense it says that you 
will not get into trouble in doing problems such as the 
numerical ^ne in the text by shortening your work by 
reading "direction" from a suitable diagram. Most people 
do such computations this wayj anyway. The other aspect 
la that of the simple, first degree (that is linear) 
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relatlGnihip that exists between x In C and x» In C» 
After this theorem has been ea^abllshed we have another way 
of doing the oomputation for t« as follows/ 

From the theorem, we Imow that the relationship 
between x»^ and x is given by 

■ ^ X » ^ ax . + b 

for some ehoioe of eonstants a, b. Since the ooordlnate 
of R Is 4 in C and -3 in we Imow. that th© 

ooastants a, b must be sueh ttot 

-3 ^ a4 + b , 

Similarly, using the coordinates of we know that 

=9 ^ a6 + b . 

Taking the "difference between these two aquations" we find 

6 ^ -2a , 

that Is, a ^ -3. (Note that this is related to the ratio 
of distances between the G and C« syitemi)* Since 
a ^ -3, It Is easy to determine b from either of the 
two equations* We find that b ^ 9, (Note that this Is 
related to the dlatanGe between the two origins In C*) 
We now see that and x are related by 

Thus, in particular. If x ^ 13, then ^ -30 so that 
the c» Goordlnate t' of T Is =30, 

The use of the Two Coordinate System Theorem is 
brought out for the student in Problems 2, 4, and 5(b) 
of Problem Set 3=9* 

It Is worth noting that examples of linear relations 
between two coordinate systems have been obtained in the 
text on Pages 84 and 87 as well as in Problems 6, 7, 8, 
and 9 of Problem Set 3-5^ 

Problem 7 in Problem Set 3=g Is designed to bring 
out the significance of a and b in x« ^ ax + b as 
well as wh^ a cannot be zero. Problem 8 In the ssune 
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set preparae tha student for another fowa of the Two 
Coordinate System Thaorem taiowi as tha Tiro-Polnt Wieoremt 

108 Thm Two-Point TOieoram Is important for the davalo^ant 

of^ the theoiy in Chaptar 8, Studants should understand 
this theorem well bafora beginning Chaptar 8. 

Notioa that tha affeot of tha foiTOUla in Theorem 3-6 
is that if the k ooordlnata of a point Is Earo, than its 
X coordinate is x^, and if its k coordinata Is one ^ 
then Its X ooordlnata is Xg* ThuSj by this theorem, 
if the origin and unit-point in one ooordlnata system (k) 
have the ooordlnatas and Xg in anothar ooordlnata 

system (x) then for any point, its x and k ooordlnatas 
are, ralated by - 

X ^ Xj^ + k(xg - x^) 

log Using our thaorams so far astablished^ wa can reoognlze 

as indlQated In tha tabla, sepnants, rays, Intarlors, opposlta 
rays, midpoints In ai^ ooordlnata system. In particular, 
"^slnoa wa can reoognlza Intarlors of sagmants In ar^ oodrdl- 
tmte system, we can recognlM batwaermass In any ooordlnata 
( aystam. ThLm is so Important It is stated as Theoram 3-7, 

115 The Idea of Qongruenoe la also introduced in cormeotlon 
with angles and, of course, for triangles, Wiere Is a 
discussion of the general notions in the Talk entitlad 

The Concept of Congruence . It Is also d^cussed briefly 
in the earlier Talk entitled Equality . Congruence , and 
Equivalence , 

116 The content of the Point Plotting Theorem should be 
Intuitively obvious to the student. 

117-118 As remarked In the text, the addition property of 

distance on a line actually characterises .betweennesa. In 
some texts the definition of betweenness la given in tems 
of this property. Note also the connection with this 
theoram and our earlier remarks about the "proof" that 
every triangle is isosceles. 

121-123 Students should be encouraged to read this sximmary 
carefully and to note the vocabulai^ list. 

Cu 52 



IlluBtratlva Test Items for Chapter 3^ 



Part 



1, Write each of the ^following ae an Inequality, 
(a) p / Is a positive nLunber, 

. (b) k Is a negative number greater than -10, 
(o) X Is a nuinber between 10 and fiO, 
(d) r 'is not a positive number 

2. Complete the blanks In eaeh of the following and state the 
order property that applies. 

(a) If a ^ b , and o are real numbere such that b > a 
and a > a , then ^> . 



(b) If X ' is a real numbar and -x > 4 , than 

(c) If X J y , and a are real numbers and k > y ^ 
then X - a y - a. 



3. Find the solution set for each of the following 
inequalities i 

(a) 3x + 14 > 5 

(b) X + 7 < 3x - a 

4, Graph each of the solution sets in Problem 3. 

5. If A corresponds to 0 and B to 1 in a coordinate 
system on a line, what set of numbers corresponds to: 

(a) ^ (b) M (c) m 

(d) ray opposite to AB 

(e) ray opposite to BA 

6, Let the unit-pair for meas\iring distances be fixed in this 
problem. On a line^ let a coordinate system be given. Let 
R and S be the points with respective coordinateB =5 
and 6. Suppose that another coordinate system on RS Is 
chosen so that the new ooordlnate of R is 0 and the new 
coordinate of S Is positive. \NFhat number is the new 
coordinate of 3 ? j 
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Three tmm. Lander,. Manfconj and Amity, are eollinear but - 
not neeeBBarlly In that order. It li 9 miles from lander 
to Manton and 25 miles from Manton to ^Ity. 
^) IB it possible to tell which town Is between the 
♦ othp two? ' > 
^ (b) vmieh town la not between the other two? 
(0) l/mat may be the dle^nce from lander to Amity? 
(d) Illustrate with sk^tdhes, 
f 

Given A , B , C are th^ee eollinear polnte with AB ^ 8 
and CB ^ 5i If, also, the coordinate of B is -2, 
•and the coordinate of A is less than that of C , what 
are the ooordlrmtes of^ A and 0 ? Draw two sketchee 
giving different sets of answere.^ 

Arrange the five distinct eollinear points R , L , M , S , 
T in proper order if* 

y m + * LP 

SF + FT ^ TS^ 
LS + SM ^ ML 

Supply the appropriate missing spibols over each letter 
pair. 

(a) AB has no endpolnts. 

(b) The endpolnts of m are 

(c) RQ has one endpolntj R, 

In the diagram A , B ^ P , H 
order and have coordinates as indicated* 




(a) 


The 


length 


of 


m 


is _ 




(b) 


The 


length 


of 


m 


Is 




(3) 


The 


length 


of 


w 






(d) 


The 


length 


of 


w 


Is 


■ 




The 


length 


of 


m 


is 


• 



1 • 

M and R * 



i T are eollinear In that 



If PQ (In zllks) Is 3 times PQ (in flips), find: 

(a) RS (in flips), . if RS (In silks) = 1. 

(b) AB (in zllks), If AB (in flips) = 12. 

Given the following points colllnear in the order shown 
in the diagram. Name the Intersection of each listed 
pair of sets* (The answer to part (a) Is Kg,) 

D f F G H I J K 

' ' U 4^ ^..^ ■ ■ ^ ^ b 

(e^ FH and PH 

(f) M and ^ 

(i) GK and K 

(h) 5? and GI 



(a) GK and KG 

(b) ^ and 5? 

(c) GK and HG 

(d) ED and PG 



Name^ the union of the two sets indiGatt3d in each of 
parts (a) , (e) , (g) , and (h) m problem 13, 

Given a coordinate system on line J as pictured In the 
diagram : 

F G H K J 

^m— — ' — i i i I / 

-I 0 I 2 3 ^ 

Tell v/hich of the '"allowing sentences are not meaningful 
in our development of geometry* For each meaningful sen- 
tence state whether It is true or false. 



(a) 


HQ.= 1 




(b) 


FJ = '4 




(c) 


FK = 5 




(d) 


HJ = OK 




(e) 


|J =. OK 




(f) 


, HJ = GK 




(s) 


HJ a- GK 




(h) 


HJ = OK 




(1) 


.JK = KJ 




(J) 


im a* KJ 




(k) 


The length of 




(1) 


The length, of 


GK = 1. 
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Given a coordinate system on ^ which assigns numbers to 
points as Indicated in the diagram* 

fORSTUVWXYZ . 

^5 -4 ^1 ~\ 0 I I 1 4^ S 

Find each of the follov/ing measures: 

(a) VU (relative to CU^v]) ^ 

(b) VJX (relative to [U^V}) ^ 

(c) VZ (relative to {T^V)) ^ 

(d) VX (relative to [V,Z]) ^ " 

(e) Pf^ (relative to {P^Y)) ^ 

UBing the diagraiTi in Problem 16 , give the new cqofdinate 
of Z i in a coordinate system whose origin and unit-^polnt 
are \ 

(a) U and z respectively 

(b) and V/ respectively 

(c) T and \\ respectively 

(d) Vf and T reopectively 

(e) S and p respectively 

V/hlch of the following Inequalities represents the coordi- 
nates of a set of points known as a) a ray, b) a segment, 
c) the Interior of a ray, d) the interior of a segment. 

(1) X > 2 (4) X < 4 or x > 3 

(2) X > -1 (5) a < X < 5 

(3) 2 < X < S.5 (6) X < 4 and x > 5 

V/hat is the coordinate of the midpoint of 55 if the 
coordinates of the endpoints are -7 and 3 ? 

Given M is the midpoint of PQ. Find the coordinate 
of Q if the coordinate of P is 3 and the coordinate 
of M is -1, 



21* Let/ A B , P have coordinates , 7 , P respectively. 

Find all the numberB that p might denote if: 

(a) AP - AB 

(b) AP ^ 3AD 
^ (c) AP - 0 

(d) AP ^ ^ AB ^ 

22, Each of the letter' pairs contained in the following para*- 
gr^ph refers to either a number or a line or a segment or 
a ray; in some cases a symbol which should appear above the 
letter"* pair is missing. Insert the missing symbols so that 
the resulting paragraph will be correct. 

''AB + BC = AC, DB contains points A and C ^ 
but DB contains neither point A nor point C* A be- 
longs to DB but C does not , " 

Drav/ a picture that illustrates your response. 



23, and S are points on with ooordinates and 

, reBpeGtively such that x,-, > x . ■ ' 

— ' - R P 

P is any point on RS v;ith coordinate x. If ™^ = k ^ 

no 

ma t c h t h e f,o 1 1 ow 1 ng , 

(Make the matching a one-to-one correspondence between the 
1 1 em 3 - - In c o lum n A and those in c o liirn n B , ) 

= Obltiinn A , Column B 



a) 


k 


^ ^0 


1) 


HP 


^ PS 




b) 


k- 


1-- 


2) 


P - 


^ R 




c) 


k 


_3 1 


3) 


P ^ 






d) 


k 


> 0 


^0 


RP 


PS 

p 




e) 


k 


=^ 1 


5) 


P ■ 


is in 


RS 


D 


0 


< k < 1 


6) 


P 


is in 


RS 


g) 


0 


< k < 1 


7) 


P 


is in 


the 


h) 


k 


> 0 




of 


RS 










8) 


P 

of 


is in 

RS 


the 
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24, Let P J Q , X in coordinate system C have coordinates 

1 , 0 , X resoectively, and In coordinate system C» have 
coordinates 2 , 8 , x» respectively. Write an equation 
which expresses the relation between x and xS 

25. Given polntS"wlth coordinates as indicated in the diagram, 

N P Q R S ^ * 

^ — — ' ^ — ' — . — 1 1 fc ^ 

e 

state whether each of the following, statements is true 
or false. 

(b) PQ Is a subset of ^RS*, 

(c) Q and S belong to opposite rays which are contained 
In and have common endpolnt 

(d^ QS Is a subset of 

(e) OR Is a subset of PS, 

(f) The Intersection of PN and ^ is empty. 

(g) The Intersection of and rJ' is P^. 

(h) The union of QR and RQ Is 
(1) The union of PN and pj is 

(J) The intersection of^^"PQ and ^ is 



6, In a given coordinate system on MN Is the set of all 

^ points whose coordinates x satisfy -^2 < x < 6* If it Is 
known that the coordinate of M is less than the coordi- 
nate of N ^ answer the following questions* 

(a) What is the coordinate of each endpolnt of m ? 

(b) What is the coordinate of the endpolnt of MN ? 
of i#f ? 

(c) What is the coordinate of the mldpoin| of MN ? 
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27, A coordirmte system C on line ^ a'^^gns coordinates 0, 
^1^ , k to points Q , T , S . respeffl^Valy. ^ Find the 
coordinate of S in coordinate system C if Q and T 
have respective C coordinates as follows i 
(a) o/l 
(fe) -1, 0 
(c) 1, ^1 
^ (d) 5, 2 ' 
(e) Is 0 , 



28. 



C 
c' 



Given the coord late 
systems G and C 

. --''L'ciiii a 



(a) V/rlte an aquation which expresses in terms of 

1 , find X* if 



k ^ X. , and x^ 



\ (b) If x-j^ ^ -3 and 

(1) k = 3^ 

(2) 0 < k < 1 
\(3) ,k 



Part II, 

Read each of the following statemen^ts carefully. If the 
statement is true as given^ write true. If it is false ^ write a 
word or phrase which^ if used in place of the underlined word or 
phr^ase, v/ould change the statement to a true one. 



1. Given tv/o distinct real numbers , one of them is greater 
than the" other. 



Given two distinct real nuiTiberSj the first is greater than 
the second if and only if the diffei^ence obtained by sub- 
tracting the second from the first is a negative number. 
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3. A real number n is non-negative if and only if n > Q . 



A nuinber line Is a convenient device for indicating the 
order and betweenness relations among numberB and ''how 
far apart" two numbers are. 



5* The numbeB one may be the distance between any two distinct 
points In space, _ 



The niunber zero is the measure of the distance from P to 
ft if the points P and ft are distinct ^ 



7* The measure of the distance between two points P and ^ 
relative to a given unit-pair. Is denoted by 

8p The number line of formal geometry corresponds to the 
general idea of a coordinate system. 



9. One essential feature of a coordinate system is a matching 
of every point on a line with one and only one integer . 



10, Any point of a line might be taken as the endpolnt of some 
coordinate system, 

11, The distance between two points whose coordinates are x 
and y is x ^ 

■\ 

12, Any two distinct polnte of a line can be taken as the 
origin and unit-point for at least three coordinate 
systems on the line. 



13. If P , ft ar^endpolnts of a se^ent, their coordinates 
must be 0,1 reepectively , 

14. Ti^o concurrent rays must also be opposite rays. 
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The intersection of two collinear rays may be a segment. 



Given any segment, there exist exactly two coordinate 
systems vrhich assign to its midpoint the niombar 0,5. 



A seCTient has an interior, A ray also has an interior. 



If P , Q , R have coordinates -2,4,1 respectively 
then Q bisects PR, 

The coordinate of every point of a ray is a no n -negative 
ni-itnber, 

s ^ — j 

If the measure of the distance between the endpoints of 
se©nent PQ is g and the coordinate of P is 2 , 
then the coordinate of Q must be 11, 



i 

} 




Chapter 
ANGLES 



The pattern of development in this chapter on angles 
parallels to a certain extent that of the previous chapter. The 
Individual sections by aiui large make oonvenient teaching units. 
The attitudes we expressed in this commentary concerning the 
formal proof of theorems in the chapter on distance and coordi- 
nate systems also apply to this chapter. The^major teaching 
objective should be to help students to understand the statements 
of the definitions^ postulates and theorems i teaching the details 
of the proofs is of secondary Importance, Again it is usually 
appropriate to carry through numerical examples the arguiTient 
used in a Wnei^al proof. Be careful, however, that students do 
not get the ympression that this checking of numerical examples 
constitutes a proof. A consideration of specific examples will 
give the students not only a better understanding of the asser- 
tion of the theorem but also a good idea of why it is "reason- 
able,'' on the' basis of our postulates and previous theorems. 

The cSipter begins with the notion 'of separation and the 
statement of two postulates concerni^ng separation: One to the 
effect that a line. in a plane separates or divides the plane 
into half planes ] the other to the effect that a plane separates 
or divides space into halfspaces. In connection with- these 
postulates is presented the notion of a convex set, (A set is 
convex if the segment Joining any two points of it lies in the 
set,) We Introduce this topic at this point to provide the 
means for defining the interior of an angle. Later it is used 
to define interior of triangles, polygons, etc. While this is a 
technical reason for introducing the postulates at this pointy 
their general role in our description of the relations between 
points, lines and planes should not be overlooked. It may have 
been noted that we never use the adjective "straight" in connec^ 
tion with lines, nor do we use the adjective "flat" in connection 
with planes in otor formal work. These new postulates together 
with our previous ones make it unnecessary to do this since they 
require in a very real sense that all planes are "flat". Postu- 
late 8 (which says that if two points of a line are in a plane. 
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then the line is in the planej requires that planes he bent or 
curved or wiggly so that they "fit" the line through any two 
points of them. Postulate 14 , that a line in a plane separates 
or divides the plane into two convex sets; forGes lines not to be 
"too wiggiy," For instance, consider the "non-^Btraight line" J 
in the following diagram. 




It certainly divides the plane into two parts, but these parts 
are not both convex. This same postulate. Postulate 14 , also 
has the effect o^ helping to insure that planes are "flat," For 
instance, as pointed out in the text, by this postulate a plane 
cannot be cylindrical, since a line along the length of a 
cylinder does not divide it into two parts. Postulate 15 , 
which says that a plane separates or divides space into two con- 
vex sets, completes the story by Insuring that a plane is "flat." 
For Instance, in the accompanying diagram the dihedraii angle 
shown divides space into two parts but these parts are not both 




convex and the dihedral angle is not "flat," From these remarks 
we hope that it is clear that these postulates collectively have 
the effect of insiut^ing that all lines are "straight" and all 
planes are "flat," Since they do, these adjectl^sves are unneces- 
sary in our formal geometry, "^^^ 

After the introduction of the separation postulates in 
Section 4 - 2 , the text develops the concept of an angle as a 
set of points (namely, as the union of two concurrent rays rather 
than as a rotation), the id^a of a ray-^coordlnate system in a 
plane and its connection witTixangle ^measurement , and related 



topics In Sections h ^ 3 through - 7. In connection with 
angle measurement, you will not find in this chapter a discussion 
of the relations between different imlts of distance, such as the 
relation between radians and degree measure. We do not Introduce 
this in our formal work; we use degree measure excrusively* 
Nonetheless, there is a strong parallelism between the develop- 
ments In Chapters 3 and 4. We have tried in our writing to 
emphasize this parallelism. We feel that the analogies that 
exist between the treatments in the two chapters will not only 
make the understanding of our development of angles easier for 
students but also will reinforce the pattern of ideas used In 
developing the concept of distance and that of coordinates on a 
line* The chart that follows indicates these analogies. 

The colimin on the left lists concepts and ideas relating the 
angles in the order of their occurrence In Chapter The 
column on the right lists the corresponding ideas in Chapter 3, 
In teaching Chapter you may wish to have the students work 
out Individually such a list of analogies or you may wish to de- 
velop such a list on a chalkboard or bulletin board so that it 
can be referred to during the study of Chapter 4, 

To show that the parallelism is not complete some ideas are 
listed in one colunin with a blank in the other. On occasion an 
idea clearly existed In one chapter but no technical term for it 
"v/as defined. In these cases we have. Invented a term to add to 
the completeness of the list, puttin| our invention in quotation 
marks. V/e ask that you call your students* attention to the 
incompletenesB of some of the phrasing and to the fact that we 
aje speaking of analogies in some informal sense rather than in 
terms of a precise technicality (such as tKe duality that occurs 
In some g e om e t r 1 o . , ) I 

Analop^ies Between Concepts and Statements of Chapters ^ ^^nd 3 . 



Chapter h 

It T\'-JO concurrent, non = 

Gollinear rays (angle), 

2, Measure of Angl^, 
(Postulate 16) 



Chapter 3_ 

1 , TxiO di s t inc t poi nt s , 

2. Distance (between two 
points) (Postulate 10) 
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(See Commentary discussion 
of Section 4^5, of text), 

"Ray-Coordinates" In a plane 
Definition^ Section 4^5 
and Postulate 1? 

Zero - ray 

Definition^ Section 4-5 

(See Commentary for 
Section 4-5) 

Theorem 4-3 (Angle Con- 
struction Theorem) 

Three rays VA, TO, VC 
whose interiors are con- 
tained in a half plane. 

TO Is between vf and VC 
implies that in a ray^ 
coordinate system^ the ray- 
coordinate of VB is be- 
tween the ray-»Goordinate of 
VA and VC (Definition 
of Betweenness for Rays^ 
Section 4^G) 

Theorem 4-4 (The Between- 
ness-Angles Theorem) 

Midray (Definition, 
Section 4-6) 

Theorem ^^-5 (Existence and 
uniqueness of mid -ray. ) 

Formula f or-~^oordinates of 
mid-ray (End of Section 
H=6) (Note restriction on 
b - a) 



3. Change of unit -pair 
(Postulate 13) 

4. Coordinates on a line 
Definition^ Section 3-5 
and Postulate 12 

5* Origin 

Definition, Section 3-5 

6* Unit -point . 

Definition^ Section 3-5 

7* Theorem 3-8 (The Point 
Plotting Theorem.) 

8, Three points A ^ B ^ C 
which are contained In a 
line , 

9» B is between A and C im- 
plies that in a coordinate 
system on the line con- 
taining A J B 5 and C J 
that the coordinate of B 
is between the coordinates 
of A and C. (Theorem 
3-7j the Betweenness-Coordi- 
nates Theorem, ) 

10, Theorem 3-9 (The Between- 
ness-Dlstance Theorem.) 

11. Midpoint (Definition, 
Section 3-7) 

12, Theorem 3-3 (Existence and 
uriiqueness of mid-point,) 

13. Formula for coordinates .of 

f 

mid-point (Section 3-10 ) 
(Note that there is no re- 
striction on b - a) 



. Interior of L AVC ^ (set of 
points B, such that VB is 
between VA and VC j 
Postulate 18, Interior of 
an Angle Postulate and Defi^ 
nltion of Interior of an 
Angle ^ Section ^-7^ 

, Interior of LkVC (The 
intersection of the half- 
plane determined by AV and 
G and the halfplane deter- 
mined by CV and A, We 
note that the edges of the 
halfplanes do not lie in the 
half planes. Postulate I8 . 
Interior of an Angle Postu- 
late and Definition of In- 
terior of an Angle ^ Section 

■'Wedge Ave'' (The union of 
£A¥C and the interior^, not 
defined in text. "Wedge 
Ave" could be called "Pan 
Ave" if it is thought of as 
a family of rays,) 

Theorem 4^6, The interior 
of an angle is a convax set. 



Exterior of an angle 
(Definition^ Section 4-7) 



Congruent angles (Defini- 
tion, Section 4-8,) 



14. Interior of segment AC ^ 
^ Set of points^ B , be- 
tween A and C ; (See 
Section 3-7* ) 



15* Interioi' of segment AC, 
(The intersection of the 
interior of AC and the 
interior, of CA, We note 
the endpoints of the .rays 
do not lie In the interior 
of the rays. ^Related to / 
(g) of Example 1, Section 
3-6, ) 



16, Segment AC (Union of two 
endpoints and interior* 
definitions. Section 3-6 
and 3-7,) 



17, The interior of a segment 
is a convex set, (It is 
the intersection of lwo 

ha 1 f 1 i ne s ^ hence c on vex by 
remark on page 135 and 
Theorem 4^1 , ) 

18, Not defined (Analogous to 
the points of a line not 
in ai given segment of the 
line, ) 

19, Congruent segments (Defi-- 
nition, Section 3-11,) 
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In section 4»8 , the idea of adjacent angles^ that is, 
of two coplanar angles with a side In common and with disjoint 
InteMors, is introduced. The special case In which the two 
sides not In common are collinear yields the notion of a 

linear pair. The special case in which the two angles of a 
linear pair are congruent y^ields the notion of a r^^^ angle. 
This way of introducing right angles Is chosen because it in- 
dicates that right angles as such are intrinsic to Euclidean 
Geometry. It is of course natural to discuss perpendicularity 
along with right angles. ^ 

Section 4-9 , deals with supplementary and complementary 
^ angles J Section 4^10 concerns vertical angles. 

The chapter concludes with Sections 4-11 and 4-12 
which Introduce triangles ^ quadrilaterals^ and polygons and 
related topics. Triangles and triangle congruences appear 
frequently In the next chaptel^. In connection with the work 
of Chapter^ 5 ^ students will start to write many proofs of 
their own. 

134 Crudely speaking a set is' convex If it has no indenta- 

tions. It is nob appropriate to say that it Is ''rounded^' 
since a triangle together with its interior is convex and 
has "sharp corners "i that isj is not "rounded.'' 

136 Notice the union of two convex sets Is not necessarily 
convex. For instance^ every line is a convex set^ but the 
union of two distinct lines is clearly not a convex set. 

138 The reason for not hyphenating or writing as separate 
words, words such as half plane. Is to make it unequivocally 
clear in a definition such as that for half line that the 
entire phrase "halfline" Is being defined and that neither 
one of the two parts is being defined. 

138 Prom the Plane Separation Postulate we can deduce the 
following result: If points A , B , C of a plane??! are 
such that A and B are on the same side of a line ^ in ^ 
and B and ' C are on the same side of A. , then A and C 
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are 'on the same side of ^ . This can be established by ob- 
serving that each of the points A , B , and C is in exactly 
one of the two ha If planes^ H. and H.^ with edge X . By 
hypotheBlSj A and B are ip the same- halfplane, as also are 
B^^and' C. If A and^ B are both In H^, then B and C 
muBt be in and A and C must be in H^, If A and B 

.are in H,-^, then B and C must be in and A and C 

must be in * In either case^ A and C are on the same 
side of A. . ^ 

We can a'lso deduce the following result r If A ^ B ^ C 
and A coplanar and if J_. Intersects - in an interlo. 

point but does not contain C then must also intersect 
the interior of one of the segnents AC" and This can 

be. established by observing that, by hypothesis, A and B 
ar^'On opposite sides of ^ and that C is not on J^^ . 
Cgri^quently C is either on the iame side of as A or 

^ on same side of as B. If it is on the same side of 

A- as A, then X- Intersects BC at an interior point. 
If it is on the same side of A as B , then _^.£- intersects 
AC' at an interior point. This completes the proof, Some-^ 
times this theorem is expressed by saying that a line in the 
plane of a triangle and intersecting one side of the triangle 
Ln an interior "'point must intersect one of the other two sides 
in an interior point provided it does not contain^ a vertex. 

1^40 From Postulate 15, we can prove Igcx much the same fashion 
as indiolated in our comments on the Plane Separation Postulate 
that : 

^.(1) If points ""A , B , C are such that A and B are 
in the same half space determined by a plane % and such that 
B and C are in the same half space determined by ^ , , then 
A and C are in the same halfspace determined by ^ ^ 

(2) If A ^ B , C are such that plane ^t) intersects 
AB in an interior point and does not contain C , then yr\ 
must also intersect the interior of one of the segments U 
and ; 

1^0 When we say a plane determines exactly two halfspaces v^e 
mean in Gontrar;t to our earlier usage of ''determine" not that 
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the plane contalni the halfspaces but that It epeclf les or 
points them .out in an unambiguous marmer* 

144 PrinQipally we are ooncerned with angles of triangle^. 
No triangle has an angle whose measure is gero or which is a 
straight angle. Indeed^ the measure of any angle of a tri- 
angle is between 0 and l80, ^The concept of a linear pair 
of angles In introduced later (Section, 4-8) to take account^ 
,Qf the fact that the exterior angle, of a triangle and its ad- 
. Jacent interior ^angle form a "straight angle*' or have measures 
that add up to 180. For these reasons the zero angle and 
the stra4.ght angle are unnecessary^ and v/e can confine our 
attention to angles whose measures are between 0 and* l80. 
Incidentally^ Euclid avoided the use of "straight angle", too. 

We merely make a dlstlTiction between what is needed in 
elementary synthetic and analytic 'geometry and what is needed 
^ in tri^ftometry an^ analysis. Our definition is satisfactory 
and simplest foX our needs* As the student advance^s in 
mathematics extensions of the definition of angular measure 
v/ill be made and then definitions of - angle will be introduced 
as the need arises. 

L45 • As Indicated In the cliart of analogies with Chapter 3 , 
angle and segment correspond, Thus^ corresponding to the role 

/ of the two endpolnts- determining the segment, we have two rays 
determining an angle* We recognize, of course, that the ^ 
Statement that two rays determine an angle needs the addition 
of the word concurrent to descMbe the rays. The analogue 
of this wlth^ the points determining the segments Is that the 
polrlts are collinear (a^ trivial statement---#o^ttie points^ but 
the corresponding requirement of concurrency for the rays Is 
^ not trivial,) Again, it is Importaht that the rays be non- 
collinear for if they are cc^llrjear, they do not form an 
angle. Analogously, It^is Important that the points be dis- 
tinct, or they do not determine a segment, 

46 Mn the use of the word det.erminfe, when we speak of the 
angle detemlnfd by the two noncollinear segments we, of 
course; mean the union of the unique pair of corAiUrrenti' rays 
that contains the union of the segments as a subset. 



15^ Corttrast and call attention to the difference between a'n 
angle and the measure of an angle. Stress that an angle ie a 
set of point B while^lts measure is a number. Such ^ a distinc- 
tion between the^point set and the number asiociated with it 
is not made In most textbooks^ the word "angle" being used 
for both. 

Although we will restrict ourselves to degree measure 
exoluslvely in our postulatlonal treatment^ of ancles, other 
measures are possible (as we have already suggested) and a 
development of angle measurement paralleling our^ development^ 
of the meaeurement of di#tance in Chapter 3 can be given. 
To begin with^ Postulate l6 can be strted in more general 
terms by replacing the number l8p by any other positive num- 
ber, say R, This raises the following questions "How are 
angle measures based upon different values of R related?" 
To provide the desired answer to this question, another postu- 
_ late, analogous to Postulate 13*, must be introduced. This ^ 
would say^ in effect, that if mLABC (with respect to R^) 
and mLABC (with respect to Rg) are the measures of any 
angle, ABC, in terms of two different values of ^ R , then 

R, . 

mLABC (with respect to R ) = miABC (with. respect ' to R„)' 

In particular, this provides us with the familiar rela- 
tion connecting radiari fneasure (for which R ^ V) ^d degree 
measure (for which R t l83), namely, ' - 

^rad^^BC^^- TTO ^deg ^^SC^ ' 

On the basis of the new pqstulate, a theorem analogous to 
Theorem 3-4 can be framed. This result and' others assure 
us that such things as betweenness relations for rays and ihe 
determination of the ray which forms, with a given angle, ^wo 
angles whose measures have a prescribed ratio are independent 
of the unit which is used* ' ■ . . 

The teacher might feel a postulatlonal develOTment such 
as that of our te^t leaves a gap in the development* This is 
not the case. The postulates that we assuir^^do give us Eu- 
clidean geometry* The lack is solely an inadequacy in the 
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technical language that we have chosen. We can only, 
of degreee. r 

Since the paet experience of the student has probably 
been largely limited to degrees, it Is unlikely that he will 
question this language deficiency* Should he challenge it the 
odds are that he is a student of such^ a caliber that you could 
let him study for hlmBelf the discuislon in the Commentary 
above - so that he can see that we can parallel our treatment 
of distance and obtatti other measures for armies, 

159 One aspect of our restrlcMon to degree maasure Is that 
althou^ the zero-ray is clearly analogous to the origin In a 
coordinate system on a line, there Is no real role played by 
what might be called the unit-rayt, (Indeed,, in some systems 
of angle measure, for instance, in going from 0 to ,3 in- 
stead of 0 to 360 , there mi^t be no ray corresponding to 
the niimber one. See the chart of analogies.) 
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Note that in using the Protractor Postulate in our geo- 
metric development, it is always necessary to specify how the 
'^protractor Is to be placed*' (l.e, the ray VA and VB must 
be specif led) before the "other assertions of the postulate 
can be usad* 

and VD as^iown be low 1 
C 



Consider the rays 




If VD Is to play the role of VA , and VC that of 

VB , then the circuit protractor is placed as shown below^ 

90 





Diagrams such as those above^ if drawn on th& board^ may help 
the student to vtziialiEe the significance of the plaoament 
aspect of the poBtulate as well as the other parts of the 
statement of the postulate. Similar diagrams may be useful 
in explaining the significance of the definitions of a ray- 
coordinate system. Theorem 4-3^ as well as In connection with 
later work, 

0 Notice that in Theorem 4-3 a part of the conclusion 
is that there is a unique ray VR whose interior , not the 
ray Itself, is in the half plane, the endpoint V Is^not in 
the half plane, 

A proof of Theorem 4-3 m'ay be given as follows i 
In plane m let H be a halfplane whose edge eontalns 
the ray VA, In H is'V point B. ^ By Postulate 1? , there 
is a unique ray-coordinate system in m relative to V suoh 
that VA corresponds to 0 and every ray VK with X in 
H corresponds to a number less than l8o. Since r is a 
number between 6 and . l8o there is in this ray-coordinate 
system, a ray ^ such that R is in H and VR corres- 
ponds to r, Rirthermore m£AVR « r. We have now shown that 
there exists a ray TO^ as requiredj it remains to show tliat 
it is unique* Suppose VS is any ray such that S is in H 
and mtAVS m r. Let the coordinate of vf be b. By the 
Protractor P^tulate, s< i8o and hence m4AVS ^ s - 0 ^ s. 



Thus s - r , ait then, slnee a ray-coordinate myBtem is a 
one-to-one correspondence between rays and numbers, vS - 
Hence Is unique » 

165 Our remarks are not intended to be a defenee of our 

- - * 

particular definition of betweenness for rays* They are in- 
tended merely to show that our definition is reasonable * We 
freely adrnlt that other definitions are not only possible but 
m^it be equall^^konvenient in the developrnent of geometry* 
Classroom discussion of diagrams such as those in Figure (a) 
may Ifad to the folloi^ingi 

. , , ■ • ' — ■ 

In (1), students will probably agree that' VQ is be- ' 
tween VR and However, if (a) was construed as three 

dimensional by taking V , R , Q , p as the vertices of 4 
pyraniid, then there Is probably equally good reason to. say 

is between and as to Bay is between 

, and VP , or ae to say VP is between VR and Vft* To 
avoid such ambiguity we have restricted the notion of between- 
neee for rays to coplana^ rays* * 

In (2), although one can say VP is between and 
VQ, it is eqiially reasonable to say VK is between Vft and 
VP or to say VQ is between VR and VP. Prom this ambi- 
guity, we get the idea that if the rays "go all around the 
compass then there is difficulty with tBe betweenness notion. 
Hence, we arbitrarily restrict betweenhess for rays to those 
that lj.e in or on the ed^ of a halfplane and such that no 
two of them are collinftfr. 

The same remarks as those for (l) can be made for (3), 

In (4) it is perfectly reasonable im say is be- 

tween VR and However, this Is hot in accord with o\jr 

definition. In our definition we would require that the In- 
terior of the ray VQ Is in the interior of the angle formed 
by the 'other two rays VR and However, because of the 

ambiguity about the idea of interior for a "strai#it angle'', 
we do not In our development consider the union of ^VR and 
VP to be an angle, ^ 



Note it hat 



Again 'in (5) it la probably reasonable to say ^ la 
between ^ and However, this is ^ot In accord with 

the definition we have chosen* In our definition, as a matter 
of technical convenience, we havd required that the three rays 
be concurrent. C r 

Note also the 'entries on betweenness in the chart of 
analogies, * 

165 We have not brou^t out to the student that if ^ is 
between VA ' and VC then we need a theorem to establish the 
fact tHat is also between and in our opinion 

this should not be brought out in class by the teacher nor 
would we feel It^ appropriate to raise the question with most 
secondary school students. We are content to let studentB 
exchange freely the role of yK and as Indicated above. 

The needed theorem can be established as follows. Suppose 
VB is between VA and VC and that in a ray-coordinate 
system based on V In the plane the ray coordinates of VA , 
VB , VC are, respectively, 0 , b , c where 0<b<c<l80* 

J 

mLAVC ^ c, mLAVB ^ b, m LBVC ^ □ = b, ^ 
Now consider a ray-coordinate system based on V such that 
VG is the zero-ray and the ray-coordinate of Va is less 
then 180. The new ray-coordinate of VA must then be c 
since mLAVC - c. Let us suppose the new ray^coordlnate of 
VB is X. We proceed by elimination of cases to show that 
X ^ c - b. > Suppose > X > c. Then m4BVC ^ x or 360 = x 
depending on the size of x. Hence, since v/e knof/ 
mLOTC ^ c - b^ either x * c - b or 360 - x ^ c = b. 
Since X > c, it is Impossible that x ^ c - b. Hence If 
X > c, then the other possibility holds, namely, 
X ^ 360 = c + b. Now m BVA ^ b and by Galculatlon in the 
new ray-eoordlnate system m BVA ^ x c or 360 =»(x - c). | 
That is, b * X - c or, b ^ 36o , (x ^ c). In the first 
case, substituting x ^ 36o - c + b, we obtain 
b - 360 - + b - c v/hich implies c ^ I80 which is impos- 
sible. In the second, substituting x = 36o = c + .b, v;e 
obtain b = 360 - (360 - c + b - c) which fmplles b ^ c 
which is also impossible. Consequently, we must have x < c. 

15 



Bit then, sine© mLBVC ^ x and m4BVG^^ c - we oonolude 
that X s 0 - b. Now 0<c-b<c< l80, therefore VB is 

by definition between VC and ¥A* 

166^ 

167 The proof of Theorem 4-4 is left ae Problem 4 In 
" Prob'lem Set 4-6* This problem is In the form of an almost 
completed proof with a few blanks to be filled In by the 
student. The proof of Theorem 4-5 Is left as Problem 5 
in Problem Set 4-6. This problem also is of the fill^^ln 



Note the analogies between these theorems and those in 
Chapter 3# See the ohart of armlogies^ and the preface to 
Problems 4 and 5 of Problem Set 4-6* 

167 Notice that In defining the meaning of the phrase "con- 
current in that order" it w^ necessary to say that each of 
VQ and . W is between V? and vi so as to avoid the sit'- 
uation In the diagram below, where VQ Is between VP and 




VH and VR is between VQ and .VS but neither VQ nor 
TO is between VP and VS* Note the analogous situation 
in defining the phrase "colllnear iTi that order" (see page 
91 of the Text). Indeed, P , Q , R ^ S are collinear in 
that order, if Q is between P and R and R is between 
Q and S. For we can then deduce that each of Q and* R 
is between P and S*^ 

167 Note the analogy between the formula for the ray-coordi- 
nate of the midray and that for the midpoint of a se^ent , 
The formula for the Tnldpolnt of a segment is in Section 3-10. 
Note also that in order to use the formula for angles one 
must first check^ that the smaller ray-coordinate subtracted 
from the larger Is less than 180, There is no similar re- 
striction In computing the coordinate of the midpoint of a 
segment. For a derivation of the midray formula see the 



answers to Problem ^ 9 of Problem Set 4-6. The formula 
can be motivated by numerieal experiments.*^ 
^ ^ j Sometimes it may be aonvtnient to speak of IE or 
AB as a bisector If U is a roldray* If sueh terminology 
Is to be used in the olassroom, the teaeher should give the 
students a formal definition. \ 

^ ' } 

174 ^e mathematician-teaGhers on the QW writing team 

have not hesitated to Inelude the statement of Postulate 18 
fts a postulate rather than a theorem, in our eapacity as 
teachers we recognize clearly that the extent to which 
betweermess proofs should be "pushed" with secondary school 
students is limited* We also feel that to state it as a 
theorem without proof Is not as desirable as stating it 
frankly as a postulate. Before showing how it could be 
established as a theorem, we remark that assumina S to 
be the same^as R and I is equivalent essentially to ^ 
assuming the parallel postulate. We will say more about 
this after showing that R ^ I and that S is contained 
in 

To show that R ^ I we must show both that R is 
contained in 1 and that I is contained in R, we 
first show that R ie contained in I, Suppose that p 
is in R, ^en P is on a ray VP between VA and VB, 
Apply the Protractor Postulate so that vt is the zero- 
ray and ^ corresponds to* a number less than 180* Thmn 
by the definition of betweenness for rays the ray ^coordinate 
of vF is between 0 and I80. Hence, by the Protractor 
Postulate, P is on the same side of ^ as B. Similarly, 
using the Protractor Postulate to obtain a ray»ooordinate 
system such that ^ is the gero-ray and vt has a ray^ 
coordinate between 0 and 180, we argue using the 
definition of betweenness for rays and the Protractor 
Postulate that p is on the same side of VB as A. 
Since we have shown that p is in the half plane with ' 
edge VA and containing B as well as the half plane 
with edge W containing A, we have established that 
R is contained In I. 
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Wa now show that I Is contained In R to complete 
the proof that R ^ I, Suppose that P .Is in I. Apply 
the pTOtractor Poswlate so that ^ Is the lero-ray and 
^ corresponds t^a niunber leas thaji' l8o. We Imow that 
the ray-ooordinatA p of VP is between 0 and 180, 
since P is in the^halfplane detemined by ^ and B* 
Where t^e ra^-coord^ate of VB is there are two 

possibilities i^'^^^^ 

(1) b < p , 

(?) P < b , . 

We will show that possibility (1) cannot hold and there- 
fore that (2) must hold. In case (1) holds, we Imow that 

m^AVB m b 
m£AVP ^ p 
m^BVP ^ p - b 

Applying the Protractor Postulate again so that VB is 
the gero-ray and vt corresponds to a number less than 
l80j we imow that the new ray-coordinate of vf is between 
0 and l8o since P is in the halfplane determined by 
.VB ^ and A, Hence it must be p - b since ra£BVP ^ p - b* 
The new ray -coordinate of VA must be b since it is 
between 0 and iSo and m^AVB ^ b* Since the ray- 
coordinate of VP is p - b and that of VA is b, 
m^AVP as computed in the new ray-coordinate system is 
one of two possibilities. Since each of the numbers b 
and p - b is less than iBOj these possibilities are 

(p - b) = b ^ p - 2b 
b ^ (p ^ b) - 2b ^ p. 

But we Imow m^AVP ^ p that b ;^ 0 and that b ;^ pj 
hence neither of these possibilities can hold. Consequently 
our original possibility (l) does not hold. Therefore, 
p < b, or in other words ^ VP Is between VA and VB* 
Hence I Is contained in R, Since we have established 
both that I is contained in R and that R la contained 
in I, we have established that R = I. 
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We next prove that 3 Is Gontalned In l» Let P be 
a point of S. Slnee P Is a point of S, there exists 
p^nte C and D such that c Is In the Interior of ^VA, 
D Is In the interior of Since ^ Interseets ^ 

at C only, the segment CD except for C lies in one 
of the half planes ^ determined by W. Further ^ P Is the 
same halfplane detemlned by ^ with ,D. Similarly p 
Is the same halfplane detennlned by VB with C* Hence 
P Is in the Intersection these halfplknesj that le^ P ' 
is In I* * 

To see that t^ statement, S ^ I, Implies the Parallel 
Postulate we ask you to consider Ifieorera 1, In Part I of 
the Talk, Introduct^n to Non - &aclldean Geometry , which 
appears In Volwie ll^of this Cormnentary, From this theorem 
we see that if there are two lines parallel to given line X 
through a point V not on j£ , then there Is an angle ^AVB 
contained in the union of the lines such that X Is In the 
interior of £AVB. We observe that ^AVB lies entirely 
on one side ot JL^ Now any se^ent containing a point p 

and with endpolnts in the sides ^AVB is such that 
the endpolnts of the segment must be on opposltes sides 
of X. This contradicts the fact that ^AVB lies entirely 
on one side of X * Consaquently If every point of the 
Interior of any angle is on a se^ent Joining the sides of 
the angle^ It is Impossible to have two dlatlnct lines 
through a point parallel to another line* l^us, S ^ I 
lmplie| the Parallel Postulate, 

175-176 From the diagram on page 175, it Is probably clear 

to you that Theorem 4-7 Is preparatoi^ to the usual proof 
of the Exterior Angle ^eorem which oc^Urs at the end of 
Chapter 5 in our text, A eomplete proof 'df t1%# Exterior Angle 
Theorem requires among other things a proof that cf Is 
between CB and CO, This is the purpoBe*^of I^eorem 4-7, 

The students should reproduce the diagram on page 175 
so that they can have It in sight as the^ read the theorem 
and Its proof. As an exercise in the use of available 
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fomal language whleh does not include thw word "fci^langle" 
or "exterior angl© of a triangle" at thie stage, it is 
useful to ask students to describe In words the configura- 
tion of the diagram. This exercise should serve to make 
clear the choice of language in the theorem* It is also 
useful to ask the students to check their description in ' 
words by seeing if can draw a figure which satisfies 

their description but is unlike the original drawing. It 
is important that all students understand^ the statement of 
this theorem! for many classes it may be appropriate to 
omit a discussion of the proof in class and to tell the 
students that they may use the theorem in later proofs as 
needed. 

In the definition of a linear pair ^it is not necessary 
to ptate that the angles are coplanar, since two of the 
concurrent rays are opposite rays. The concept of linear 
pair is the means by which we avoid the concept of right 
angle. Note also that the ray common to the two angles is 
not between the other two rays. 

In the definition of adjacent angles It Is necessary 

to state that the two angles are coplanar. This is in 

contrast to the situation with the linear pair, 

s 

Note also that Just because three rays form adjacent 
angles^ it is not necessarily t^e that the ray conmon to 
the two angles is between the other two. After all, the 
three rays are not necessarily contained In any halfplane 
and its edge. 

Since the deflmltlon of a pair of vertical angles 
involves op^site rays. It is clear that the two angles of 
a pair of Yertical angles are coplanar. 

In th^ statement of Theorem 4-l8^ each line is deter- 
mined in the sense that it is the unique line that contains 
the given set. Each pair of vertical angles is determined 
In the sense that the union of the angles contains the 
given sets and this union is the unique set which is the 
union of two distinct lines Gontainlng the given sets. 
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The formal proof of the theorenij intaiT?retlng the use 
of the word determine slb above, consists In obsamring that 
the point of interseotlon, V, of the two distlnet Jlne^, 
separates each of the lines Into the Interior of two ' 
^ opposite rays, ^ere are exactly two ways of using these 

two pairs of opposite rays to fo™ a pair of vertical angles. 
The two pairs of vertical angles thus foratd are the 
required pairs of vertical angles. 

201 In connection with the use of the word determine in 

the definition of a triangle^ when two .joints detennine a 
secant, they are invariably taken to ^fi the end points of 
the segment . 

■■ ^ 

209 It might be useful to ask students' the following 

^ questions in connection with the definition of a polygon. 
If n^ 3, is it necessai^ to specify that the vertices 
are cQplanaB? Obviously, the answer is no. Another 
question might be the following; 

Could (2) be replaced by the requirement that 

PjLJ Pg^ • * * * ^n ^® noncolllnear? 
In answering such a question they might consider the 
following figure in which P^, pg, P3, P^, are non-" 
colllnear , 



P4 




In this figure would it be natural to call Pg a vertex? 
It could also be pointed that three or more vertices could 
be colllnear as suggested in the following figures 



Notiee that thara are no triangles that are not ^ 
eonvax polygons. Note also that this Is not established - 
by Theorem 4-22 j for the "rest of the polygon" in this 
definition means the set of points of the sides of tha 
polygon that are not also in the side which Is in the edge 
of the half plane. Notice also that while there are such 
things as convex polygons, there is no |fclygon which is 
a eonvex set. 
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Illuatratlve Taat Items tor Chapter 4 

Read aaoh statement carefully , If it Is true as written, 
write "true*" If not, write a word or phrase whieh could 
be substituted f« the underlined worfl or phrase to make 
the statement true. 

If one sepaent whose endpolrits are in a point set S IsN^y 
entirely contained in S, then S is a convex set. 



If two convex eets intersect, their union is a oonvexiset. 



The relation of a halfplana to a plane and the relation 
of a halfspace to a space are like the relation of a 
ray to a line. 

In this text we think about an angle primarllSr as a 
rotation of two concurrent noncolllnear rays* 



We often denote the angle formed by the rays A? and,- 
AC as ^ABC, ' 

If sei^ents and fff are^noncolllnear then the union 
of PQ and PR is ^QPR* . 

The measure of an angle formed by two opposite rays is 
not defined in our geometry. _ 

To find the measure of angle we first compute the 

difference In the measures of the rays which are the 

Bid^s of the angle, subtracting the smaller from the 

larger so as to get a positive number, . 

^e degree is the only unit of angle Pleasure used in the 
formal geometry of this text. 7 ^ ^ 

There is a correspondence which a^ociatea with each 
angle in space a unique positive integer less than l8o* 



The measure of an angle is a posltlvi number leas - 
than 180, ^ ^ 
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The maaBura of the Interior of an aj^le Is undeflntd 
In our text* 



The ray-coortlnat# of tj^e angle bigector of 'mn angle 
is the average offthe ray-eoordlnates of the sldee of . 
fee angle provided the srmllw ray-cooi^lnate subtracted 
from the larger Is less than l8o> \ _ ^ 



If one ray is between two others, the three rays must 
Inters eat * ^ ^ 



Thm exterior of an angle Is a oonvex set* * . ^ 



If the Bvm of the measures of two adjacent armies is 
180 the ^wo angles form a linear pair . 



If two coplanar angles are adjacent they have a 
common side and their interiors do not Intersect , 



The sum of tfie measure of two dlstlnofc right angles is 



In order for two lines to be perpendicular they must 
contain two rays whose imion is a right angle. 



Two angles whose measures are the same are equal , 

• L 



Two acute angles cannot be supplements of each other. 



If one angle is acute and another angle is obtuse they can 
not be a pa^r of vertical angles . 

£kBC of A ABC is the union of TO and 

4 

A triangle has three' diagonals , 



The relation of side and vertex to angle is like the 
relation of face and edge to dihedral angle, ^ 
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Salact'th© oorrect aniw#r for each of the following 
problems I ^ ^ ' 

Prbblems 1-2 refer to Mgure (1)^ Problems 3-5 refer 
to Flpara '(2)| and pTOblems 6-8 refer to Figure (3). 
All points In each figure are eoplanar and points whioh 
appear^ to be ^aolllnear are coHlnear, 




(a) L (c) H (e) none of these 

(b) P ' (d) h 

Which of the following points is In the exterior of ARST? 

(a) a (c) H (e) none of these 

(b) 4 R (d) ^ J 

Figure (2) 
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3. ^OP and £Nb& arai 

(a) supplam^ntar^ anglei 

(b) adj&eent angles 

(q) ^ Gomplemtntai^ angles 

4. ^QON and ^NOS arei 

(a) iupplementary angles 

(b) right angles . 

(q) complementary angles 




(d) ^rtleal angles 

(e) nonfc^of these 



(d) vertical , angles 

(e) none of theSe 



5. 



S ^Isi 

(a) a right angle 

(b) an obtuse angle 

(c) an acute angle 

Figure (3) 



(d) a vertical angle 

(e) none of these 




6, If AB X then ^NAfe S ^SAB because i 

(a) they are both acute angles, 

(b) they are complements of congruertt angles, 
ij^) they are both right angles, 

(d) they are vertical angjes. 

(e) none of these, ^ ^ 

7. ^ m0AT equalki 

,(a) 180 (c) 180 - 2r 

(b) 2r (d) 180 - r 



(e) non^ of these 



.^I|AN is cQngrutnt tot 

(a) ^BAT ' (c) £Bm 

(b) . iTkS 'Id) ^BAN 
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(e) none these 



III, 1* Below are a number- of statements 'and phraees in 

oolumri and a list bf words or expressions In the other; 
Gompletf eaeh item in the left soljAn as to make a 
true statement by selecting the pboper word or expression 
from the right -han6 column* / ' ^ . . ^ ' ■ 

(a) An angle with measure I&bs ^than 
90 i IB . . / 

(b) If m^B is 60, th/ measure 



of a supplement of / £b Is 



(c) The measure o^ a right angle 
is / . 

(d) iX^ABG^/is a right angle^ 



then^a; 



s AB and BC are 



(e) Ang^s with the same measure' 
ai 

(f ) -/£f m^ cc Is 60, the measure 
of a complement of ^ oc Is 



[g) If the sum of the measures 
of two angles is go, the 
angles are ^ 

(h) An angle with a measure of 
more than 90 is _ 



(1) ' A supplement of a right angle 
has a' measure of 

(j) Complements of congrnaent angles 
^re , 

(k) If^ m^ABG + m^RST ^ 90, then 

^ABO 'Is a of £RST. 

(1) A supplement of an acute angle 
is 



pei^endieular 
obtuse 



: right 
90 

aoute 
120 

triangle 

complement 

congruent 

30/ 
n 

complementary 
Bupplementa^ 
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(ra) It W and 1^ art opposltt 

. rays imd ^ li «ltuatad so 

* that m^C^ ^ ra^BAE,^ ^ Is 

a I angla, 

I' 

(n)* If the n^asuM of art angle is 

twioe that of one of Its supple- 
mer^Bj then It IB^ « 

(o) Thm measure of an angle whose 
measure Is half that of one of 
its Gomplements Is ' , 



Given the triangle and pentagon 
in the figure. Describe the 
intersection of the following 
sets of points i 
ja) AHPO and polygon ABODE 
^(b) AMG and HI 
(c) W and^ ^DCB 
'(d) £HFa and polygon ABGDE 
(e) Interior of AHFG and 
interior of polygon ABODE 




(a) If one of a pair of vertical angles has a measure of 
X| express the measures of the other three* angles 
formed by the two intersecting lines in terms of ^ x- 

(b) If three rays have a coranon endpolnt and two of then 
are opposite rays^ what Is t^e Bum of the me|isures/of 
the two angles formed by these rays? 

(c) H Is a point In the interior of ^RST* m^HST ^10 
and m^RST = 30. What Is the value of m^ST? 

(d) If two congruent angles are supplementary^ wh^t kind 

of angles are they? 

(e) If each angle in one pair of vertical angles has 
measure 1, what Is the measure of each jSngle of the 
other pair of vertical angles formed by yche inter- 
secting lines? 



10/ 
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(f) If the difference between the meaiuree of two 

complement anglei is 8, what Is the measure, of 
each ar^le? ^ 

4, AsBvrae is a suppiement of , Find m^fi ^ ifi 

(a) i^ec ^ 30 

(b) m£^ - ISO 
(q) ' ^ n 

(d) m^oc ^ 45 - n 

5# Suppoee ^ - is a complement of ^oc * Fin4 if: 

(a) m^oc -38 ■ ■ ' ' 

(b) m^^ ^49 

(d) , m^ec ^ n + 25 

6*' XA and XB are oppoelte rays on the edge of a halfplane 
S and^ R are points of %^ such that m^fim ^ 35 
and m^RXB - 90, Make a sketch and answer the fQllowlng: 

(a) Name a pair of perpendicular rays In the sketch, if 
any occur, 

(b) Name a pair of complementary angles in the sketch, 
if any occur *^ 

(e) Name a pair of vertical angles In the figure, if 
any occur* 

(d) Name two palre of supplementary angles In the sketch, 
if two pairs occur, 

(e) Name two acute angles in the sketchy if any occur* 

(f) Name two obtuse angles in the sketch, if any occur. 
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(a) 



Given ooplEMr rays* * m to whleh *a corre* 

spondfnca as dtsarlbtd by the PMtraetor Postulata * 
assipis real numbtrs a, b, respebtively * toprsss 
In terms of a, b, and Oj • * 

(1) '^AMB If a < 0 < b < IBO* 

(2) m£CMP if a < b < 0 < 180 and MP Is a 

midray of /CFffi, 

t - - • / 

In part (a)2 above, find the real niwb#r, p, / 

assigned by the eorrespondence to M?, 



Given three eoneurrent lines 
as in the figure with ray OB"^ 
such that AE and 
£mC ^COB» For each of 
; the oongruencei belowj state 
the the orein^^j^hlch jijit if les 
It^ . 




(a) ^AOB « ^DOE 

(b) ^DOP ^BOP * 
(e) /poC ^POCJ ^ 

(a) Is the '^^erlor of a triangle a convex set? -■■ 

(b) Is* the exterior of a triangle a convex set? 

(c) Given ARST and a point p, if p and R are 
on the same side of ST and If P and S are 
on the SMie side of RTj 

(1) Is P in the interior of /rtH^ 

(2) Is P in the Interior of ARST? 



£ 
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Q|^vtn a ray-soordlnatt syitem 
In a plana with ooordlnates 
asslgntd as in th© flgurf-to 
the right* Find the measure' 
of each of the following 
angles i 



(a) ^CAE 

(b) £CAD 

(c) ^BAE 



(d) £DAB 

(e) ^DAQ 

(f) iok-p 



ISO 



I 91 



Ghapter 5 
CONGRUENGE 

The treatment of ,congruenGe in this chapter will seem 
imfamiliar *to many teachers, but the two Taiks, Bquallty j Con- 
. gruenoe J and EQulvalenee , and ^e Concept of G*Qngruenb# j should 
be helpful to them. The ^'difference In treatment lies chiefly 
in the fact that cohgruence is regarded here as a special kind 
. of one-to-^ony correspondence, and In the distinction whioh la 
maintained between the properties of equality a^^the propertlee 
of congruence as logical bases for steps in a two-column 'proof* 

Our definition of oongn^ent triangles is essentially the 



conventional onei One triangle Is a "copy" of the other in the 
sense that Its parts are "copffes" of the corresponding parts o'f > 
the other. But observe the preelslon with which It is formu- / 

lated. The correspondence doesn't depend on an Individual's 

^ ^ _ _ _ 

interpretation of the vague tern "corresponding"'' but Is based, 
objectively on a pairing of the vertlQes 

______ _ 

/ ■ * s * ' 

- % 

which Induces a pairing of sides and of angles 

ratf^^T^^ m^wm, m^^imr, 

Ik^^-^lh^, ^bU^£BS Ip^k—^IQ^ % 

spelling out the notion of "corresponding" In this way points 
up the importance of a one-to-one correspondence In the notion 
of a ^ongrupnce more effectively than In the conventional treat- 
ment. Our treatment brings to the fore the Idea of a one-to-one 
eorreapondence between the vertices of AABG and 4A*B'G' In 
which corresponding sides and corresponding angles are congruent. 
The triangles are congruent if and only If such a correspondenca 
between their vertices exists* ^ ..^ 

The properties of congruence Include the three properties 
which belong to equivalence relations generally. Congruence 
is an equivalence relation, ^^her equivalence relations In 
this text are equality, similarity, proptfrtionality, parallel- 
ism of lines J parallelism of planes, vectors, and possibly " 
others. The three properties coimon to all of these equivalence 
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relations^ are reflexlvity, symnetry, and transitivity, . Appreo- 
latlon m depth of l5hB eignlflcanca ofStesae propertlei fls not 
expeqted of students at first jneetlng. They will use the prop- 
erties^ or some of themj as reasons for steps of two-ooluim 
proofs, and will thereby gain understanding, of them throughout 
the year. ^ . V ^ 

^ We have Included problem to famiUarlze the s$ud^iis with 
the new termlnoloe^ the rest of the probl^s In theWapter 
are famWlar In type** In thls-bookj as Infcost bogrks, the 
students are expected to develop a working imowledge of proof 
by working with congruence, of triangles* 

S^^ents should show progress, while studying this chapter({ 
In tf^elr ability to recognize different proofs of a theofrem, / 
The tendenoy for them to think that a mathematical problem has 
only one method p be replaced gradually by the 

practice of examining each proof as an exstmpde of correct 
logical reasoning. . . ^ . 

Thm extent to -which a proof Is detailed Is mainly a matter 
between tocher and student. We believe It desirable to develop 
flexibility of methods dependent upon the problem at hand and 
the mathematical maturity of the students Invol^ved. As the 
student ^progresses he should be encouraged to omit minor steps 
where understanding is not Impaired and convaTiience results. 
Por axainple. If the hypothesis of a theorem ^says that M Is the 
midpoint of 3B, the teacher may require, in the first proofi 
the stude_nt does^ that AM ^ fffl be Justified in two steps* 

1. M is the midpoint of SB, Hypothe^sls. 

2. AM - MB. 2. ^flnition of midpoint. 

As he learns, the student should be pemitted' to telescope this 
in^o one step by saying AM ^ by definition of midpoint 

(o^ even, by hypothesis). The important thing is to advance 
the student's growth in the direction of appreciating and under- 
standing Hpoof, There are many exercises and examples in t^ls 
chapter to help the student in this growth. We leave it to the 
teacher's discretion as to how many of these should be assigned. 
We point out that Chapters 6 and J also provide examples^ and 
p^roblems requiring synthetic proofs that will Contribute to the 
students' growth* 
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In our* diecusa^on of phyeicar gmometry, it seems to ua 
that the experimental basis for S. A.S.^A.S. A, , S*S.S. gon- 
gruence Ideas are on a par with each otHer, For ^hl¥ reason 
We feel that it is better pedagogy at this atage to postulate 
all three. Of course, this Is not necessary mathematically, 
since^ for Instance^ A*S,A, arm S^SsS* can be dedwed as a 
conseq\ienae of the S.A^, Congruence Postulate. "^The deMlls 
ipf these deductions are included in an Appendix to Part I. of 
the text. \^ ' 

Hils chapter Is characterlEed by a thorough=golnp 
approach to proof. Since students lea^n by doings Ve have ^ 
provided a large n^ber of probleme. On the other hand^- doing 
something repeatedly that has been mastered leads to boredom. 
The teacher should exercise his Judgment as to what the ^^lass 
needs. Possl^b^ use^^f the extra problems are to include 
them^ in future agsignments or to use them as additional* drill 
material for those students who need it. ^ ^ 

8 * The fact that many teachers are unfamiliar with thls']way 
of writing a correspqn^ence may make it difficult for them. 
But the student at this point ^oas not have a past experience ^ 

-i^-ft^ Influence his likes and dislikes. Aotually^ it should be ^ 
easiei^to teach them what is written on the' line than to 
teach them to read between the lines, ^ 

A mechanical approach to one=to=one eorre&frbndence might 
give some assistance In writing correspondences. 

If you know the correspondences .between the three angles, 
y6u should hajVe no trouble. For example. If — 
/B < > /p f /C , €he triangle designated by any combina-- 

tion of the letters on the left has a correspondence with the 
combination taken in the same, order fronnthe right* For 
example: A ABa <--> ^FDE or ABAC < y ADFE. ^ 

Given the co|*respondences between the .sides , CT <--» dFj 
'a 5< ro < '^-^r DEy we can determine the corresponding 

angles by conslderlhg the side correspondences two at a time. 
Take the first twoj on the left side A is coimnon, and on 
the right, P. So A< — *^P. With the last two, C^«— ^E. The 
only BQssible third pair is B <- > D. Now state the triangle 
oorrespondence as above. 
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Suppose that wm have a eongruence where W ^ Wl, ^ ^ 
._^bT S m and /RST S /MN, From the angle Gongruenee we 
/ toow that ^*-^M, iinoe 3 and M are vertices of the * 
anglts* Since S* — ^M, then fjrom II S we see that 
H^^^L and, from ST ^ M, T^^^N to give ASRT ^ ^Iv^N. 

e that a statement that -'two triangles are con- 
, . gruenfcj- does not tell us which are the corresponding congruent 
parts^ a piece bf information that may be essential* All.it 
says is that ?here.ls at least one corres'pondenoe in which 
corresponding parts are congruent. On the other hand our 
statement, A ABC ^ ADIP, , ndt only says that the triangles ( 

are congruent, but it reveals a particular correspondence In ' - 

^ ^ ----- . 

which corresponding parts are congruent. 

Contrast this with some -conventional texts/ In them, the 
statement, A ABC » ADEF is written without regard to the \ 
order in which the 'letters are written. Clearly^ our notation 
reveals more, and as you continue with the development, you 
^ ' wl^l find that it makes many dlsousslons, such as that of the ' 
y Isosceles Triangle Wieorem, elegantly simple. 

,'230 To clarify. the distinction between " ^ " and " m " 
let us skip ahead and examine the S.A.S. Postulated "Given 
^a one-^to-one correspondence between the vertices of two 
triangles (not necessarily distinct),. If two sides and the ' * 

^ ^inciluded angle of the , first are congruent to the oorrasponding 
parts of the second triangle, then the correspondende Is a' 
congruence, Let us conBlder ^he word '-congruent'' that is 
underlined above. This cannot be replaced by '^equals,'' since ' ' 
"equals" means "is the same as," and we would not be able to 
talk about two different triangles being congruent. Using 
"equals" we would be able to talk only about the swie triangle 
which might becBme rather uninteresting. In the statement 
of the above postuiWr-*t Is. pos^slble to replace the phrase, 

^ "are -congruent to" by the phrase/ ^have the same measure as," 

,The *^question may very well arise as to why we have twd^ 
different ways of writing exactly the same thing. If TO s OT 



means that AB * CD,- why bother to introduce the notation 
^ ? ^is would be k valid objection If we were talking 
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about congruence of segments only. But wa^wlll be talking 
about congruence .of segments^ '^angles and triangles j and whlle^ 
the technical definitions of congruence are different for 
these thrpe caseB^ the basic intuitive idea is the same. 
Ndtlce that in the (definitions of congruent angles and seg- 
ments the idea of a one-to^-one cprrespondence is not brought 
to the fore as it is in the development of the ^basie idea of* 
a congruence between two trianglesr^ The idea ^oes appear^ 
however, in the general definition of congruence given in the 
Appendix oh Rigid Motion* 

231 Students should be encouraged to mark corresponding 
parts of congruent triangles in some manner. Either the 
method indicated in these problems may be used, or the method 
Indicated below might be used. ' - . , 




. .233. As already mentioned^^ rquali ty and congruence share the 
properties of equivalenct^^elations , However, equality has 
/ certain properties, notably the substitution, addition, and 

multiplication properties, which are not properties of con- 
. ^ gruence. The equality relation is fundamentally the relation 
of logical identity. We apply it in two situations: to 
Identify two or more sets of points as one and the same set, 
and. to identify two or more expressions as symbols for the 
same number, ThuB we write AB = AC, Implyir^g that B and C 
ai^ 'frie same set of points. Also, we write 9=x - 3, implying 
that X ^ 6 because 9 ^ x and 5 are the same number. 
Similarly, we write DE - PG mear^ing- that the" number which 
is the distance between D and E is the same as the number 
which is the distance between P and G. Since segiientB of 
equal measure are congruent, by definition, it follows in 
this case that 0E s Fg, but not that BE - TO unless Dl 
and PG name the same set of points. 
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iln Chapter 11, but not ^efore^ the distinction here 
indicated Is relaXM to th© extent that the word "equal" is 
permitted to signify "equal in length" and '^^u^ In area,") 

It may-be useful to look ahead at certain situations 
where It woulrf'^be appropriate to use a. propert^ of c©ngruence 
or of equaj-ity to Justify a step in a ^4wo-colmnn proof. 

One buqY) situation^" occurs frequently. Suppose ^e wish 
^ to utilize the fact that two triangles have ^fcormno^ side. 
We write SB - IS and cite as reason "reflexive property of 
equality/' or TO S TO, "reflexive property of sepient con- 
grlienee," or AB ^= ABj "reflexive property of equality*" 
* Note that in the first case we assert the identity of sets 
( of points, and in the third casejthe identity of numbers. 

Teachers will recall many situations which demand as 
rtasons such conventional-text , expressions as, "if equals are 
added to equals, the sums are equal," ^n this text, the 
addition and multiplication properties bf equality fill such, 
needs* 

The purposes served by the conventional-text postulate, 
"If two quantities are equal to the same quantity, they are 
equal to each other" are served by the transitive property of 
equality (whep dealing with measures) or of congruence (when 
dealing with sits of points). 

Little use is made of the symmetric property of either 
equality or congruence in this text, 

£44 The most feffectlve way to learn about two-column proofs 
is to do some. The full meaning of the text explanation in 
this section will become apparent as. the students gain exper- 
ience* Teachers may w>€H^^'^^^^0^"'dlrectly to the problems and 
use the explanation ^ reference material. ^ 

In the SMSG publication, "Studies in Mathematics, Vol* 11' 
there is a very informative and easy-to-read chapter on logic. 
Teachers are urged to read it, 

277 At this stage most students should have acquired some 
proficiency in writing two-column proofs and be ready to try 
their hands at writing the more readable essay or paragraph y 
type of proofs, ^ 
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As a general rule, students should be allowed to dtvelop 
their own styles of presentation, restricted only by the need 
to be logical and convincing. Some students will prefer to/ 
stick with the two-oolumn proof j others will welcon^ the^^ 
relaxation in formality afforded by the essa^ proof* It may 

be that some students will develop a preferenoe fot^ a sort of 

" - - - "Y" 

composlt.e form which exhibits only the big steps in the left 

column with an essay Justification on the right for each big 

step. 

A good test for the logical structure of a proof In 
paragraph form is to translate it into two-colLmin form, and 
such translation is good drill occasionally t 



Illustyatlve Test Items for Chapter 5 ' 

The Illustrative test Items for this chapter Include 
sufficient problems for several tests or quizzes. Teachers who 
wish to give tasts or quizzes before the isosceles triangle 
theorems are introduced should select problems from the follow- 
ing list: Section Section B (1-6)^ Section C'^{2 and 6)^ 
^Section D (j) , Section 1 (2/3. 5, 6, Sf 9. 10, 12, IJ, 1^). 



A, 1/ Below are listed the sljc pairs of cor^^espondlng parts of 



two congruent triangles, 

IS S M . 
W ^ W , 
M s Hf , 

The two plane figures at 
the right are congruen-t,/ 
Complete each correspon- 
dence In such a way that 
a congruence results, 

ia) ABCD^^-^ 

( b ) BFA < - > 

(c) FCD < -> 

(d) ABPCD^i — ^ _ . ' 



The, plane figure at the 
rl^ht has several pairs 
of overlapping triangles. 
In each case find a triangle 
(different from the given 
one) which will form a 
correspondence that appears 
to be a congruence* 

(a) AAFM*— » 

(b) AAHR^— ^ 



Name the congruent- trl^angleE 
* ^1 
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B. 1. Given the figurfe shown below with 4ABC W ADEP^ and 
M between b\.- and ^,C,' Write true If the statement is 
^ true. If the statement is not true, correct it so ths/t 
it will be true . 



(a) JS s DE? 

(b) ^ ^ 

(c) BC ^ EF, 



(e) £mc m £ABM* 

(f ) ^ABc, & £mn, 
(s) 10 M If. 

(h) £A0B S £dEF. 





Given quadrilateral ABCD 
with diagonal W, Fill in 
the blanks to complete the 
listed cprnblnatlon* / 

(a) side^ angle, s^e of AACD: 

(b) angle, side, angle of AABg* 




, TO. 



5. Complete the following definitions: 

(a) Two angles ^re congruent If 

(b) Two segnei 

(o) An triangle Is Qhe havltig two congruent 



are congr^4nt If 

i Qi 



sides s 

(d) £XYZ Is bisected by a ray YS if S is in 

and If » 

(e) A se^ent whose endpoints are a'nildpolnt of one* 
side of a trla/igle and the opposite vertex is 

a £^ of the triangle* 



u 
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In ^ ABC as marked In the figure, CD Is 
to the base of the triangle 

and £ACB Is the . ^ 

of the triangle. 



(a) -'if RS ^ RU and ST * UT, 
then /RUT S £rST, " Will 
the same proof hold regard- 

°. less of whether or not R 
is coplanar with S, T, 
and U ? 

(b) -'If E is the midpoint of 
AC and BE s DE^ can we 
prove that A ABE & A ODE 
if D and C are not in 
the same plane as points / " 
A, B,' and E. Explain why. 



Consider the pairs of triangles pictured below. Like 
markings indicate congruent parts j all points are co- 
planar i and points which appear to be colllnear are 
colllnear. Prom this Infomation and the information 
which can be deduced at the present time, some of the 
pairs of triangles can be proved congruent and others 
cannot be proved congruent. In each of' the problems 
give the abbreviated congruency statement which Justifies 
the congruence of the triangles or write E*'- if there 
is insufficient evidence to prove the triangle congruent, 

(a) (b) 

C 
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In each of the following. If enough informaM6n i|^. given' 
to- establish 'a congruence between the two trJ/ahgles, - 
state the ^appropriate reason by writing S. A,S* , B^^.S. , . ' 
or A.a*A.^ If insufficient Information is giveli^^^'^.ifitoie . 
one other pair of corresponding parts which, if a^^ruejit^ 
would enable you to prove the triangles congrv^ii)^t^^4. All 
points are coplanar and points which appear., to ^^^fc^^l- 
linear are collinear, in Figure Ir 

(a) £ADB S ^CDB, W ^ 

(b) IS » ra. 



in rigu_re S: 

^c) UT ^ ST^ VT ^ RT, 
(d) UV - RS, UT - ST. 



n figure 3' 

( t ) £JFG S £HPG , /HOF 
it) FJ ^ PH, JG ^ HG. 




Figure ^ 



The; information ^ven in the following statements refers 
in each case to A ABC with point D between A and B, 
Tf th^x given information is sufficient to prove AADC^ 

ABDcX write the abbreviation of the 'Congruence state- 
ment whi^h would be used as the reason In the last sfep 
of the prqof. Otherwise write "l. E." for Insufficient 
evidence* \ Make use of any congruences which follow from 
the given information using any theorems, postulates , or 
definitions wMch we have had* q 

(a) AG * BCj "AD ^ DB . 

(b) JC S W, la ^ Ih , 

(c) la & Ih, Zo s £d . 

(d) AC ^ BC, ik ^ IP . 

(e) W mlo - m/d * 

(f) C? bisects ip . 
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(h) CD Is a median to m. 

(1) AG ^ BC^ ^ bisects £C , 
' (J') ^ ra, CD is the bisector of £C . 

(k) £ACD S £BCD, ^CAD ^ £CBD , 

(1) C^ bisects IS, IC a ^ 

(m) ^a ^ £b, Iq - /a ^ , 

9v Indicate whe^^r each of the following is true or false^ 

(a) If ^ABC ^ A CAB, then £A ^ £b . 
"(b) All eqiillateral triangles are congruent to each 
other. 

(c) Given a correspondence between the vertices of two 
triangles such that two sides and an angle of the 
first triangle ^are oongruent to the corresponding 

' ^ parts ^of the second triangle, tt^en the correspond^ 
ence Is a congruence,. ^ 

(d) if /ABC - /KYZ, then the points A, and C 
coincide respectively v/ith points x> and Z, 

(e) An equilateral triangle is Isosceles, 



10. 



State whether or not each pair of triangles described 
below can be proved = congruent using postulates and 
theorems we have had. 

^(a) Two isosceles triangles with congruent bases, 

(b) Two equilateral ti-^iangles v;ith congruent bases* 

(c) Two Isosce^s triangles with congi^uent bases and 
a base angle' of one congruent to a base angle of 
the other* 

(d) ^Two isosceles triangles with congruent vertex 
angles.* - . 

I 



y 
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iB.^4P^h of the following statements write the word or 
wo Which completes it Gorrectly, 

(a) Angles are congruent if they have the same , 

(b) If two sides of a triangle are ^ , then the 

angles those sides are . 

(c) Segments are. ' if they have^the same length, 

(d) If the vertices of two triangles are in correspond- 
^ ence so that every pair of Gorrespondlng angles. 

cind every pal^r of corresponding ____ 

are, congruent then the correspondence is a 

between the triangles, 

(e) The abbreviations for the triangle congruence 
postulates are , ^ and , 



(f) If a triangle is congruent to itself using a corre- 
spondence in a congruence in which at least one 
vertex does not correspond to itself, then the 
triangle is an triangle; It may b^an 



(g) Through a glS^n external pointy there exixt(s) at 
^^^^ ___ llne{s) perpendicular to a given llnei 

(h) In an Isosceles triangle the angle/Is the 
angle Included between its c on grueriti. sides ,^ 

(l) A segment whose endpoints are the vertex of the 

triangle and the midpoint of the opposite side is 

called a ' . 
(j) The measure of an exterior anj^le of a triangle is 

always _______ the measure of either of its 

nonadjacent interior angles. 



•J 
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Match' each vrord in Column B to a desGriptlon 
Oolumn A 

i 

(a) A statement assuined to be true, (l) 

; > / 

(b) A chain of statements which (2) 
show how thfe cbnclusion follows 
logically ^om the hypothesis, ^ (3) 

(g) An agreement that th^p names of a (4) 
thing are Interchangeable. .^^^ 

(d) A statement that follows logically f^s 
from another statement/ or domblna- 
tlon of statements, ^ ^7) 

(e) A property of equality which 
etates that for all c^ c - c* 

(f) A statement which supports a 
step of a proof* 

(g) A statement which requires proof. 

(h) A part (or all) of the '"If clause'* 
in a conditional statement* 



in Column A. 

Oolumn B 

deduction 

substitution 
property 

f 

theor^ 

postulate ' 

reflexive 

proof 

hypothesis 

reason 



Rewrite each of the following definitions In complete 
f prm, 

(a) Angles vd.th the same measure are said to be 
congruent * 

(b) The lines determined by two rays which form a 
.right angle are called perpendicular lines. 

Write the converse of each of the following statements 
and indicate wheth^flthat converse is true, 

(a) If two angles fom a linear palrj they are supple- 
mentary, 

(b) If two angles are congruent, they are right angles, 

(c) If X + 4 * 9, then x ^ 5. 

(d) Vertical angles are congruent. 

(e) If y < 0, then y Is a negative integer, 

(f) Se^ents which have the same length are congruent. 
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* 

5. Indicate whether each of the following statements Is 
true or* false* 

(a) Any definition can be written In two parts* 

(b) If a converse of a statement is false^ the state- 
ment must be f^lse* 

(c) A proof need not be written in two-column form, 

(d) A statement In the hypothesis of a theorem may be 
used in a proof of the theorem, 

(e) Ihe addition property of equality does not pertain 
to statements likei^ If a * x and b - then 
a - b s X - y, 

6. Select the reason from Column A which should be used to 
Justify the conclusion in each of the following problems, 

In the figure below we Column A 

are given A ABC with point (l) Substitution property 

0 such that BO is between equality. 

BO and and CO is (2) Transitlye property 

of equality, 



between CB and OA, 
A. 



(5 ) Symmetric property 
of" equality. 

(4) Reflexive property 
of equality, 

{5) Betweenness addition 
theorem, 

(6) Multiplication property 
of equality 



(b) If ro^ra and TO s AC, 

then 13 s AC, 
(g) If /CM s £BCA and 

ipm S £BCO, then 

/ABO s /ACO, 

(d) If m bisects £CBA and 
CO bisects /BCA and 

^m/CBO ^ m£BCO, then m/CBA ^ n/BCA, 

(e) If ^ BO bisects /CBA, CO 
bisects /BCA, and 
m/CBA = m/BCA,, then 
m/CBO ^ m/BCO. 

(Problem 6 continued on following page) 

^ 120 . ■ 



6* (continued) 

(f ) ^ m. 

(g) If ^CBO a /BOO, 

/QBk s ipOk, then 
£OBA m /ACB. - 

.(h) If m£0BO m m£OBk, 
^ . m/BCG^^ m^QQk, and 

m/CBO + rrt^BCO + m/BOC 
^ 180^ than m^OBA + 
m^OCA + m/BOC ^ 18O, 



Column A 

(1) Sud'stltutldn property 
o^ equality^ 

"(2) Transitive property i 
« of equality. 

(5)- Symrfietric property 
of equality, 

(4) Reflexive property 
of equality* * 

(5) Betweanne^B addition 
theorem, ^ ^ ^ " ^ 

(6) r^ultlpllcatlon property 
of equaj-lty, . 



D, 



1, Hypothesise M, W, K are colllnear point 
Prove: ^ Ip, 



Proof: (supply the reasons*) 




. 1. 


^MWR 1b supplementary 


1, 






to /RWK^ £MWS ^Is 








supplementary to /SWK, 






2. 


/RMW S ^SMW. 


2. 






/RWK S /SWK* 






3. 


/MTO S /MWS. 


3. 




4. 




4, 




5. 


AMWR S AmWS * 


5* 




6. 


ZR S £S , 


6, 
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study the fonnal proof of the following corollary, then, 
write the proof In paragraph form. 

Every equilateral trlangTe li^ 
also equiangular,^ 

v^Hypothesis i Given A ABC^ 

' BC * AC ^ AB. 



Prove I /A s ^ »:^C 




B 



1. BC ^ AC r 

2. /A 5 £B, 



AC ^ AB. 



5. ZAS£BS£C 



1. HypotheBlB* 

2* Base angles of an Isosceles 
f triangle are c^gruent, 

5- Hypothesis* 

4. Base angles of an isosceles 
triangle are Gongruent, 

5* Transitive property of 
congruence , 



^rlte a proof for each of the following problems , 

1, Hypothesis: In dADP, the point 
A, B, and D are 
colllnaar in that 
order. FA = FD and 
AB ^ DC, 

' Prove* (a) ^ AFB S ^DPC. 

(b) £PBO = £fCB. 



othesls: In the figure to the 
right, A^ B^ P^ and ^ 
H are coplanar 
points , AH ^ BPj 

Prove: HB = PA . 
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I^othasl^;^ -^^f B, F, R are 
colllnear In thm 
order given . ^ 
" , AP « RB| ^ ^ ^1 



Prove: M S Iff. 




4, Hsnpothesiai 



In A ABC, * P la betWaen 
A and Cj ft is between 
B and Cj A, H, B 
are coirinear In the 
order given » 



Prove I PE ^mQH. 




5? Hypotheslsi In AABG and ^DEF, 
AC ^ pPj AB ^ DEj 



M and FF are ec 



Prove I 



gruent medians. 
A ABC a ADEF, 




6^ I^potheBlai In quadrilateral ABCD, 

E is between A and D; 
0 is between B and C, 
AB = CDj AD ^ CBj and 
F biseots 

Prove I EF = GP* ^ 

7. In the pyrandd at the right 

EA = EB. 
Prove I £PAB = ^PBA, 
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8, In the fig\ira to the right, 
the point a A, B, H, and F 
ara ooplanar, AB s HI ai^ 




9. In Problem 8 assume that A, H, and F are not 
ooplanar points* ,« 

,j (a) Is m^k m m^F ? 
(b) le m^AM* ^ m^MA ? 

10* Prove that Ih quadrilateral ABCD if AB ^ BG ^, CD, 
^ if ^B and £C ai^e right angles^ and if E is the 
midpoint of then TO a M * 

11* Prove the theorem that the median from the vertex of an 
isosceles triangle determines the bisector of the vertex 
angle of the triangle* 

12* Hypothesiai AABC s AWXY * 

A? and ^ are 

angle bisectori* ' ^' 

Prove I AD S W * 




13* Prove i The ray containing the diagonal of a square 

bisects its togles. (Notei A square Is defined 
as a quadrilateral having four congruent sides 
and four congruent 'angles. ) 

14* In^the figure, 

^0 thesis* £RTP m £XPSj 
fT s 3F| and 
^PSO ^ £tpo. 

Prove I HT - XF 



4.^ 
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Chapter 6 ^ 

Ch this QhBptmv, we dapart from the usual dtfinltion 
of paiallal lines whioh ig somewhat limited iff 'soope and 
def int\ parall#l lines in stioh a way that permltg a line to 
be parallel to Itself. For example if ^ 'p Bnd q are two 
doplanir lines which do not interseot, tHen> p and q are 
both diitinot and parallel. if p; and q interseot in 
at least two points^ then aooordlr^i to our deftnitioni the 
lines are pftr§^^, but they are not distinct^ Ijhis treat- 
ment of parallel lines is oonsistant with the trend *ln 
modem mathematlos ind ifa.ll W espeaially aonvenient for 
the student in his work with\'QOordlnates and vectors, 

: To Help the students gain a feeling' for three 
dimensions, call attention to the existence of skew lines 
by asking them to demonstrate with two pencils the case 
where two distinct lines are not coplanar (in which case 
they of course do not intersect). 

Remind students that distinct parallel lines do not 
meet . You will sometimes hear the expressioni "Parallel 
lines meet at infinity, "w This does not mtan that thf^ 
lines do meet. ' ^ ^ 

Ihe definitions of transversal, alternate interior 
angles, consecutive interior wigles, and aorrespondir^ 
angles differ from the usual definitions of these terns. 
The usa of imion and Interseotlon help us to simplify 
these definitions and to be precise as to the maaning of 
the terms. In discussing these definitions With the class, 
teachers should find it helpful to ask students to u^e 
diagonal lines as illustrated in the diagrtois below to ^ 
shade tl^e interiors of the^avarious angi'e. pairs^. Ihis 
should make' the def Inltioni more rwaningful 'fro the 
student, * ^ 0 



The atattments whloh follow, the definitions' are *a 
dlreot outgrowth of the definitions and will offer the 
student another method of identifying these angles. 

Note that the definition of a trMSversal is for two 
distinct ooplanar lines. No mention is made of a trans- 
versal qf nonooplanar lines since It is not needed in the 
deyelopment of our geometry, 

) The theorems in Section 6=3 are similar to those in 
most conventional texts. It should be noted that these 
theorems depend upon the exterior angle theorem whloh has - 
been strengthened by the proof of the six point theorem in 
Chapter 4^ (Theorem 4-7) , It is, also internes ting to note ^ 
that Theorem 6-1 can be proved as a corollary to Theorem 
6-2. When treated in this manner, the proof Implies the 
uniqueness of the perpendicular to a given linfe from a 
point npt on the line, ^r reason for not using this 
sequence Is that we believe students will be better able to 
\mderstand the uniqueness of the perpendicular If it is 
discussed In a separate setting iimnedlately following the 
proof of the exterior angle theorem. In addition to this, 
the use of the \mlqueness theorem makes the proof of 
T^ieorem. 6-1 a very easy indirect .proof and thus serves as 
an ideal method of. using parallel lines in reviewing In* 
direct proof at the beginning of the chapter* 



faaohers will prob&bl^ find it d'egfrablB to ask 
studants to raremd the proof s of the six jK^int theorami 
the^ exterioz' angle theorem j and the wiquene'ss theorem 
' before . prooeedijag wi^r^tlsi i^^^^ln Saotion 6^3^^ ^ ^ 

The f ollov^ng ^agrto should help taaohel^s to visimli^e 
the relations that iekist wong these theorems « 

Six point theorem ■ 



I 



i? Esterior ai^le theoram 

• ' . . 

Uniqueness theorem . l^eorem 6-S 

. •• ' ^ ^ ^ 

Theoi*em 6*1 Thfeorem o-l ^ 



Uniqueness theorem 

' inie Property of the Gontrapositive is disouised in 
the seotion on indireot proof. Thli property permits the 
student to .state immediately that "If p , then q" is 
a true statement ^ th^n "If not q , then not is also 

a true statement* ^is teataique is illustrate in the 
proof of Theorem 6-2, The first four, steps of this proof 
prove thp ontrapositlve of the theorem* This is logioally 
equivalent to the restatement of the theorem in Steps 5 
and 6* It is important to note in Step 5 that we do not 
know by hypothesis whieh pair of alternate interior angles 
are oongruent* IJowever, we do know tj^at if any one pair 
is congruent by the tOTothesis, then the other pair is 
congruent by supplements of congruent angles, in writing 
the proof of this theorem, some teachers might prefer to 
omit Step 5 and write Property or the Gontrapositive as 
the reason for p | | q , 

Section 6-5 attempts to show the historical importance 
of the Parallel Postulate and to give the student a better 
understanding and greater appreciation of the postulatlonal 



approaeh. It Is 'jjnpdrt'Mj^ Tor sfcmdents to undarstand that 
postulates are not s^lf -evident truth^j Instead they are 
Initial Btataments which vie assiq^e to be true from 
whloh other statements aan be deduoedp Our farallal 
Postulate and tha parallel postulates of Non-Euolldaan 
geometry should lead the student to underst^d that differ- 
ent geometries oan be developed as a result of aoeeptlng 
one or the other of a pair of oontradlotory postulatesj 
that although these geometries will differ from eaoh other, 
they may remain Gonslstent within themselves. 

References are listed for students who are interested 
In Non-EuQlldean geometrilfeB, However, time does not permit 
us to give more than a casual aaqualntance of the subject 
In the textr Teachers should strengthen their bacl^rounds 
on trtls si^ject by reading Introduotlon to Non - Biolldean 
geometry , one of the talks to teaohers^ In Part III of the 
CorraTwntary for Teachers, " 

The theorems In Section 6=6 are based on the Parallel , 
Postulate* These theorems^ except for Corollary 6-5-2^ 
are Included in most standard textbooks, glnce Corollary 
6-5^2 Is necelsary for the development of coordinates in 
a plane, we Include It.at this time. It might conveniently 
be referred to as the graph paper corollary. 

In Section 6-7 paralleliain^ for segments is established^ 
and a parallelogram is defined. Since many theorems re-"^ 

-s -4 

latlng to parallelograms can be conveniently proved by 
coordinate methods, we prove only two theorems for the 
parallelogram which are essential to the .development of 
the coordinate plane* A more thorough treatment of 
parallelograms and trapezoids comes in Chapter 8 when 
students will have two methods of proof, rather than a 
single method of proof, at their disposal* Itie definition. 
,of distance between two parallel lines and the theorOTi 
that parallel lines are everywhere equidistant is a direct 
consequence of 'Kieorem 6-6, . 

The notion of parallelism and anti-parallelism for 
rays Is Introduced In this section. Thm definition is 



aonslBttnt with our Jdef Inltlon of parallel sagmtntB ud 
parallel llijes and further Jmpllas "saM diraetlon" for 
parallel rays and "opposite dlreatlon" for^antl-parallel 
r^s. ^esa terms maJei^posalbla a precise tDethod of 
summarl'^ing the results of Problems g through^ 12 In 
Problem Sat 6-7 without the traditional raferenae to the 
right side Bnd the left side of mn angle. This ooneapt Is'* 
also uWfua in the stu^ of vaetors, ,a 

Seotlons 6-8 and 6-9 davalop ttie trieortm for tri% susi 
of the maasuras of tha wgles of a triangla and thf usual 
^OQrollarles and theorems relating to It, We have also in- 
^ eluded a theorem pertaining to t^e sum of the maasuras of 
the interior angles of a dbnvax quadrilateral^ . This is 
tiaeded In Chapter 8, The more general tha&*ems aoncemlng 
the sum of the measurei of the Interior and the exterior 
angles q£ my , convex polygon is left to Chapter 11* .In 
many texts, this wqr^^ follows the theorem on the sum jqf 
the measures of the angles of a trlwiglei- Haweyerj since 
our purpose is to give only the esrantlal, theorems relating 
to Jtbe davelbpment^pf- the J^rtlmgorewi Theorfem^ we^ondt the 
work at this time and dlBcuii it in relatlonahlp to 
polygonal -regions in Chapter 11, " 

W Section fi-lOj It should be noted that (x,y} Is 
not an ordered pair of n^bers. If a oorrespondence 
^ ^ b^ween (2^1) and {0,10} is given by 2 ^ » 10 and 
I"*— ♦O , then the numbers 2^1 and 0,10 are unequal 
/in the same order. This work is basle to an understanding 
\of the theorems In Seetlon 6-11 leadlr^ to the proof of 
tfte Triangle Inequality ^eorem. 



/ 



Problem ^lutlons for Chapter 6 



In reading the solutions to the problems in this 
chapter, yc^ should note that In s^e oases only an out- 
line or sketch of a proof is glv^h. In other^ cases ^ a 
complete proof of the problem is given either in paragraph 
form or two-column form. / ^ 
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Illugfr.ratlve Test Items for phapttr 6 

Write + if the statement is ti^e. ^Wid 0 if the state-^ 
ment is *false , ' . z : 

1. ThB measure ©f.ari exterior angle of a triangle Is 
greater than the measure of any intarlor anglV' o^f 
the triangle. ' 

2. lliere "Is only one line perpendleular to a given line 
through a given poin% nbt on the line , 

3. The angle opposite the ^longest side of a triangle has 
the greatest measure of any of the angles of the 
triangle , 

'4. In A ABC , if m Ik > m £B , then AG > BC , 

5. It W ±W , then AB < AG . 

6, There is a triangle with sides having respective 
lengths 8^3, and 12 . ^ 

7- If the measure of an angle of one triangle is greater 
than the measure of an angle of a seco'nd triangle , 
their the side opposite the angle in the first is " 
longer than the side opposite the angle in the seoond 

8. ^ Two lines in space are parallel if they are both 
,i^erpendlcular to the same line* 

9. Through every point* there is a line parallel to a 
given line , 

10* Given two lines and a transversal^ If the angles in 
one pair of alternate interior angles are congruent^ 
then the angles In the other pair are congruent also, 

11* Given two coplanar" lines and a transversal of these 
lines > the lines are perpendlculkr if the measure of 
one of the alternate -Interior anglee 1b<^Q . 

12. If two copl^ar lines and a transversal of these 

lines- are given^ then there are exactly two pairs of 
alternate interior angles,' 



If two lines intersect and a transvepsal of these 
Ithes is given, rib alternate interior anglas are 
congruent * . 

If two coplanar. lines and a transversal ^ these lines 
/are giv^n suoh that a pair of oonseoutive interior 
angles are not supplen^ntaryj then the two lines 
intersect * * ^ ' 

If two parallel lines and a transversal of these 
lines a#e given, then two conseeutive interior angles 
' are eomplementary* 

If a, and c are three ooplanar lines suoh that 
a 1 1 b and b | j e , then a | | c - 

If a, b, an^ o are th^ree lines tfUch that a b 
and b c , then a . 

Since the Bvm of the measures of the 'angles of any^ 
triangle is three times 60 j the uvm of the measures 
of the angles of any quadrilateral is ' 4 times 60 . 

If two angles of one triangle are congi^utat respective- 
ly to two angles of another triangle, then\^e third 

anglei are Gongruent, 

I^e acute angles of a right triangle are complementarj 

Given a one-to-one correspondence between the 
vertices of two triangl^^ if two angles and a side 
of one triangle are con^Pfent respectively to the 
corresponding parts of the other triangle, then the 
correspondence is a congruence, ^^-^ 

... , . - C / 

An exterior ^gle of a triangle ie a supplement^f 
one of the interior angles of the triangle. 

If the union of a convex quadrilateral and one of Its 
diagonals is the union of two congruent triangles 
(wl'lh a cormion side), tnen the quadrilateral is a 
parallelograun. 



24, Thm union of r parallelogram and one of Its diagonals 
is a set which is the union of two oongrutnt trianglts 
(with a ooinmon side), 

25* Qlven a one-to-ona o©ri*#spondenca betwetn the , \ 
vertices of two trlanglaSj if two sldaa and an a^la 
of onfe^ triangle Am congruent respaotlvely to the ^ 
oorresponding parts of the other triangltf, than the 
oorraspondenca is a aongruenoe* 

II* Maka each gf tha follol^iing statemants a true statement by 
writing either sometimes , alwayi j or nevar i 

1, In a given plane, if two lines are perpendioular to 
. the same line, they are . pe^endioular to 

each other. 

2, If two ooplanar lines are parallel to the same line, 
they are parallel to each other, 

ip 3, if a line Is parallel to one of two perpendicular 
lines, it is parallel to the ^ther. 

If two linee are perpendiQular to the same line, 
they are Parallel to fach other, 

5, If two lines do not intersect, they are ' 

parallel to each other* 

6, Given two coplanar lines and a transverfar of thise 
■ lines, a pair of corresponding angles are 

congruent, 

7, If two lines are parallel, they are 
copli^ar, 

8, In a given plane, if a line Intersects one of two ' 
parallel lines in a single point, it 
intersects the other. 

9, Two lines and a transversal of those lines are 

coplanar, % 

-~- -"~ ^ , 

^ 10. If a line interseots one of two perpendicular lines, 
it ' ^ interseots the other. 
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11, Tim ajrtlpwallel pays are dlBtlnot. 

12. If a pair of oonaiioufclve Interior angles determined 
; by two eiipliuaij? linM and a transversal u»a mt 

suppl#ment«^, the lines are parallel. 

, III, aolve each of the following problems: 

1. A pair of oonseoutlve Interior a^les fonned by two 
parallel lines and a trMsversal of these lines have 
measures^ equal to n an^ (24 + n} . Find the 
measures of the two wigles. ' 

2, Glveni ^a and £h are a pair of consecutive 
interior wigles deterained by two parallel lines 
and a transversal. If m ^a ^ | m £b ^ find m ^a 
and m £b . 

3, Two parallel lines and a transversal are given, ^e 
measure of one angle In a pair of aonseoutlve interior 
angles exceeds the measure of the other by 20 . 
Find the measure of each of these angles. 

4. If m ^a ^ 52 and x 
is parallel to y , 
find m /p , 
(See Figure a.) 



5. If m /a - 47 and Figure a 

m /q m 143 , Is X 
parallel to y ? 



(Sea Figure a.) 

6, In Figure bj the ilnes 
p and q are parallel. 
If m ^ 30 and ^ . 
m /Y ^ 100 , find m £Z . 




Figure b 
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In figure 0, the llnef, 
p and q are parailal. 
If m ^ ISO and 
m ^ = 100 , find m /Z . q^* 




8. 



Figure c 



In Figure d, points A> D 
are aolllnaaF In that order. 

la a mldray of /GAB 
and 01 Is a mldray of 
/DCB , If m /B ^ loo 
and m /CAB - .50 ^ find 
m /I . ^ 



In Fi^re /c is an . 
exterior angle of A ABC , 
m /a = 2x I 
m /b = 3C + 50 ; 
m /c - 5x - , 20 . , 

(a) Find! 

(1) ' X J 

(a) m ^ J 

(3)^ m /b J 

(^) m /c J 

(5) m /BOA , 




Figure d 




(b) 



Indicate whether the following are true or falee: 
(1) AB > AC i 



(2) 
(3) 



AC > K j 
AO > AB . 




10, In Figure f , the points 
Cj and D are 
col linear in that order- 
m /d ^ m /e ; m /a m j8 
m /d^ 35 r 

' (a) Flndi (l) m /a 

^ (2) m/b ^ 

(b) In AAH) , the order relatione Miong the sldee 
are ^ > > , 



e f 
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In Plgufe g, ABIP Is a convex quadrilataMl. G la 
/ between A and F , D la between B and 1 , Q 
Is between C and' D j and H Is between F and 
1 * In eaoh of the following 
oas^S; tell what lines are 
parallel as a result of the 
given condition. If no 
lines 6Bn be proved parallel, 

write none. - - ^IH ^"^Z \ _ 

Figure g " 

(a) ^po the si S I m ^ ^ m /n . 
Then ' ' . , 

(b) Hypotheslg i m £r W m ^t , 
Than ■ . ' ^ ' . 

(c) Hypothesis I m £t ^ m £y ^ 
Then . 

(d) Hypothesis ; ^ £z . 
Then . ^ ^ 

ie) Hypothesis : £t 2 ' ^ 

Then " 

— s 

(f) Hypothesis i is a Bupplement of £x * 
Then ________ , 

(g) Hypothesis r Iffi | | OT j 

^en - . 

(h) Hirpothegls ; X CH ; 

. . M 1 CH . 
/ Then ' * ^ ^ 



"*■ w ij 



124 



IV. In each of the following problems, choose the correct 

answer from the four listed In the problem. Each problem 
Is accompanied by a diagram, 

1 * In convex quadrilateral 
XYZW , If m /a - m ^b , 
theni 



(a) m £o - m , 

(b) ^XY^\ |*WZ*. 

(c) *WX*^| I^ZY^. 

(d) m - m /Y , 

In the quadrilateral 
ABCD , If OT J[ TO 
and if AB AD ^ then 

(a) W . 

(b) M ^CB . 

(c) AB I I C5 . 

(d) AD I I W * 

In triangle ABC ,^XY' 
V^ich one of the following 
conclusions Is not deduclble 
from the given Information? 




(a) 


/A is 


the Bupplemeftt 




of /e 




(b) 


m /A - 


m £f , 


(c) 


m /A ^ 


m £b . 


(d) 


m /B ^ 


m /_B . 
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In a plane. If r I t and s _[ t , which of the 
following statements cannot be used to prove r I 

(a) Ir two GOplanar lines and 
a transversal form a pair 
of corresponding angles 
that are congruent, the 
lines are parallel* 

(b) If twb lines are perpen- 
dicular to the BBme line, 
they are parallel, 

(c) If two coplanar lines 
knd a transversal fortn , 
a pair of consecutive 
Interior angles that are 
supplementary, the lines 
are parallel, 

(d) In a plane, if two lines 
are perpendicular to the 
same line, the lines are 
parallel. 

Given lines p and q and transversal ^ , which 
of the following statements is false? 

(a) If m /a ^ 63 and 
m £b - 63 , then 

P II q ^ 

(b) If m /c ^ 100 and 
m - 90 , then p 
is not parallel to q , 

(c) If m - 103 and 
m ^a ^ 67 ^ then p 
is parallel tojgbq , 

(d) If m ^b ^ SsJtnd 
m £h ^ 124 , fBn 
P II q . ^ 




Write a proof for each of the following problemss 

■\ 

1* If two parallel lines are cut by a transversal ^ the. 
lines which bisect a pair of corresponding angles 
are parallel, 

2, If each pair of opposite sides of a quadrilateral 
are congruent, the quadrilateral is a parallelogrmi. 

3. In figure to the right, 
X I I y and p | | q . 
Prove m ^a ^ m * 



In the figure to the right, 
^AB* I |*CD*> AB ^ AC . Prove 

CB is a mldray of £ACD . 



In the figure to the right, 
ABCD is a quadrilateral 
with Al I I CD and 

= /jr * Prove £A ^c , 





In the figure to the right, 
PE I I If ; I I W . 
Prove: The .points A, P, E 
are colllnear. 
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Given- ^ABC with AB ^ BC 
Points A, D, and C are 
colllnear in that order. 

Proves AB > BD , 



Glvan^ ^RTW Is an exterior 
angle of , ASTW , TV bisects 

Provei . ^WST is Isosceles. 
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Chaptep 7 
SIMILARITY 

After intrDduclng ,the notion of ''same shape," we are 
naturally led to the>need for conaldering proportionality. 
Our presentation is somewhat different from the usual ratio 
approach. It is more general and we believe :.t is simpler. 
It Is^ our desire to use a definition that would avoid 
exceptional cases in the applications of the theorem& of 
this ^ chapter to the development of coordinat^e geometry that 
follows. This general approach should also be more useful 
to students in, later mathematlcs^, It is our belief that 
students should be aware of the number zero and should see 
that because of zero the ratio approach Is quite limited. 

However, for the sake of pedagogy, inasmuch as our 
work In this chapter will be dealing mainly with lengths 
of segments, we list special properties that are true of 
proportions involving only positive numbers, ^fore using 
any of these properties the students should always check 
to see whether the numbers involved are only positive 
numbers. If they might be zero or negative, then the 
student should rely on the definition of proportionality 
for his solutions. 

Actually, there Is no need to dwell at length on the 
complicated properties, nor to drill students in compli- - 
cated algebraic maneuvers with proportions and ratios. 
Our uses of^ proportions-fQllow easily and directly from 
the definition. In fact, using our notation, students are 
more likely to set up the corresponding numbers in a 
proportion correc ly. 

Our symbol for "are proportional to," is by no means 
universal* It is *our own invention, analogous to many, as 
a s5nnbol and as an Invention. W& do hope that it conveys 
the idea of an equivalence relation. The one-to-one 



correspondence Is Important in the definition of a 
proportlorialityj knd you should find. that as a result, 
the analogous definition of "Inversely proportional^" in 
Chapter -11, is much olearer than the usual Interpretation, 

Following the topic of proportion, a definition of 
similarity for polygons is stated, and using this we show 
that similarity has the reflexive, symmetrise, and transl- 
ative properties. We then show 'how congruence is a special 
kind of similarity and can then define congruencr for 
convex polygons. After this brief discussion our develop-- 
ment concentrates on a study of similarities between 
triangles. We then use the Proportional Se©nents Pos'tulate 
to establish that there actually exists a triangle similar 
to any given triangle with any given positive proportioh- 
allty aonstant. This theorem (7-3) is not usually stated 
at this time. We placed It here because it simplifies 
the proofs of the basic similarity theorems for trlanglea. 
Two of the problems in the problem set immediately 
preceding it a^e intended to make its proof clearer to 
the student . j 

Our reason for postulating the basic similarity 
statement, the Proportional Segmtnts Postulate, rather 
than attempting to prove It as a theorem is that on one 
hand, wr feel it is intuitively reasona'ble, and on the 
other hand, by taking it as a postulate, we avoid the 
myriad difficulties inherent in dlgcussing the statement 
in the incommensurable case. 

We conclude the chapter with a study of altitudes of 
triangles, the projection of a point and a se^ent on a 
line, slmllarltiea between right triangles, and finally, 

^ ~ -r . 

With proofs of the Pythagorean Theorem and its converse. 

The Individual sections of this ^hapter^mg^e con- 
venient teaching-units. We feel that the ^development ' 
presented clearly indicates that congruence is a special 
instance of Blmllarity, 
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It may be appropriate after completing this cJ^kpter 
but before starting coordinates to take a. few minuses to 
review some of the coimnents in Chapter 1 on postulational 
systems, now that the students hav^ had some experience 
with one. They should have begun to see by this time how 
the system organises geometry and have an appreciation of 
the distinction between physical geometry and a deductive 
system, 

7-2 If your students have a Imowledge of ratio and know 

that a statement, such as^ "a is to b as c Is to d" 
is equivalent to f ^ f (provided b ^ 0 , d ^ o) ^ then 
the teaching of our way of phrasing proportions should be 
based on this familiar background. For Instance, suppose 
that the common ratio is 2 In the ratio stated^ then the 
student should be shown that ^ - ^ ^ 2 is equivalent 
(provided b ^ 0 , d ;^ to the two statements a ^ Sb 
and c = 2d . With such an introduction, the student 
should see that the definitions Just preceding Problem 
Set 7-2a merely express his familiar ideas about ratio 
In slightly different terminology. Certainly, the 
approach in the text .is often, encountered In the proofs 
of certain theorems about ratios. 

The discussion in the text following Problem Set 7-2a 
concerns observations that are most conveniently made if 
*the student has worked most of the problems. We recommend 
^rour ^looking at thi^ discussion and thinking about your 
choice pf problems for assignment with the discussion in 
mind, ^ ; 

7-3 Remind the students again that the vertices are 

numbered consecutively in such a way that — , 

» Bg , ^ - * t m B^ . Certainly this is not the 

only way this can be writ ten, but it is one of the most 
convenient. 

Note the following In your examination of the five 
examples concerned with slmjdarlty: 
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In the second example, the correspondence 
AmD^ — •^A'B^C'D' Is not a similarity/ since ^ 
corresponding angles are no^ congruent. 

In the third example, the correspondence 
PQRS ^ - ^ UVWX is not a similarity, since corre = 
spondlng sides are not proportional. 

_ _ c 

In the fourth example, the reason that the 
correspondence between EFGH and KLMN given by 

» K , P^#— ♦M ^ » L , H^*— cannot be a 

similarity, is that EP Is a side of "EFGH , but ^ 
the corresponding segment KM is not a side of KLMN 

In the fifth case considered, the identity 
correspondence ABC-*— ♦ABC Is a similarity. 

Another Instance that illustrates the case where the 
measures of corresponding sides are proportional but the 
correspondence Is not a similarity , ^ 

occurs when one of the polygons 
is not ponvex. Since we- have ♦ 
not considered the concave 
polygon, in fact our 
definition specifies 
"convexj" we did not 
describe this in the 





text, but it is a suit- 
able illustration for you 
to use . As you talk about 
the concave -figure, call 
attention to the definition 
of Similarity again. 

An appropriate word to fill the first blank is 
"congruent" J for the second blank, "congruence" Is 
appropriate.. 

With regard to the use of the symbol, ^ , to denote^' 
"is congruent to," It can be pointed out that the symbol 
helps us to remember that congruence is the special instance 
o€ similarity, ^ , in which corresponding sides have 
equal, ^ , measures. 



1 ^ 
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In our development we postulated congruence and 
proceeded from there to "similarity J- it was pointed out 
in Talks how we might have reversed this procedure. 

The definition here offers a splendid opportunity 
for the student to see that this might have been done. 
However, before you get to this page or when you are 
making the assignment, use questions to lead the student 
into. making the connection between similarity and 
congriience himself. One approach might start "Are 
congruent triangles always similar?" and lead IrTmediately 
to "Can you formulate another definition for congruence 
In terms of similar ity? " From th is a dlaaus^lon. qJ_ the 
alternate sequence could develop if desired and if time 
was available. 

in studying Theorem 7-1, which shows that similarity 
is an equivalence relation, a set of cardboard models of 
Similar polygons Is helpful. Suppose that you have a 
pair such that a side of one Is twice the corresponding 
side of the other. Certainly a side of the latter Is 
one=half the corresponding side of the first polygon. 
A third polygon slm.llar to one of these ^ but With a^ v 
different ^oportlonallty constant^ might be intrdduced 
to ' illustrate the transitive property. 

For your own Informationj It might be helpful to 
reread the Talk entitled, Equality .^ Congruence , 
Equivalei^ce/ v 

It is clear from our willingness to say "corre- 
sponding sides are proportional," rather than insisting 
on more precise phrasing, that we are not advei'se to 
colloquial or semi^-*technical language, provided the 
student is mature enough to appreciate that the 
language Is not precise and Is able, on request, to 
speak or write with exactness and precision. 
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In' the problem sets 'we have adopted thk following 
convention. If we write ^ABC ^ ^XYZ . with a proportion- 
ality constant k , we are implying that the sides of 
the first named triangle are proportional to the sides of 
the second named triangle with the proportionality constant 
k i that is, AB ^ k - XY , AC ^ k * XZ , and 
BC ^ k ' YZ , 

In the experiment preceding Postulate 21, the teacher 
might suggest the use of lined paper to make the postulate 
more plausible. Let W , DE and A be on /the lines of 
the paper. yf 

In the proof of Theorem 7-2^ it Is tacitly assumed 
that if B is between A and C , then E Is between 
D and F . A proof that this Is the case qan be based 
on the following theorem Imown as the Parallel Projection 
Theorem* 

THEOREM . Given two transversals t and s intersecting^ 
three parallel lines *AD*^^BE*^ 'cp^ in points A, B 
and C , and p, E and P , respectively. If B 
'.^ .Is between A and G , then E Is between Dj and 




Proof s Since AD | | BE , then the segment TiD 
cannot intersect *BE*, and hence, A and D are on the 
same side of BE , Likewise, since *CF* | | ^BE^, then the 
segment cannot intersect BE , and. C and F ■ are on 



the same side of BE . Since B is between A and C 
by hypotheBlSj segment AC intersects ^BE^ at B j hence ^ 
A and C are on. opposite sides of ^BE^. Since D andif^. 
A are In the same halfplan#-l'detennlned by *BE*, and P 
and C are in the same half plane ^ and A and C are in 
opposite half planes^ then it follows that D and F are 



In opposite halfplanes determined by . BE . Hence^ W 
meets .'*BE*' In a point which must be E ^ since E is the 
. intersection of ^DP* and ^BE*^, Therefore^ E is between 
D and F , We have ^assumed that A D an3 C ^ F . 

The argumenp is easily modified to apply^to the cases 
where A ^ D or C - P . 

7-5 The Existence Theorem^ Theorem 7^3, simplifies the ^ 

proofs of S,S.S,, and A .A , ^ Similarity Theorems. 

Its proof should be easy to follow if students have done 
Problems 9 and 1^0 in Problem Set 7=4, 

Here agalit we did not think it advisable to take time 
to point out to the students in the text how we Imow that 
point E lies between A and C , The proof does follow 
quite easily J however, from the Plane Separation Theorem ^ 
whloh can be found in ^this Teachers' Commentary in Comments 
on Chapter 4, it says that if a line intersects one side 
of a triangle in an interior point and does not contain^ 
the opposite vertex> then it must intersect one of the 
other two sides in an interior point, D is in the 



interior of A"B, and DE does not contain C or any 
other point of BC slnc^ it is parallel to it. There- 
fore^ ^DE*^ must intersect TC ^ the only remaining side of 
the triangle J in an interior point. E is the intersection 
of ^C*^ and *DE*^j so E is between A and C , 

7-6 Ther'e is a slight departure here from our previous 

use of the word "determine." Prior to this we gave 
' examples such as "Two points determine a line," which 
Implied that there was a unique line which contains the 
two points. We also said that two segments might deter- 
mine an angle; here, again, there would be a unique angle 
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'Which would contain the segments. From this, the students 
may, .have the impresBlpn that determine" implies the Idea 
"contain," However, this Is not always the case. Certainly 
here, when we say a vertex P and the opposite side 
determine an altitude, we do not mean that the altitude 
contains the side W , Rather, w^ use the word "determine" 
to say that certain conditions specify a unique set, 
particularly a unique set of points, a geometric figure, 
A set of points is determined by certain given conditions 
If and only if there is one and only one such set that 
satisfies those conditions. 

Another idea related to perpendicularity is projection. 
It is introduced not only because of its importance in 
later mathemktlcs, but also because It helps us to better s 
phrase Corollaries 7-7-1 and 7-7-2. Later, in Chapter 9, 
definitions will be given for the projection of a point 
into a plane , " ' \, 

Notick that the projection of a given segment, ^ AB , 
into a line, ^ , Is a segment unless AB is contained 
in a plane which is perpendicular to the glvei/llne. For 
example. If .^AB*^ Is perpendicular to ^ , j^en the 
projection of AB is a single point, >^ 

Interest in the Pythagorean relations is reflected by 
the abundance of current , literature, pamphlets and 
periodical articles that treat this subject. More proofs 
(over 200) have been found for this theorem and its converse 
than for any other. Reviewing recent indexes of Th0 
Mathematics Teacher will uncover a numbar of articles of 
interest which treat this subject. 

A relationship that is interesting to students and 
helpful to teachers in developing quiz problems. Is an 
algebraic interpretation of the .lengths of the sides. Let 
X and y be relatively prime (i*e., have no comnon prime 
factor) with x > y . Then y" , 2xy , and x^ + y^ 
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are sides of a right triangle, Thlp follows> since / 

2 2 2 2 ^ " 2 

y ) t (2xy) = (x^ + y^) , Of course^ there are 

other possibilities, e.g., x - y , 2 yxy , and^ x + y / 

but the first statement Is easiest to work with* 

In making up a test you may face the situation where 
you don't want to use one of the familiar combinations of 
sides of a right triangle where some student might get 
the answer by remembering it. The above formula is a 
crajik- turning affair that will help you produce the needed 
test questions. For example^ let x ^ 5 and y ^ 2 ; we 
have a triangle whose sides are '29 , 21 , and 20 . 

In the discussion of the 30-60-90 triangles you 
might prefer this alternate proof that If the sides of a 
triangle are proportional to 1 , >/3"' , 2 , then the 
triangle is a right trlan^Te' with acute angles measuring 
30 ^ and 60 * 



Proofs 



Given AABC , wlth^ (BC, CA, AB) p (l, , 2) 



^ o _ o 

Then since k" + (k^/S)^ ^ (2k)^ , we know 
(BC)^ + (CA)^ - (AB)- . Thus ^ABC is a right triangle 
with right angle at C , Consider ' 
D in BC so that C is between 
B and D and BC ^ CD ^ and 
thus BD 2 . We can show 
that ^BAC * ^DAC by S^A.S. 
Therefore AD = AB ^ 2 and the 
triangle ABD is equilateral. 
Thus m ^ 60 and m ^BAC ^ 30 




The results of Theorem 7--10 can be used as a rapid 
means of computing the other two sides of a 30^60 
triangle givdo' any one of the sides. We have not drilled 
on special formulas involving only two sides of these 
Special right triangles since we thought that using the 
proportlonalitlas was more in keeping with the development 
presented here. However, in Chapter 11, In the work with 
area it will probably be very convenient If the student 
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can readily obtain the s^lde opposite the 30^ 45, or 6o 
degree angle having been glVen' yie hTOotenuse, At that - 
time we review the relationB which exist and suggest the ^ 
following formulas where c represents ^the length of the 
hypotenuse and a the side .opposite /A . 

1 . If m ^A - 30 , a ^ i c . 

2. If m ^A^ - 45 , a ^ i c , 

3. If m /A ^ 60 , a - i c . 



V. 

% 



Illustrative Text Items for Chapter 7 
1, Pind X In aach of the following proportions: 



X > 0 . 



(a) 


(3,7) 


i 


(x,77) . 


(b) 






(x,27) , 


(c) 


(2,x) 


p 


(x,l) , 


(a) 


(3,0) 


p 


(&,x) . 


(e) 


(3,x) 


p 


(6,x) . 


(f) 


a) 


p 


(6,x) . 


(g) 


(=2, x) 


p 


(5,7) . 



" J 



2', In the following figure | | ! | , and 



"1 ^ ^2 * ^3 
Begments are given, 

Find X, y and 2 



are transversals. The measures of certain 



J. 



I 



i 


y( 1 


— '■ a =^ > =^ 

— i 


/ ^ 

- / 


6 
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'3, Listed balow the lengths of the three sides of tight 
trianglee. (1) List the pairs of ilmilar trlanglea. 
(2) List the right triangles. 

11 

12 

15 
7 
18 
2 
6 

4, A ABO ^ ^RST with proportionality eonstant S and 
ARST ^ AXYZ with proportionality eonstant 6 . vmy 

la AABC ^ ^XYZ ? Give the proportionality constant 
fov this last similarity, 

5. Given A ABC a .right triangle with CB the altitude to 
the hypotenuse. CD ^ . AD ^ 1 , Find DB, AC, BC 
and AB * 

6, Given AABC an isoscales triangle with AB ^ AC - 3 ^j/? 
and BC ^ 6 . Find m ^ABC , 

7. The measure of the altitude of an equilateral triangle 
is 10 • Find the perimeter of the triangle* 

8, One side of an equilateral triangle has a length of 6 , 
What is the length of each altitude? 

9. One angle of a right triangle has a measure of 60 . If 
the shortest side of the triangle measures 8 inches, 
what is the measure of the hypotenuse? 

10. In AABC , m /C ^ 90 , AB ^ 17 , AC - 15 . Find BC , 

11, The sides of a triangle measure 6, 9* 12 , Find the 
perimeter of a similar triangle whose longest side is 8 , 



(a) 


6 , 


8 




(b) 


5 , 


13 


i 


(c) 


17 , 


6 


J 


(d) 


2k , 


25 




(•) 


2k , 


33 


J 


(f) 




2 ^ 


» 


(e) 


' k . 


5 


i 


(h) 


4 . 


ays 


s 



1 r 




15. Itie numbers a> b, c, d are positive. (a^b) p C^*^^) • 

Which of the following are true? Give a ^rfeason for your 
answer. x 



(a) (b,a) p (c,d) . id) ac - ba . 

(to) (a,c) - (b,d) . (e) be = ad , 

(c) a ^ kc , b ^ k * d . (f) (b,a) = (d.c) . 

1' 

16. state the S.A.S. Similarity Theorem, 

o 
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FACTS AND THEORIES 

Selence today Is playing an^ Inoraaalngly Important part 
in the life ©f the Individual, No one can claim to be truly 
eduGated unless he has a reasonable understanding of the faats 
and methods of science, ^ This does not mean that we must all 
become nuclear physicists, nor that we must spend all our 
time reading books and attending lectures on the latest ' 
collection of particles discovered by the physicists. But 
it does Impose on us the obligation to learn enough of the 
facts of modern science to provide a foundation for under- 
standing. It does Imply an Intelligent selectlort of material 
to be learned* 

We, as educators, are expecially obligated to make such a 
selection for our students. They come to us with a miscel- 
laneous hodgepodge of diajolnted facts and pseudo-facts, 
gleaned from newspapers, magazines, books, and other sources. 
We must help them--wlth our own limited informatlon--to 
straighten out their ideasj to build a reasonable conceptual * 
structure upon which they can hang new facts, to distinguish 
between that which is significant and that which is not, and, 
perhaps most important of all, to understand how new know- 
ledge Is acquired. If pursued to the extreme^ this last 
goal would lead us to the far reaches of epistomology and 
scientific method, which have been the subjects of many 
weighty tomes written by scholars over many lifetimes, and 
about which the last word has certainly not been uttered. 
But to dismiss this topic entirely as being too subtle for the 
immature minds of our students is to deny them the opportunity 
of becoming a little more mature in our classrooms. 

What should be the alms of the mathematics teacher, in 
the light of what we have Just said? 
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Certainly wt should help the student to become acquainted ' 
^ with the facts of mkthematlee by working- with. them. We agree 
that our^ lubjeet is an essential tool In scienee and In dally 
life, an^ that the student should aequlre working faeillty ' 
• in it. Therefore we teaGh him arlthmetlo, elementary algebra^ 
intuitive geomttry In the lower grades, advanced algebra, 
synthetic and analytio g^omftry, possibly calculus and other 
topics in the higher grades, ^ 

It would" be difficult, however, to defend the teaching of 
all these subjects on the^* grounds of utility alone* No one 
pretends^ for example, that It is of practical importance 
that the bisector of an angle of a triangle divides th^ 
opposite side in the way that It does. We proceed, then, to 
the second aim, of developing In the student an appreciation 
of clear, logical reasoning as exemplified ih mathematlcsi and 
an ability to transfer this type of reasoning to other 
situations. We have been moderately, though not eminently, 
successful in this respect in the pasti Whether our present 
efforts will tend to further this objective remains to be seenp 
We certainly hope so, 

A third aim, which has been receiving more attention of 
late, is to develop in the student an understanding of the 
structure of mathematical systems. We are beginning to speak 
of closure, commutativlty, distributlvlty and so on in dealing 
with num.ber systems, and--still too timidly, perhaps — of the 
axiomatic nature of^^ geometry , 

This third aim is closely related to the broader one 
men* 1 earlier, of helping the student to understand how new 
know Jge is acquired, how man learns about the physloal world, 
how he constructs, develops and tests theories about the 
physical, biological, social, and economic aspects of life 
arounti him. Let us address ourselves briefly to these questions 

Whether we recognize it or not, theory plays an indis- 
pensable role in our study of any field' whatsoever. The acts of 
naming, classifying, and generalizing are conceptual in nature. 
Even emotional reactions to stimuli depend on a structuring of 
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exparlenoer Thl^s stmioturlng may be based on analogies ^ 
that we reaognl20, on Induotlve reasoning, or on a combination 
or^the tWCP, ; / ' . ' 

One of the great Intellectual experiences In any person's 
life occurs at the moment|that he realizes that there can be 
a distinction '"between the ^f»eal world--whatever that may ^ 
mean— and the conGeptual wrld. Our great debt to Euclid Is 
. that h^s mode of organlratt;oi^f geometry, using postulates . 
and axioms from which theo^ml^i^^deduced, has made this 
distinction between concepts ani the things by which they 
wpre suggested a part of o.ur Intellectual heritage. One of 
the major factors In the ever accelerating growth of mathe- 
matics and science today Is that, from the act of recognition 
of the distinction we have been discussing, we have^ evolved 
in our thinking to a stage at which we are. able to use this 
distinction as a research tool. Indeed, we are able to 
recognize consciously that the conceptual world at one ^tage 
may be used as raw material for a theory at a later stage. 
Thus, we are not always forced to refer back to the primary 
data suggested by our senses. For example, the classical 
geometry of various surfaces In three dimensions may be taken 
as the j ^^mpiH g off place for a study of metric spaces by 
comparing it with that of classical theory. 

In every case, then, we operate simultaneously at two 
different "levels." One la the primary, intuitive levels 
containing the raw data from which our theory will be 
abstracted. F. llowlng some authors, we call this primitive 
intuitive level the "P-level.*' .The second level Is conceptual 
denoted the "C-level," Initially, the C-level Is empty, 
waiting to be filled with the concepts and ' relations that 
we construct. 

We have complete freedom with respect to the concepts and 
relations which we choose to insert in theC^level, so long 
as we do not assert any connection between It and the P-level, 
Naturally, we hope eventually to set up a correspondence 
between the two levels, and this hope guides our constructions 
and our choice of language. Logically, there is no necessity 
make ^he language In the 0=level correspond to that of the 
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P-levelj and in order to avoid eonfusion 1^ mlf^*-be bettar ■ 
to use dlffererit ternm entirely. For axample^ the *'ooirttSj" 
"llnesj" and "planes" of aKlomatlc or postulatlonal geometry 
(the G-leveJ.) might be replaced by other terms which have 
not been preempted in physical geometry (t-level)^ But once 
the formal dlitlnctlon' between thir two levels and their 
languagee has been established and understood, there la a . 
psychological advantage to be gained from the use of the same 
terms J. for ^ the proposed correspondence Is, then transparently 
Indicated. Thusj we know that the geometrical "point." Is 
meant to correspond to the physical point j the gedmetrlcal 
"line" to the physical line, and 39^ on. We can. Intuit^ 
GOnJecture, and then perhaps prove theorems at the C-level by 
peeking over into the P-level at the gorresponding "facts," 
arrived at by experiment there. For example j the concurrence 
of the medians of a triangle could be guessed from drawlng^a 
number of physfoal triangles and their medians on a piece of 
paper* This type of experience Is extremely valuable and 
constitutes an important psychological adjunct to mathematical 
discovery. It must be pointed out Qarefullyj thoughj ^hat 
formal proof by deductive reasoning from postulates at the 
C-level is necessary. Furthermore^ the logical conclusion 
to be drawn from this combined guessfflte and proving process 
is not that we have made the geometrrcal theorem more certain 
by experimental verification. The truth of the theorem has 
been established (at the 0-level) with complete certainty 
by logical deduction from the axioms. What we tend to establli 
by empirical tests is the adequacy of our postulate system to 
bring about a close correspondence between the C-^level and 
P-level. We feel satisfaction if the experiments tend to 
confirm the correspondence we had in mind, 

Oftenj by comparing one theory with another, we obtain 
useful Information not otherwise available. Consider, for 
example^ what our situation would be if we start at a certain 
P-level (physical geometry)^ and construct two different 
C-levels* One C-level contains all the postulates of 
Euclidean geometry except the parallel postulate which Is 
renlaced by a Dostulate asserting the existence of more than 



one parallel. This G-level w& call a non-Euelldean gtometry. 
We* find that if cfei^of these systems eontalns an Inconsistency 
- or flaw In its development then the other does also* Purther- 
mdre, we' find that.lt is a moot point as to whiGh of thf ^^ _ 
geometries * provides ^a hatter dadcrlplion of physleal spaa^^ 
i*e», as to^whlch of the C-levels Is in eloser eorrespondenee 
with the P*level. Indeedt 'tfhe Investigation of thla vary 
question led to ©ur present day deeper understanding of the 
connection between fact and theory. 

What are the oonilderatlons that govern our choice of 
undefined elements andF relations and unproved propositions 
(axioms, postulates)? Certainly we want our system to be 
consistent: a- proposition and its contradidtlon should not 
both be provable in the system* If we regard our axioms 
as Inputs and ,our theorems as outputs j then economy and 
fruit fulness are desirable as Increasing output per unit input. 
Of couraej this analogy Is not to be taken too seriously, but 
it Indicates why we should not poatulate everything. Unfortu- 
nately some geometry texts nowadays go to the extreme of 
setting down fifty or more postulates. There is nothing 
logically wrong with thlsj but* it militates against economy, 
elegance, IntuitlvenesSi slmpllcityi and e^se of verification 
in a particular lnterpretation--prQperties that are certainly 
desirable. 

One property that we have not mentioned is that of 
being categorical. This means that every two concrete 
interpretations (modela) of the system are essentially the 
same; It is possible to set up a one-to-one correspondence 
between the elements and relations of^the two interpretations^ 
so that they may be regarded as Identical except for the 
names assigned to the elements and relations, -The two models 
are then said to be isomorphic. If we start with a particular 
P^level and wish to describe it completely by means, of* an 
axiom systemj without permitting any non -isomorphic models j 
then we try to make our system categorical. This is the 
case with Euclidean geometry or the real number system. 
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'ind that if oto%of these syitems contains an Ineonalstency 
law In Its development then the other does also* Purther- 
j 'We' find that.lt Is a moot pplnt as to which of thf ^^ , 
tetries^ provides toatter dadcrlplion of physleal spao^* 
J as to^whlch of the C-levels Is In eloser correspondence 

the P*level. Indeed, ttia Investigation of this very 
tlon led to ©ur presfent day deeper understanding of the 
ectlon between fact and theory. 

What are the oonilderatlons that govern our oholGe of 
fined elements andr relations and unproved propositions 
oms, postulates)? Certainly we want our system to be 
Istent: .a- proposition and its contradidtlon should not 

be provable In the system* If we regard our axioms 
nputi and ,our theorems as outputs j then economy and 
tfulness are desirable as increasing output per unit input, 
Dursfij this analogy Is not to be taken too seriously, but 
ndlcates why we should not postulate everything. Unfortu- 
ly some geometry texts nowadays go to the extreme of 
Ing down fifty or more postulates. There is nothing 
sally wrong with thlsj but* it militates against economy, 
inGe^ intuitlvenesSi simpllcityi and e^se of verification 

particular lnterpretation-»properties that are certainly 
?able. 

One property that we have not mentioned is that of 
I categorical. This means that every two concrete 
I'pretations (modela) of the system are essentially the 
: It is possible to set up a one-to-one correspondence 
len the elements and relations of^the two interpretations^ 
lat they may be regarded as Identical except for the 
i assigned to the elements and relations, -The two models 
ihen said to be isomorphic. If we start with a particular 
^el and wish to describe it completely by means ef*'an 
1 systemj without permitting any non-lsomorphlc modelSj 
we try to make our system categorical. This is the 
with Euclidean geometry or the real number system. 
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EQUAUTY, CONGRUENCE^ AND E^UIVAIBNCE * /• 

I. Angles and Segmenta . . 

Ir dMOPlblng th^ relation of "equality" between anglei 
and segments* thli book departs from what has been aommon 
usage'. Before explalnii|^ why this has been done* let us 
first note quiokly how the new usage compares with the old. 
Suppose we have two angles with the same degree measuf'e 
Pj like this. 





and two segments of the same lengthj like thlss 



B 



In these two Initanaes* the facts are plain-. They would be 
reported In the following ways* In the old and new 
terminologies. 



Old 

The angles 
are equal* 



The segments 
are equal. 



New 

The angles are 
Gongruent (or 
they have the 
same measure). 

The segments 
are congruent 
(or they have 
the same measure 



Old 
4A - LB 



AB - CD 



New 



Lk m Lb 
(or m ^ A ^ Lb) 



AB W CD 
(or A£ - CD) 
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From the table it is plain that the new usage Is not 
complicated. We, have simply substituted one word for anothei 
: and one symbol for another. Of oourse, even simple changes'' 
should be x^de only for good reasons j they go against every* 
body 's. hahit.s, and cause more trouble at first than their ^ 
slmpllci^ would suggest . We believe that there are good 
reasons ^foi* the use that we have made of the word eongruenoe . 
FollQwlng is an explanation of what these reasons are, 

2, Various Kinds of Equality , 

The word "equals*' is commonly used in mathematlos in at 
least this many different aensesi 

(1) When we write 2 + 4 = 3 + 3, we mean that the 
number denoted by 2+4 and the number denoted by 3+3 
are exactly the same number (namely^ 6), Here "equals" 
means "Is the same as." 

(2) When we say that two angles are equal, we mean 
that they have the same measure ^ or the game shape, 

(3) Two circles are equal if and only if they have the 
same radius. 

(4) Two segments are equal^ if and only if they hav^e^he 
same length, 

(5) Two triangles are equal If and only If they have th€ 
same area. 

(6) Two polyhedrons are equal if and only if they have 
the same volume. 

These uses of "equals" divide sharply Into three groups. 

(I) The first meaning ("la the same as") stands entirely 
alone. This is the logical identity. It arises in all 
branches of mathematics, including geometry. This Is the use 

m (1). 



(II) "Equality'- expressts the same basic Idea for angles^ 
circle, and. segments^ In (2), (3), and (4), it meana In 
eao'h case that the first figure Is the same si^e and shape 

as the Btcond* (It can also -be- explained In terms of rigid 
motion. For an explanation, see the A|.pendlx on Rigid Motion 
In Part III of the text,) This Idea of same size and shape 
1b geometric, and is one of the most basic Ideas In geometry* 
Applied to triangles, it Is always described as oongruence and 
not as equality. ^ 

(III) "Equallty" to mean equal areas or equal volumes, as 
in (5) and (6), Implies that two things are equal if and 
only If they contain the same amount of "stuff," 

These are the three main ideas Involved, We notice 
that the words and the Ideas overlap both ways* Not only Is 
the word "equals" used In widely different senses as between 
(II ) and (III), but the basic idea expressed in (II ), 
that Is, involvedv^n (s), (3), and (4) is expressed 
by apparently unrelated words. 

Obviously students aan and do learn to keep track of what 
meant, even when the words and the ideas overlap In this 
All of us learned to do this, when we were in the 
tenth grade. The whole thing becomes easier to learn, howeverj 
and easier to keep track of, if the words match up with the 
Ideas in a simpler and more natural way. This can be done 
as follows I ^ 

(I) We can agree to write "^", and say "equals," if and 
only if we mean "is the same as," (This Is the standard usage 
in nearly all of modern mathematlGS , ) 

(II) We already have a word to express the idea that one 
triangle can be mde to "coincide" with anotherj we say that 
they are congruent. We can use the same word to express the 
eame idea when we are talking about angles, circles or 
segments, 

(III) When we want to convey the idea of equality of area 
or of volume, we say so explicitly. 
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Notice that by doing this wa have not Introduced any 
naw words Into the language of geemetiv* We are not trying 
^ to oompllcate matters. All that we are trying to achieve is 
va situation In which the familiar and available words 
correspond In a natural way to the familiar and basic ideas. 
The correspondence looks like this; 

(I) between any two geometric figures whatever^ 
means "is the same as." 

(II) between any two geometric figures whatever j 
means that one can be -'mcved" so as to coincide with the other, 

(ill) Equality of area, equality of .volumej and so or^i 
are to be described explicitly as such, 

_ i 

All this is straightforward language,^ We believe that 
your students will find it easy to learn and easy to use, 

3. Equivalence Relationa , 

All the uses of "equals," In mathematics or otherwise. 
Involve the notion of two things being alike In soma respect , 
The particular respect to be considered may be made explicit, 
as In usage (5) on page 10, or it may not, as In "All men 
are created equal*" As mentioned previously, mathematicians 
have pretty generally agreed to use the word to mean ■■alike 
In all respects"! that i?. Identical, Instead of the other 
usage they speak of an "equivalence relation," A relation 
between ^palrs of objects, from some given set, is called an 
equivalence relation If It has the following throe properties i 

(1) It is reflexive. That Is, any object of the set 
Is equivalent to itself. 

f 

(2) It is symmetric. ..That Is, if A is equivalent to 
B, then B Is equivalent to A, . 

(3) It is transitive* That is. If A la equivalent 
to B, and B is equivalent to C, then A is equlyalent 
to C. 
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In mathematical development we may use several different 
kinds of equivalence relations* To keep them separate we give 
them different names arid different symbols. In our geometry 

we have used, the following equivalence relations- 

- .. ^ \' ' \ ^ ^ .■ 

(a) Identity, The relation "is the same as" is easily 
seen to satisfy the thrrfe properties listed on the previous ^ 
page. The word "equal" and the symbol are reserved 

for this equivalence relation, 

(b) Congruence, Hpre again, the properties are easily 
checked* (Refer to the t'aik on Congruenoe for a general 
treatment,) The symbol is . 

(o) Similarity, Here again we have an equivalence 
relation^ denoted by " « " , ' . 

(d) We have not Ihtroduced any^ special notation for 
"equality of area/' or "equality of volurnei "^but each of 
these relations is reflexive^ symmetric and transitive. We 
.iouldj if It were convenient, introduce words and symbols 
for these equivalence 'relations , 

Insistence on exactitude of language and symbolism is 
characteristic of modern mathematics* 

^* Classification and Equivalence Classes , 

Equivalence relations are connected closely with the idea 
of classification, another important concept In mathematics, 

"We are familiar In our every day life with the process of ^ 
sorting or classifying the objects in a collection or set. For 
instance, a teacher may sort a collection of examination papers 
into several piles, each pile consisting of all those papers 
with a certain grade. While this method of sorting might be 
convenient for some purposes. It might* be convenient for other 
purposes to sort the papers into piles su.qh that two papers 
are in the same pile if and only if the students' last name 
as Indicated on the papers begin with the, ^same letter. In 
botrt methods there Is a definite rule for sorting. This rule 
was such that no matter which paper was considered It was clear 
'\ 




that It belonged to a pile and further that there was 
only one pile to which It^belonged. 

No matter which method of sorting papers was used, we see 
that two papers from the same pile are alike or equivalent vjltY. 
respect to some property, and that two papers from different 
piles are not alike or equivalent with respect to that 
property. We see, in fact, that In both methcds of sorting we 
have an equivalence relation between pairs of examination 
papers, for in each method the given relation il reflexive, 
symmetric, and transitive. 

From these examples it is easy to see how one can imagine 
using an eauivalence relation between pairs, of objects in a 
given ,set to sort the objeots into piles. Indeed, the 
"sorting rule'^ is that two objects are in the same pile if 
and only if they are equivalent. It l.s usual to call the 
subsets, or piles, thus obtained equivalence classes , - 

If we apply these ideas to the equivalence relation of 
congruence between pairs of triangles, we see that we can think 
of congruence as sorting or classifying triangles having the 
sa^e size and shape. Each equivalence class consists of all 
triangles having the same size and shape, 

Let us reconsider certain aspects of our examples 
concerning the iorting of examination papers. Suppose the 
unlikely event occurred that every pair of papers that had 
the same grade were written by students whose last names 
began. with the same letter. If in addition, every pair 
of papers written by the students* whose last names began 
with the same letter also had the same grade, then the 
classification by either one of the methods of sorting 
w^uld* produce exactly the same piles or equivalence classes. 
The lesson to be learned from observing this situation Is that, 
although every equivalence relation on a given set can be used 
to sort the elements of the set into equivalence classes, it 
may not be possible from inspection of the piles to determine 
the equivalence relation that led to them. 



\ 

Now suppose that we are given a collection of subsets of a 
given set, such that the union of these is the given set and^ 
such that no two of them have an element in common. It Is then 
clear that there is at least one equivalence relation for which 
the given subsets are equivalence classes. For Instance^ we 
could define two objects In the set to be equivalent if and 
only if they are in the same subset. This is an equivalence 
relation and its equivalence classes are the given subsets. 

In summary of tliese general observations, we see that: 

(1) from every equivalence relation we can obtain a 
related notion of classification. 

(2) from a classification we cannot necessarily recover 
the original definition of the equivalence relation to which 
it is related; but 

(3) for any classification there does not exist an 
equivalenae relation from which the classification can be 
derived . 

In geometry only Item (l) is Important since we do not 
start with classlf icatlon^ and encounter the problem of 
determining appropriate equivalence relations. Instead^ 
we start with equivalence relations and use the resulting 
nlassif icatlon . 
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THE CONCEPT OF CONGRUENCE 



Congruence is a rich and complex Idea with many 
ramifications In geometry-^here really is nothing quite like 
it in algebra. It applies to figures of all klnds--segments^ 
angles^ triangles^ circular arcs^ polygons^ truncated pyramids^- 
in face to any conceivable figure. It plays an essential role 
in the theory of geometric measure of length, area and volumes- 
it is intimately related to the important concept of rigid 
motion* \ 

In this talk we examine carefully the conventional theory 
of congruence and the related theory of linear measure. This 
theory, as we present it in Part I below, follows generally 
the pattern established by miclid. In Part II this conventional 
theory is contrasted with the theory of congruence in our 
G* W* text. You may feel that our discussion in Part Ii is 
somewhat condensed. But we believe the discussion is detailed 
enough for our purpose here. Finally, in Part III we discuss 
the concept of congruence for general figures and its relation 
to the idea of rigid motion. 

Part I, The Conventional ^eory of Congruence 
^ and Linear Measure 

1-^1^^' Congruence in terms of size and shape . The term 
congruence Immediately calls to mind the famous dictum: Two 
figures are congruent if they have the same size and the same 
shape. Certainly this statement emphasizes the basic intuitive 
or Informal idea that If two figures are congruent^ one is a 
"replica" of the other. Also it points up the important 
property that If we know two figures to be congruent we can 
infer that they ^have the same area (or volume) and that they 
are similar. 
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But this is not the essential issue. It Iss Does our 
dictum define congruence? Is it really a forTnal definition of 
the term congruence in terms of more basic ideas? Clearly the 
answer is no^. For the notions size and shape are more complex 
than congruence, in order to measure (or define) size (area or 
volume) we tf^y to find out how many congruent replicas of a 
basic figure (for example^ square or cube) "fill out" a given 
figure. So actually it would be more natural and simple to 
base the theory of size (and shape) on the idea of congruenoe 
rather than the reverse* 

- 1-2. Congruence in terms of rigid motion * But there are 
other "definitions'- of congruence which we must discuss-- - 
consider the famous, "Two figures are congruent if they can be 
made to coincide by a rigid motion J- Let us analyze this* 
Conceived concretely, say In terms of two paper heart-"Shaped 
valentines, it affords an excellent illustration of the intui- 
tive idea of congruence and emphasizes again that one is ^a 
"replica" of the other. Bit this illustration^ like most 
physical situations, does not have the precision required for 
an abstract mathematical concept. Surely we would have to pick 
up the first valentine and move it with almost infinite gentle- 
ness to prevent bending it slightly when getting It to coincide 
with the second one* And how could we be certain of perfect 
coincidence of the two valentines? Wouldn't this require 
perfect eyesight? It is clear that this "definition" inter- 
im preted concretely gives us a physical approximation to the 
abstract idea of congruence but doesn^t define it. Moreover 
it is not even applicable in many physical situations^ you 
hardly could get two "congruent" billiard balls to coincide by 
a rigid motion* 

Should we then conclude that the Idea of rigid motion is 
essentially physical and cannot be mathema?ticized as an abstract 
geometrical concept? Definitely not. Some mathematicians are 
ingenious and clever people and it might be a mistake to decide 
beforehand that they could not construct a precise abstraction 
from a given physical Idea, Most familiar mathematical 
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abstractions had their origin in conc^te physical situationB-- 
certainly geometry had its origin irtTpractlQal problems of 
surveying the heavens and the earth. 

Let us table for the present the question of whether we 
can form an abstract geometrical theory of rigid motions, it 
would seem that a treatment of congruence based on a logically 
satisfactory theory of rigid motlo^ could not be elementary 
'and would hardly be suitable for a.-flrst course. In any case, 
without deeper analysis^ the second "definition'* is not'% 
definition at all and might more pfoperly be conslde td a 
statement of a property which rigid motions should h.-..re- 
namely^ that any rigid motion transforms a fif?nj^^e :^ n ■ a 
congruent one, , 

1-3* Another definition . Consider and critlciae a Dhird 
suggested "definition*': Two (plane) figures are congruent if a 
"copy of the first made on tracing paper can be made to coincide 
with the second, 

1^-4. Congruence of segments , Since oui" three 
"definitions" do not define congruence we miist probe more 
deeply, Here^ as so often in solving problems ^ the imperialist 
maxim, "Divide and conquer'% is very hcapful * Instead of 
tackling the concept of congruence in its most complex form, 
that is for arbitrary figures^ let us begin by considering a 
simple special ease, A line se0iient--or as we shall call it-- 
a sefflTient is one of the simplest and most important geometric 
figures. We naturally begin by cohsldering congruence of 
segments. 

Let us recall how this Is treated in Euclid or in the 
conventional high school geometry course. Congruent se^ents, 
usually called equal segmente^ are boncelvad '^replicas" of^ - - 
each other^ in general with different locations In space. 
Congruent segnents may coincide or be Identical but they don't 
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have to. ^ If sepaents AB and CD are congruent we may 
interpret this concretely to 
mean AB and CD are "caliper 
equivalent'---that is if a pair 
of calipers is set so that the 
ends coincide with A and B 
then without changing the setting, 
the ends ^f the calipers can be 
made to coincide with C and 
D. 

1-5* Basic properties of congruence of segnents , What is 
the logical significance of congruence of se^nents in Siolld? 
Actually it* is taken to be an undefined term. More precisely, 
using the notation AB ^ CD, congruence is a basic relation 
between the se^ents AB and CD which we do not attempt to 
define. We study It (as always In mathematics) in terms of 
its basic properties which b^b form.ally stated as postulates* 
Some of these postulates, which are not explicit in Euclid nor 
In most geometry texts are- 

(1) (Reflexive Law) W ^ 

(2) (Symmetry Law) If 11^^ then cB ^ Hj 

(3) (Transitive Law) If M ^ CD and W ^ W then Al ^ IP. 
That iSj congruence of segnents satisfies the three basic pro-* 
pertlcs of equality or identity and so is an example of an 
equivalence relation . We must not assiune that congruence means 
identity, sinbe d_lstlnct se©nents can be congruent. 



(^) (Location Postulate) 
Let AB be a ray and let Ct) be. 
a segtient. Then there exists a 
unique point p in AB such 
that W ^ W5. 

(5j (Addltivity Postulate) 

aippose %aTbt, m = bTcT", 

B is between A and c and B' 
is between A' and C, Then 
AC - aTTtt. 



B 



A — ^ 
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We Insert a few words ort the important mathematical idea 
of equivalence relation. The most basic example of an 
equivalence relation and the one which suggests the concept is 
the relation equality or Identity, ^Equivalence relations 
abound in geometryj for a discussion of them see the Talk on 
Equality, Congruence, and Equivalence. 

1-6. TOieory of linear measure * Segments are geometric 
figures, not numbers. Hit they can be measured by numbers--- 
they do have lengths. In the conventional high school treatment 
it is assumed with little discussion that lengths of sepiem:s 
can be defined as real numbers. We indicate how to do this. 
Although the result is familiar, the process is complex and 

o 

subtle and requires for Its complete justification additional 
postulates. However, Postulates (1), ,,,, (5) above are 
sufficient for an understanding of the'v process , 

We begin by choosing a segment UV which will be unchanged 
throughout the discussion (a so-called '*unlt" segrient). Now 
given any segment AS we want to measure IB In terms of 
This involves a "laying-off" process. We take the ray AB 



U 



Ps B 



and lay-off ^ on it repeatedly, starting at A. Speaking 

precisely, there Is a point in AB such that TO ^ ^^^^^ ' 

Similarly, we can show that there is a point in AB such 

that (a A Wj ^ P'^Pg and (b) is between A and P^, F^or 

convenience we write condition (b) as (AP^Pg)* Contlnuins^ 

there is a point such that TO ^ P^P^ and (P-iPoP^)^ 

J f* ^ P J. ^ p 

By this" process we develop a sequence of points P^, Pg, .,.5 
p^, * * * on AB such that 

(1) TO ^ ¥^ - ¥^ - . - - Pn - l^n' ^''^^ 

(2) (APiPg). (Pn ^ g^n l^n^- 



Intuitively (l) and (2) say that m is lald-off on Al n 
times in a given dlreetlon--but note how very precisely and 
objectively (l), (2) say this, avoiding the somewhat vsLgae 
termB "laying-of f and "direction." Prom another viewpoint we 
are laying the basis for a coordinate system on the line by 
locating precisely the points p^, ,,,, p^^ which 

ar© to correspond to the integers Ij 2, n, , 

Now what has this to do with the measure of IS? Clearly 
we must learn how B Is related to the points p^, p^^ p^, 
. In the simplest case one of these might coincide with 
for ex^ple, p^ ^ B. Then of course we define the measure of 
AB to be 3* 

( 1^7. Refinement of the approximation ^process . You may ask 
"DiCT\wa have to go through this elaborate process to explain 
that If the "unit" sepient W exactl^^SVers 7[S three times, 
then the measure of H is 3? Disregarding the importance 
of making the idea "exactly covers" mathematically precise, 
observe that, the process helps us to define a measure for Tffl 
in more general and difficult case when no one of the points 
^1' **' coincides with B*' For suppose B falls between 

two consecutive points of ouc^ sequence, say (Pi^BP^). Clearly 
then we will have to assign to TO a measure .x such that\ 
4 < X < 5. In other words we have set up a general process ] 
which enables us at least to determine an approximation to ^he 
measure of lB> that is to find lower and upper bounds for It, 



We do not complete the discussion but indicate how It pro- 
ceeds* To fix our ideas, suppose (Pj^BP^), To get a better 
idea of what the measure of AB should be we subdivide Pi-P^ 
into ten congruent subset^nents and proceed as above, preelselyj 
we set up a subsidiary sequence of points ^ Qq which 



divide Pi^Pg into ten congruent subsepients. That is we 
require 

and 

If B. were to coincide with one of Q^, Qg, say 
B * Qg we assign to M the measure 4.6* If B falls 
between two of the Q*b say (OgBQ^) we require that the 
measure of IS^ satisfy 

4.6 < X < 4,7. 

In the latter case we repeat the process by subdividing 
into ten congruent subse^rients and proceed as before* 

1-8. The definition of linear measure . Clearly we have a 
complex process (though a refinement of a simple idea) which 
will assign to se^ent M a definite decimal , terminating or 
endless. This decimal we define to be the measure or length 
of IS. 

1-9* Basic properties of linear measure * We write the 
measure of 51 (DV still being fixed) as AB, Observe that 
we really have here a function JS — --*AB which .associates 
with each segment' a unlc^e positive real number* What are the 
basic properties or this "measure" function? They are easily 
grasped Intuitively i 

(1) AB ^ A»B» if and only if II ^ --that is,' 
congruent segments and only oongruent se^enta have equal 
measures; 

(2) If (ABC) then AB + BC ^ AC --that Is, measure is 
additive in a natural sense; 

(3) UV = 1 --that is, the measure of the unit sepient 
is unity. \ ^ 

Notice that (2) is a clear and useful f]orm of the va^e 
statement, "the whole is the smn of its parts*" 
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We summarize in a theorem which can be deduced from a 
suitable set of postulates for ©aclldean Geometry* 

Theorem . Let the segment OT be given. Then there exist 
a fujictlon which assies to each sepient 35 a unique positive 
real number AB satisfying (1), (2)^ (5) above, 

I-^IO. Uniqueness of measure function . We naturally ask 
If there is Just one measure function. Clearly not* For the 
function must depend on the choice 
of the unit se^ent Wj, To be 

specific, suppose we take as a U M v 

new unit segment^ where M * ~~ ~* * 

is the mld=point of W7 that 

Is ^UM ^ W and (UMV)) • TJien according to our theorem 
there will be a new measure function such that UM ^ 1 , We 
see quickly that UV ^ 2; further It can be shown that AB 
Interpreted as the new measure function Is twice AB inter- 
preted as the old measure function for any se^ent JS. This 
is a formal statement of the intuitively obvious fact that 
■-halving the unit of measurement doubles the measure," A 
corresponding result holds in generals 

Theorem . Given any two measure functions on the set of 

all segments one Identified as first and the other as second^ 

there is a real niimber k such that the second function is k 

times the first function. l 

7 

In the preceding exajnpa e we had k = 2* Of course k 
need not be an integer--it can be any positive real number, 
rational or irrational, as a related example consider the 
corresponding situation in the measure of angles: The radian 
measure of an angle is times) the degree measure of the 

angle . ^ /, . 

hujTimary ■ Any two measure functions on the set of all 
segments are pr'opQrtional , 

/ 

\ 
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What does this mean for the davelopment of the theory of 
measurement of segments? it says in effect that It doesnH 
matter which measure function we choose, since making a differ- 
ent choice would only maltlply all measures by a constant. 
Thus, In conventional geometrical theory, we fix a unit W at 
the beginning, determine a corresponding measure function, and 
thereafter use this measure function as If it were the only 
possible one. And Instead of saying precisely the measure of 
AB in terms of unit we say simply the measure of ABj 

and forget about OT, The situation in everyday life is quite 
dlf ferent--we employ measure functions based on a variety of 
unlts^ inches^ *llght years, millimeters, miles. 

We close this part of our discussion by observing that the 
distance between A and B is merely defined to be the measure 
of AB. Sometimes we want to refer to the distance between A 
and A itself , this we take to be 2ero--a separate definition 
is required for this case since we may not refer to the segment 
AB unless A ^ B* 

Query , Was it necessary to use the integer ten in the aub- 
division process? Would others work? Could the process be 
simplified by making a different choice? 

Part II, Congruence Based on Distance 

In this part we discuss the treatment of congruence adopted 
In the text, contrasting It with the conventional one. The 
point of departure Is to "reverse the conventional treatm.ent 

define congruence in terms of distance. This enables us to 
use our Imowledge of the real number system early in the dis- 
cusslon*--it leads to a new treatment of the Important geometric 
relation^ betweennessj and a new way of conceiving segments 
and rays* Since we have seen In the previous discussion that 
only measure of distance is needed^ the following discussion 
presumes that only one such measure Is used. 
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11=1. 'flie student* 5 viewpoint . The conventional treatment 
In brief, begins with an undefined notion of congruence of 
segments and deduces the existence of a distance function from 
a suitable set of postulates. The high school student--ln 
studying this treatment-=somehow absorbs the idea that se^ents 
(and angles) can be measured by numbers, and Is permitted to 
apply his knowl^ge of algebra whenever it is convenient, 

H 11^2. The Distance Postulate , Since the student thinks of 
segments and angles as measurable by niimbers and it Is hopeless 
to prove this at his level from non=numerlcal postulates^ it 
seems most reasonable to make the existence of a measure func- 
tion or distance a basic postulate which is used consistently 
ughout the cQurse, Since we are concerned, because of our 
ious discussion, with ^ly one unit of mtasurement, \^e 
Inue our discussion In^^terms of the following modification 
of Postulate 10 of the text. 

Postulate 10*. (the Distance Postulate) To every pair of 
points there corresponds a unique non-negative number, 'nils 
number is zero if and only -vf the points of the pair are the 
same , 

If the points are P and then the distance between 

P and Q is defined to be the non-negative number of 
Postulate 10 - * denoted by PQ, 

Don't read into this more than it says«-lt is a very weak 
statement. Notice that it doesnH state a single property of 
dlstance^^merely that there is such a thing. In particular it 
doesn't say anything about lengths of segments--in fact we 
don't even have segments at this stage of our theory, 

II-3. The - Distance Postulate causes a change in viewpoint. 
This may seem strange^ but it Isn't, Most texts begin with a 
discussion of points and lines In a plane, including such basic 
ideas as segment and ray . As in Euclid .these ideas essentially 
are taken as undefined. But having adopted the Distance 
Postulate we can define them, Thl^ is an important-^and 
unf oreseen--consequence nf the Distance Postulate: We don't 



get Just Euclid with the theorems rearranged, but new insights 
into the basic geometric ideas and a new way of inter- relating 
thejTH 

'' Between " and " seffnent '^ as defined terms . How then 
can we define se^ent in terms of the basic terms point, line, 
plane? it is easy to do this using the additional notion of a 
point being between two points. Having adopted postulate 10 
the idea of distance is at our disposal and we can^eflne 
betweennesB using Theorem 5-9, The Betweenness^Di^Kice Theorem 
and related ideas from the text,, as follows. 

Definition . Let B, C be three distinct collinear 

points. If AB + BC = AC we say B is between A and 
and we write (ABC), 

We now define segment in terms of betweenness. 

Definition . Let A^ B be two points. Then sefflnent AB 
is the set consisting of A and B together with all points 
that are between A and B, A and B are called endpoints 
of Rirther we define ^B to be the measure or length of 

AB. " 

(This reverses the procedure in the text in which segment 
was defined first and then betweenness in terms of interior 
points of a segment. Either way is acceptable, ) 

Note that the length of a se^ent is merely the niimber 
which is the distance between Its endpoints* The contrast with 
conventional theory is striking. In traditional geometry 
congruence of segments is basic and a difficult argument is 
needed to prove the existence of a measure function-^here 
distance is basic and the proof of the existence of a measure 
function Is trivial, 

11-^5. Congruence of segments by definition , Now it Is 
absurdly easy to define congruence of segments. 

Definition . ^CT means that the lengths of TO and 

CD are equal, that is AB = CD. 



^Pomally what we have done is just this. W© took the basic 
property relating congruence and measure ^(1) of Section 1-9 
5f this Talk) , 

' AB ^ CD 4f and only if IS « 

^> which is a theorein in the oonventlonal treatment^ and adopted 
it as a definition In our treatment, There^ se^ents which 
were congruent were proved to have the same measure—here^ 
segments which have the same measure are called eongruen- 

. II-6, Properties of congruen^ ^- segments , Does cor 
of segments^ as we have defined It^ have the properties 
expect? We see quickly that - Is an e^ivalence relatioii^, 
that is 

( 1 ) M ^ AB j 

X^r (2) If AB ^ CT5 then UT5 ^ IS— 

i; (3 ) If AB ^ CD and CD ^ EF then W ^ 

These merel:/ say 

^'(1' ) AB - AB} 

(2«) If AB - CD then CD - ABj 
(3') If AB - CD and CD ^' EP then AB - EP; 
which are the basic pr^operties of equality of numbers* 
Purther we have 

(5) suppose m ^ WW, BC - FTcT"., (ABC) and (A"B'C»), 
Then A? ^ AtC . 

^Tq prove this we have 

AB ^ A'B", 

BC - B«C', ■ ^ 

so that ^ 

AB + BC ^ A'B' + B*C* , 
The betweenness relatione yield 

AB + BC ^ KC, A'B' + B'C« - A«C', 

and we get 

AC - A'C' or AC"^ WC^ . 
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ThuB several of Euelld«i (or m.lbert«s) Postulates for con- 
gruanee recfcgse^.ln our treatment^ to elementary properties bf 
real numbers * 

11*7. The Ruler Poetulatt* You may wonder if we can also 
derive from Postulates 1 through 9 10» the Location 

Property I (4), Section 1-5 i . ' 

Let AB be a ray and let be^m ee^ent. Then ther^ 

/exists a unique point P in A? such that W * CD. The 
answer Is— with a vengeance—no. On the basis of Postulates 1 
through 9 and 10*^ we cM«t prove that a line contains more 
than two^polnts. Clearly Postulates 1 through 9 and 10* 
are too weak to support the kind of theoretical structure we 
are trying to build. For this reason we add to our postula'* 
tlonal structure the Ruler postulate (expressed here in terms 
of a single. unit and blending our ^definition of coordinate 
syetem^ffld our Postulate / 12): 

Fostulate IS * . (The ^ler postulate,) There is a one-to- 
one correspondence l^etween the set of all points on a line 
amd the set of real numbers such thati 

^ The distance between two points is the absolute valiie of 
the difference of the corresponding numbers * 

This powerful postulate guarantees at one swoop that a 
line has the intrinsic properties we expect of it. Now the 
lines in every model of oi^ theo^ will be well-behaved and 
richly endowed with points. It implies the congruence and 
order properties of a line in ^ Che conventional theory. Speci- 
fically it fields I (1) a form of the PolnJ_,^^tting Theorem 
(Theorem 3-8); (2) that a segnent cm be "divided" into a given 
number of congruent "parts "--in particular it can be bisected 
(Theorem 3-3)* It implies Import^t order properties: 'fheorem 
3-7 which says in effect that the order of points on a line 
in terms of geometric betweenness corresponds exactly to the 
order of their coordinates in terms of algebraic betweenness j 
and the Line Reparation property which is discussed on page 83 
arid in Section^ 4*2 of the text. 
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• Observe the attraGtlve Inter-depindenee of tht waak^ 
DlBtanQm Postulate and the powerful Ruler Poatiilate, Thfe 
first asserts the existence of a dlstanoe funGtion but permits 
It to be completely trivial— the second tailors the line to 
. our expectations but is impossible of statement without the = 
notion of distance postulated in the first. 

Our discussion suggests an inportant point In mathematical 
or deductive thinking. The Mstanoe Poatulatt enables us to 
define bjetweenness but not to prove the existence of a single 
point between two given points* The Ruler Postulate, howe^r, , 
Implies the existence>of infinitely many points between any 
two. This exemplifies the point tha^ a mathematical definition 
does not assert the existence of the entity defined. You may 
eharac/terlze the pot of gold at the end of the rainbow with 
great \precislon but you may experience equally great disappoint- 
metn*ii\you start to search for it before proving on existence ' 
theorem I . * 

A final word* we may have oversold the deductive power of 
the Ruler Postulate ^d given you the Impression that Postulates 
1 through 9^ 10* and 12 i are sufficient for a complete 
theory of congruence, Thla ±b not sb. Our theory bo far Is 
^aufflclent for the "linear" theory of congruence, specifically 
for congruence of sepients—but not for congruence of more 
^ general figures like angles, trlarTgles, circular arcs or trl- 
an^lar pyranids* For 'this we miBt iritroduoe further postulates 
concerning congruence of angles and triangj.es. We discuss this 
in the next^ part sl^ce our main object her^^as been 'to Indi- 
cate the flavor of the treatment in the text in contrast with ^ 
the conventional one, ^ * - 

** 
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Part III, Congruence for Arbitrary Fifflires 
and Rigid Motions . 

In this part we continue the dlaousslon of congruence by 
Indicating how It Is successively defined for fandllar elemen- 
tary figures s anglesj triangles, etc. Then using the simple 
and powerful modem idea of transformation we formulate ther 
congruence Qonoept for arbitrary flgures*'--thls surpasses In 
elegance md generality anything obtained In the field by the 
classical 5^ geometers. As a by-product we obtain— after two 
millenla--a precise nathematlcal concept of rigid motion* This 
was a great cultural achievement of late nineteenth century 
mathematicians* Rescuing from the jungles of physical intuition 
Euclid* s crude superposition ar^iment, they refined and per* 
fected it to yield an^ objectively forinulited concept which will 
be of use to human beings as long as they are Impelled to think 
precf^ely about space. 

III-l, Congmence ^ of angles * ^e conventional treatment . 
of angle congruence is similar to that sketched in Part I for 
congruence of segments--but naturally it is a bit more compli- 
cated since angles are more complex figures than segments. It 
begins with an undefined r^^tlon ^ABG ^ between two 

angles which as usual^indicates 
that they are replicas' of each 
other. This may be interpreted 
concretely to mean that if a 
frame composed of two Jointed rods 
is set so that the rods coincide 
with the rays M ^and then 
without changing the setting the 
rods can be made to coincide with ' QP 

for sepnents that congmence of angles is an equivalence 
relations 

(1) (Reflexive Law) s ^abGj 

(a) (Syrmnetry Law) If £ABC ^ ^PQB then ^PQR = £ABCj 

(3) (Tr^sitive taw) If £ABC ^ £?Q^ and s £XY2 

then ^AB^ s ^XYZ, % 




We assume as 
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(rtie Laoatlon Posfclat© for st^ents 
of this Talk) has the analogue 

(4) (^gl© Looatlon Postulate) 
Let £XY2 be any angle imd AB 
be a ray on the edge of half -plane 

^ • Then there Is exactly one 
ray AP, with P In suoh 
that £PAB ^ £xm. ^ — 




And the Addltlvlty postulate 
{(5)$ Section 1*5 of this Talk) 
appears in the form 

(5) (Angle^Additlvlty Postulate) 
Suppose ^BAD ^ ^B«A«D», 
^DAC »^D«A«CS D is in the 
interior of ^BAC and D' is 
in the interior of £b>A'G'* 
Then £MC»^B«A«C«. ^ 






Essentially on the basis of 
these postulates a measure procese 
can be set up which assies to each 
angle a unique positive real nimber 
called Its measure In such a way that a fixed preassl^ed angle 
("unit" angle) hafe measure 1 (compare Sections 1-6 to 1*9). 

Denoting the measure of, ^MZ by m£x^Zp we have as you 
would expect from our discussion of measure of sepnents* 

(1) m^ABC ^ n^A«B«C« If and only If ^ABC w £a<B«C«j 

(2) If C Is Interior to ^ABD then 
n^ABC + n^CBD « n^ABD, 

^Compare (1)^ (2) Section 1-9 of this Talk) , 
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ait there are two properties which are unique to an^lar 
measure. First there Is a real number b whlah is a least 
upper bound for the measure s of all ^gles (b la l8o In 
the famill^^ "degree measure"), Seo^nd the measure s of 
"supplementary adjacent" angles* (1^4 e, , a linear pair ) always 
have a constant sum and this sum 

Is the least upper bound b* jC 

iilstfled precisely^ If £abC and ' ^ ^ j 

Ipm are a linear pair, then / 

m/ABC + m/CBD ^ b. / ' 

^ ^ ^ ' A ^4 ^ / — fc. D 

B 

Congruence of angles based on anjblar measure . We 
saw in (1) above that the conventional theory of angle conpru- 
ence yields (as for se^ents) that two angles are congruent if 
and only if they have equal measures. This suggests (as for 
segments) that we assxime the existence of angular measure and 
define congruence of mgles In terms of it, T^us the treatment 
in the text assumes . . 

Postulate l6* There exists a correspondence which 
associates with each angle In space a unique number between 0 
and l8o. 

•Bils number which corresponds, by Postulate 16, to' an 
angle ^ABC is called the measure of thf angle, and Is written 
as n^ABC, ^ 

Clearly our postula^t^ has been set up so that the imlt 
angle is the degree* Ih other words the angle characterized by 
n^ABC ^ 1 is what is usually defined to be a degree and will 
have the property that ninety such angles ^id "side by side" 
will form a right angle. Precisely speaking the measure of a 
right ^gle will turn out to be 90* Notice that the measure 
of no angle can be 0 or l8o since our definition of angle 
restricts the side S to be non-collinear* (For a discussion 
of this restriction see Coimnentary for Teachers, Chapter 4*) 

Now following a fa^llar path (Section II-*5) we adopt the 
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gaflnltlon . 4 ABC ^ LVQR means that n^AK ^ n^P^. 
Then propertleB (l), (2), (3) of II^l above reduce to familiar 
equality properties of real numbers . A postulate Is needed 
from which (4) ^d (5) aboveN caA be deduced* it may be Intro* 
duced in terns of ray ooordma^s , 

. Definition . Let V be a point in a plane M* A ray ^ 
ooordlnate system in M relative to V Is a one-to-one 
oorrespondenee between the set of all rays In M with end- 
point v and the set of all nraibers x such that' 0 < x < 360 
wl-th the following property* If numbers r s^d s correspond 
^ rays VR and VS in M and if r ^ Sj then 

n^RVS *r-s^ if r-s< l80j 

m^RVS ^ 360 - (r - s)^ if r - s > l80| ^ 

TO ajid VS are opposite raVs, if and otily if r s - I80* 

Definition , The number which a given ray-ooordlnate system 
assigns to a ray is called the ray-QOordlnate of the ray. The 
ray whose ray-coordinate is zero is called the ^ero-ray of the 
^ay-eoordlnate system. 

The Protractor Postulate is then stated as follows 1 

Postulate 17_, (The Protractor Postulate) if M is any 

plane and if VA and TO are noncollinear rays in M# then 

there is a uni^e ray-coordinate system in M relative to V 

such that vA corresponds to 0 ^d such that every ray VX 

with X and B on the Bsme side of VA corresponds to a 

number less than 180* ^ 

r 

III-3* Congruenoe of triangles . we are now ready to con- 
sider congruence of triangles* Our definition of congruent 
triangles (Chapter 5 of text) is essentially the conventional 
one I One triangle is a "copy" of the other in the sense that 
itS' parts are "copies" of the corresponding ^rts of the other. 
But observe the precision with which it is foTOnilated* The 
correspondence doesn't depend on individual interpretation of 
the vague team "corresponding" but is based objectively on s 
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, pairing of tha vtrtlaes 

A— *A«, B' — ^B«, G« ^Ct 

which InduGes a pairing of aldei BiidL of angles 

Ik—^lk^,^ ^_^^t. 

Notice how spelling out the notion "corresponding" in this way 
helps to point up the Impertanot of the notion of a congruende 
which Is not menMoned In the conventional treatment, ^us our 
treatment brings \o the fore the idea of a 1-1 correspondtnct 
between the vertices of A ABC and ^A«B«C* which ensures that 
they are congruent because it requires corresponding sides and 
corresponding angles to be congruent^ that is to have equal 
measures. ^Is simple idea is capable of broad generalliatlon* 

Do*^ we need postulates on/ congruence of triangles? We h^e 
a lot of information on cong^ence of segnents and congruence 
of angles, separately, but nothing to inter- relate these ideas. 
For example, we can't yet prove that the base angles of an 
Isosceles triangle are congruent. we Introduce the S.A.S. 

Postulaipe to bind together our toowledge of sepient congruence 
and ajigle congruence. 

Now let us examine more closely the ^notion of congruence of 
triangles p is it really necessaiv to recpiire equality of mea*- 
sure of six pairs of corresponding parts? If we think of the 
sides of a triangle as its basic detatTOlnlng parts it seems very 
natural to define congrment triangles as having corresponding 
sides which are congruent. Naturally If we were to adopt this 
definition we would postulate that If the corresponding fides 
of two triangles are congruent their corresponding angles also 
are congruent, in order to ensure that this definition of con- 
gment triangles is equivalent to the familiar one. Notice 
how much simpler the definition of a congruence between 
triangles becomes if we adopt the suggested definition. 1^ is 
merely a 1-1 correspondence between the vertices of the 
triangles, 

A— ^A«, B— ^B«j C ^^^'C» 
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which "preserves" distanoei in the sense that the dlstanee 
between any two vertloes of one triangle equals the distanae 
btetween their oorrespondlng vertioes In the second triangle, 
that le 

AB ^ A«B«, BC ^ B«C«, AC - A'Cf, 

III*^, Congruenee of qu adrilaterals » The main objeetlon 
to the suggested definition In the preceding seetlon Is that it 
doesn't generalize in the obvious way for polygons--not even 
for quadrilaterals. 

For exMple, a square anA a 
rhombus ean have sides of the sMie 
length and not be oongruent* So 
to guarantee congruence of ^adrl* 
laterals it is not sufficient to 
require. Just that correspoj^lng 
sides be"*congruent> and It Is customary to require In addition ^ 
the congmience of corresponding angles* Thus the conventional 
definition requiring congruence both of sides luid of angles 
applies equally well to triangles and quad^laterals , 

However angles, though very Important , are rather strange 
creatures compared to se^ents and it seems deslrablej if 
possible > to characterize congruent quadrilaterals in terms of 
congruent segments^ or equlvalentlyj e^al dlstajiees, Ihis Is 
not so hard* ^ - 

Going back to a triangle we observe that its three vertices 
taken two at a time yield ^three se^ents or three distances and 
that the figure is In a sense determined by these three dis- 
tances. Similarly the four vertices of a quadrilateral yield 
not four, but six segnents (the sides and the diagonals) and 
six corresponding distances, which gerve to determine the quad- 
rilateral* This suggests: If we have a 1-1 Gorrespondence 

A — ^ A»^ B~^B^, C -^^C*, D D» 

between the vertices of th% ^adrilaterals ABCDj A*B*G*D' 
such that corresponding distances are preserved, that is 

AB,AC^AD,BC,BDjCD^ A»B»|A«C« jA»D»,B»C»,B»D»,C»D« j 
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raspeatlvtlyj we aall the eorraspondenGe a oongruenoa we 
write ABCD = A»B»C»D«, It Is not hard to show that this 
definition Is egulij^ient to the mora f Millar ona. 

111*5. Congkianoe of arbitral^ flguraa , We now must faae 
the problem of foraiulating a general definition of aongruenar* 
The placamaal proeees wa have employed^ defining oongruenoe 
separately ^^rsegm^nts^ emgleSj triangleSj quadrilaterals la 
unavoidable In an elementary treatment but Is neither satisfy- 
ing nor complete* For It still remains to define congruent 
olrcles and eongruent olroular area and eongruent .ellipses and 
congruent reotamgular solids, etc? In each case we construct 
an appropriate definition, we are sure It la correct, and are 
equally sure that the general concept has eluded us, w 

I So lat*s make a fresh start. Suppose p and F« are two 

congruent figures. Our basic Intuition Is that P» Is an 
exact copy of P, Somehow this entails that each "part" of P» 
copies a corresponding "part" of p — that each point of F« 
behai^s like some oorrespondlng point of P. If P ^has a 
sharpti^oint at A then p' nnist have a sharp point at a cor- 
responding point A* I If F has maximum flatness at B then 
*P' has maximum flatness at a corresponding point B*] If F 
has a largest chord PQ of length 12,3 then P* has a cor- 
responding largest chord P»Q» of the same length, 12, 3 j and 
so on. How can we tie together these Illustrations In a simple 

^ and precise way? 

111-6. A congruence machine . Suppose instead of con- 
ceiving P* as a given copy of P, we take F and try to 
.make a copy P» of It. As an Illustration let P be a house 
key. Then P« can be produced by a key duplicating machine. 
The machine has the secret of the congmence concept--how does 
It work? 

The machine has two moving parts: 
a scamiing bar which traces the * 
given key and a cutting bar which 
cuts a blank into a duplicate* 
As the scanning bar traces | F 
starting at its tip A, the 
cutting bar traces the' blank 
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starting at Its corresponding tip A'. As the sewmar moves to 
position B, tha outter outs away the metal and comes to rest 
at a corrtsponding position B», When B rists to a "peak" 
so does B*— when B falls to a trou^ so does B'— when B 
traverses a line se^ent, B« traverses^ line segrnent of 
equal length. 

Vftiat guarantees that this prooess yields a true copy? 
Simply this* When the sowmer is^fixed in a position^ B, the 
outter oomes to rest in a position B* such that diatanoes AB 
^d A*B* are equal* tod this is t^e for each position B 
of the scannerV ^ Clearly what the machine does is to associate 
to each chord from A of F an,"e^al" chord AfBi from 

A* of F*, tod it associates the chords by associating their 
endpolnts B and B« * Precisely spes^ing, the machine effects 
a 1-1 correspondence X < » x* between P and such 
that the dist^ce AX always equals the distance A*X*, 

Does this property hold Just for A, the tip of F| and 
A« its Correspondent in F»? Clearly not* The machine doesn't 
know where we start, ^at we have asserted about the chords of 
F from A will hold Just as well for the chords from any point 
of F* So the 1-1 correspondence X < » X^ between P and 
F> has the stronger property that for every choice of p and 
Q if P^i-^ pi, Q#_^Qi then PQ ^ P*Q^ or as we say the 
correspondence preserves distance. Here we have the essence of 
the concept of congruence* 

^ OTie legend has it that when Pythagoras succeede'd in proving 
the theorem ascribed to him, he was so elated that he saoriflced 
the hecatomb of oxen to the gods, airely in the light of this 
tradition the fomal definition of con^f^ence deserves a sec- 
tion all to Itself, ^ f 

III-7. The definition . Let X^^— be a 1-1 corre- 
spondence between two sets of points *^^P, p» such that 

P < > P«j Q'^^^Q* 
always Implies PQ * P«Q** Then we^ay P is congruent to F« 




and we write F ^ Moreover we call th© 1-1 eorrespondenee 

a oongruenoe between p and F», 

This definition Is the oulmlnation of two thousand years of 
thinking about oongruenee. Althou^ it seem quite abstract 
it unifies and unites the piecemeal cUscusslon of oongruenoe we 
have given. Every Inst^oe of congruent fibres discussed 
above from segments to <|uadrilaterals can be proved to be a 
case of our general definition. Thta is discussed in detail In 
the ^pendix on Rigid Motion In the text. 

As a simple illustration of the definition let F and F' 
be triples of noncolllnear points, say p is (Aj B, Cj amd 
F* is Ca», a*J, Let the 1-1 oorrespondence between 
F tod F* which preserves distance be 

(1) A.^=*.A», B^^^BU G*-*C». 
Then we have AB. « A»B»j BC « B'C', 
AC ^ A»C»* We see intuitively ^^'^ ^ ^ 
that F« is a copy of P, ' Now A C A' C' 

shift from the point triples to the triangles they determine* 
The S.S.Sp Theorem tells that ^ ABC is congruent to AA'B'C' 
tji^ the conventional sense. 
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It follows (see the ATOendlx on Rigid Motion) that 
^ABC ^ AA»B*G* in khe sense of our definition. Actually 

there is a 1-1 correspondence between the infinite point sets 
AABC^ AA*B'C' which| makes the vertices correspond as in (l) 

and which has-v^e property that p <- » P'j Q 4 » Qt always 

Implies pQ = p»Q» , 

Observe 4iow the correspondence between the triangle is 
engendered by the trivial aeeming correspondence between their 
vertices. For example, if P is on TO its correspondent P» 
is determined as the uni^e point P' on A'B* such that 
A»P» - AP, Let us think of the finite set of its vertlcesj 
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(A, B, C), as a "sktlaton" of Then If the aktlatons 

(Aj B, C), ' (A*, B'f C'} of two triangles are oongruant the 
trlan^es as a whole are congruent— using "eongment" In Ita 
present sense. This idea was too coi^lex to introduce in 
J Chapter 5 of the text. But it was fore-shadowed there in the 
insistence that congruence of triangles was the consequence of 
the existence of a "congruence" between them— * that Is, a 1-1 
correspondence between their sets of vertices which preserves 
lengths of sides and measures of an^es* * 

There Is m essential element/jsf coi^lexlt^ in the defini- 
tion of congruence I It rec^lres (in general) the pairing off of 
the points of two Infinite sets so^Jas to preserve distance. 
This is unavoidable— it even seems'^to be present in the compara- 
tively simple problem of duplicating keys* There is however an 
important element of simplicity* We don't have to mention 
angles and the preservation of their measureS'-^the distance 
concept covers the situation. It follows easily that angle 
measures are preser^edt 




for if p< — -*^P», — p^Q*, R e > Rt correspond under a 
congruence between F and pt, and p, r are non- 

collinear, we see by the S.S.S, Theorem that n^P^ m n^piQiRi, 

You may find It Interesting to give for quadrilaterals a 
discussion like the above for triangles—consider the vertex 
sets {A, B, C, D}, {A«, B», dO of quadrilaterals ABCD, 
A«B«C«D« as their "skeletons," In this connection recall the 
discussion of aongruence of quatollattrals at the end of Sec- 
tion I1I-4, t 



II1-8, Motion in gaoinatry . We can stata the definition 
of rigid motion now, but it probably will be more meaningful If 
we say a few words flrit about the sense In whloh "motion" is 
used in oontemporai^ geometi^. 

Let a body B move physieally from an initial position p 
in space to a final position P', It is not neeessa^ Tor our 
puiposeB in geometry (as aompwed say with fenematlcs or fluid 
dynamics) to bother about the intermediate stages of the motion. 
So we QBn describe the motion merely by speolfylng the initial 
position X In F of an arbitrary point p of bo^ B and 
its corresponding final position X' in P«. in its most ^ 
general form^ then, a motion is conceived as a 1*1 correspon- 
dence or transfomatlon between two figures p and p» , The 
tectaical term "transf ormiy.on" is often preferable to "motion" 
since it doesn't suggest various irrelevant attributes of ^physi- 
cal motion, 

III-9* Rigid Motion , A motion or transfomatlon between 
two point sets P and p« Is a rlg^d motion if it preserves 
distances— that Is If it is a congruence between P Md P* ■ as 
defined in Section III-7* A' detailed discussion of the concept 
of rigid motion appears in an Appendix to the text. 

To Introduce you to the modern theory of congruent figures 
and rigid motion we have put the maln*emphasls on the first, 
since it Is more familiar and seems easier to apprehend* How- 
ever, glueing back at the definition of congruent figures, 
you see that it implicitly involves the notion of rigid motion. 
In fact now we can reword lt% p is congment to pt provided 
there exists a rigid motion between them, or as^ we' say mora 
graphically, a rigid motion whlcji "transfoms p into P*"* 
'nij.j. is the highly refined culmination w^he vague and famous 
classical statement which served to introduce our discussion 
of congruence* "IH^o flpires are cdngruent if they can be made 
to coincide by a rigid motion*" 



Sometimes the clarification of the basic concepts of a 
branch of mathematics fims up the foundations, puts the cl^ 




stone on the superstructure and^ sets It to rest* 




This is not 
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io here. The eoneept of rigid motion haa itimulated the s'tudy 
of alaasioal geometry, has yielded new iniightB aJid helped to 
imfold new unities, ^It has suggested the study of more general 
geometric jransfo™atlons ("noQ-rlgld motions") has pre- 
lented problr^^s to the field of Ptodem Algebra/ since motions ^ 
tend to oecur In eertain "natural algebraic for!^tlons^»^alled 
gI!0Up3. ' ' ^ / ^H^^ 

In the first place congruence and jigld motion have an 
impact on geometry since they apply to all flgurea* we c^ 
talk precisely not merely about congruence of (or rigid motion 
between) trlmigular pyrOTids or spherical zones or hyperbolic 
paraboloids but also of linesj planes, space, half-planes, rays, 
etc* At f4^rst it may sound silly to say a line is congruent to 
a line-*but trj to find a better replica of a line than a line! 
It must be Just because thte relation cpngruence applied to 
lines is so fundanental and. universal that we are not oohselous 
of It — as a fish mist be unconscious of the notion humidity* 
In a first approach, congruence takes on importance as applied 
to se^ents (or angles or triangles) precisely i^because not all 
segments (or angles or triangles) are congruent to each othe1|* 

So it may seem trivial to say a llne^is congiment tq a line 
or a plane to a plane or space to itself p Bit suppose we shift 
the focus from the static idea of congruent figures to the 
dynamic — and logically prior — ^idea of rigid motion. Is It ^ 
trivial to say there eKist rigid motions between lines or be^ 
tween pl^es or between apace and itself? just to ask this 
question discloses a broad vlstai One of the principal cohaema 
of contemporary geometry (or cohtpmporary mathematics j Isg^he 
study of tranafoiTnatlons (rigid and non-rigid) of n-dimenslbnal 
spaces* 
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Rigid motions which tranefo™ a 
line' L Into, a line l». If 
L L» we hmve slides or ^rans* ^ 
-V latlons wHlGh "move" thf points 
' of L along parallel transvertals 
to get their correspohdlng points 
of LV, If L and L» meet in 
JUst one point . C we have a 
rotation about G* If L and 





L* coincide, that' Is L ^ L*, 
^ we huve two 'types of rigid motions 
operating on Li ^ ' . ^ 

(1) translations along ^ Lj ^ 

(2) raf lections of L In a point where point d of l 
Is "fixed" (that Is it corresponds to Itself) and eve^ other 
point of L "moves" on L from one side of C to the other. 



t 



similar considerations apply to planes* The theory cul- 
minates in the study of rigid motions of space--that Is between 
space Md Itself, Here*-the basic t^es are translatlons j in 

- which no point Is flxed^ rotations In which each point of a line 
(the axis of the rotation) Is fixed, knd reflections In^a plme 
£ in which each point of plane £ Is fixed and 'the ^^alf- 
spaces separated by ^ are "interchmiged* " lyjore precisely a 

reflection in g Is a trMsfortnation Xf ^X* such th$ty,f 

X is In (g then^ X« ^ X^ and if X is not In <ff then S is 
the perpendlculaJr bisector of All rigid motions of space 

^ are "combinations" of th^ese- three basic typerf. Just as all 

positive integers other than 1 are combinations ^ of primes* 

jj 

You may say that the theory of rigid motions of ^llnes, 
plaries and space Is attractive and relatively simple j but 



J 



haventt we Isft out the . armoylng oomplexltlesHnvolvea in the 
stad^ of^sptolfic oongm^nt figui'es like iepaen|B, tminteated ^ 
triangular pTrkmlda and oonts with oval bases? Not at all I 
They are ©legantly oovered In the theory of rigid motions of 
the basic '"linear majilfolds"i line, plane, spaoe. 

aW a ve^ ilmple ^illustration 
suppose segnent SB Is oongruent 
to segment. A'B' * ^en there la a 
rigid motion betv^een them whieh, . 
let ,us say, makes A corres]^ond 1: ^ 

we <l L 




^0 A* and B to B». Now *p 

;havt 'the remarkable result that '_ i ^ 
this rigid motion, which is a certain kind of 1<-1 corrtspori-^ 
dence between sepnents SB aftd A'BV^ can be extended to form 
a rigid motion between thp whole line aJ and the whole llne^ 
A'B'^^and this extmslon ^im be^^made In Just OQe way* TO^s we' 
don't dlstnirb the correspondence between .TO and A'B'' but 
"amplify" it by suitably defining a unl^e correspondent for 
each point of AB \ not in^ TO, so that the final correspondence 
%B a rigid motion between AB and A*B*# So in the study'of 
rigid motions between lines as wholg^, we are automatically 
covering all possible rigid motion's .(and hence all possible 
relations of congruence) between "linear" figures j (that Is, 
subsets of lines which contain more thim one point Similarly 
any rigid motion between "planar" figures (that .Is, subsets of 
a pl^e which are riot contained In any line) Is iml^ely extend- 
able to a rigid motion of their containing plmea* Finally we 
observe that buj conceivable rigid motion 1^ 'encon^assed by a 
rigid motion of space* 

III-IO. Non - rigid motions . As we have indicated, modern 
geometry is concerned with transfomatlons that , do not preserve 
dlstajioe, as well as wJtth those which do. In Euclidean ^ 
Geometry the most Important ex&^le is a slmHarlty , which bears 
the same relation to similar figures^^ that a congi^ence ol'^Tpgid 
motion does to flares which are^^^ongrUent, Formally su^gse n 



X X' is a 1-1 correspondence 'between fibres F( 
such -that 



Id" Ft 



.alwayi Implies p«Q» m k-PQ where k ^is a fixed positive 
mamber. Then we call the correspondenqe a siroilartty trans ^ 
formation ^r a similarity and w^say F la simiiar to, P«. 
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- .easily follbwi that a similarity tr«isfoiTnation-.-al though, it 
; is not in general a rigid mption-^alwaye preserves an^e mea- 
' sures* TOiis definition of ^slmllai* fipires, when restricted to 
^ triangles, oan be proved equiv^#nt'to the faMliar one. The 
simplest geneaal type of similfrity is- the dilatation (in a ^ 
pJajie or in space) --this is a slMlarity which leaves a given 
point C fixed ^d radially "stretches" the dlstmnbe of any 
point from C by a positive Caetor k* ^ ^ ^ f ' 
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other Im^rtaftt types of Itrmsf OMiatlons arte central In 
v^lous geomatrlc thaarlae. ,Por axampls, "parallel projection" 
between planes in af flne^ geometryj "central jgrojeetion" between 
planes In projective geometryj and topolo^eal transfo™atlons, 
which are k t^e of continuous 1-1 correspondence^ In 
topology* ThB thepi^ of niap-inaklng^ is concerned wltt) various 
"projeotions" or other kinds ^f traniformations between a sphere 
mad cone, cylinder or plane, ^ 

And so we h^e ended otir talk by touching upon a modern 
generalization of rigid motion which well might merit a talljc' 
for itself. ^ 
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BOm FffiMARKS ON STUDIES II 

The Studlei in Matherriatioi , Volume II , Euolldiian Q#ometr^ 
Based on Ruler and Protraatoy p Axioms was ^prepared to help te^aehera 
beeome familiar with t|ie approach to Euelldean Geometry T/^J.eh has 
been adopted by SMSQ. It was intended for us^ In Bummer courses 
for teachers, and is not suitable either as a text for high sehool 
students or as a teaehers' manual. This volume of Studies probes 
into the foundations of geometry, covering material which IS too 
dlffleult for most high school students ^ but which It Is desirable 
for teachers to know,^ It analyses the ohanges in attitude 'toward 
geometrical Ideas, from Greek times to the present^ and traces the' 
modifications ©f geometrical terminolo©r, notation, and other 
aspects of expression which the. changes in attitude have brought 
about , 



In particular. Studies II goes into considerable detail about . 
the Ruler and proptractor Postulates and their impllGations * , 
Because of the central role played by these postulates In Geometry 
with Coordinates , studies ll la of special value to teachers of 
this text, ^ ^- ' 

. .._,The_ remainder of this TalH is devoted to a brief analysis of 

the differences between the postuljite system^ of Qepm^ry with 
Coordinates and the form of the postulates^'dlscussed In Studies II , 
so as to make the latter book as. useful as possible to teachers of 
G.W, ' . 

(1) . The postulates of connection- stated in Chapter 5 of 
Studies II y are called the incidence postulates In G .W , The 
obvious correspondence between the two sets of postulates is shown 
in the following table. 

G.W. Stuflies II 

Postulate 2 \ la " 

5 lb 

6 ■ . . 3 
. • 8 ■ \ 

9 ' 5 
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Postul^es 1% 4,. and 7 *of' ^,W. domblfted with the othtr G.W. 
inQldenqie poetulates eetabilsft "Theorem 2-7 which eorresponds to 
Poatuiate IcV of Studies II, In Q.W.V thii statements that lines 
: and planes are sets of points '^are made in the postulates. In 
Studies II, these statements are made in the. remarks preoedlng the 
postulatfes, I^e mathematical content of thtse two systems of 
populates is exactly the same thou^ they do dfffer in wording 
and numherlng. ' ^ ^ 

\ (2) ^le discussion of distance and the Ruler Postulate In 
Chapter 4 of, Stajdiei - II , does ndt Involve a consideration of 
different units of measurement, as treated in Q ,w , ^e Talk on 
the Concept of; Congruencf makes clear that betweenness and related 
matters can be adequately handled without changing the units of 
measurement, if a,w, were to express all distances In terms of 
on*fcit-pair, then Postulates 11 and ij would Je unne9essary and 
Postulate 40 would be^modlfied. Ihle modified postulate would 
state, simply that asaoclatpd with every pair of points Is a number . 
called the dlsta^noe between them, and that this number is positive 
If the points of the ^ pair are distinct and zero if the points are 
the same. If the distance between p and Q were denoted by 
PQ, then PQ ^ QP Just as in the' G,W, text since, there is no 
preferred order for the points. (In the notation of ^ Studies II 
this equality is written d(p, q) ^ d{Q, p) . ^ ^ 

U) It is clear that Postulate is, the Ruler Postulate in 
combined with the definition of a coordinate system Is 
equivalent to Postulate 7 of Studies II , 

(4) llie definition of betweenness In Studies II is related to 
the Betweennees - Distance Theorem, Theorem 5-9 of a,w. In the' 
discussion of the latter in the text it is pointed out that the 
distance relation involved In the theorem characterlze's between- 
ness . I^us the equivalence of the two different definitions may 

be established. 

(5) The difference between the Protractor Axioms in Q.W. 
and In Studies II, lies in the fact 'that G.W. uses a '^circular 
protractor" whll« Studies n uses in the background a "semicircular 
protractor, As a consequence of using ^tW.'^cireular protractor" 
there is a close analog between the Protractor Postulate and the 
Ruler Postulate in Q.W, since both deal with coordinate systems, 
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This analog Is nowhere ntar as striking when the "semlclraular 
protractor" Is used • ^ ) * . ' 

Tnia^ray-CQordlnate eystenf In G.W. ^also leads more naturally 
to the extension of the conaept of angles as needed in trigonometry 
and to ti^m introduction of polar coordinates in later courses ^ 

We note that Postulate 9 of Studies II corresponde to 
Postulate 16 of g.W. Postulate 10 of Studies II is similar to 
Postulate, 17 of G,W, Postul^ates 11 and 12 of Studies II are con- 
sequences of Postulates 16, 17, and I8 of G.W. The discussion in 
Studies II of these. postulates about angles Is concerned primarily 
with synthetic teohniques of proving that certain lines intersect, 
and kindred matters . ' ^ , ^ ' ^ 

One of the Irnportant aspects of coordinate geometry is that, 
as aopn as we are in a position to pursue geometric theory using 
coordindLj.es, the difficulty of answering many^of the questions of 
synthetic geometry raised in* Studies II concerning betweenness and 
the separation postulates disappears * This is because the coor= ^ 
dinatfes of points and equations of lines > planes, circles, spheres , 
etc * carry with them complete Information .for settling these ques- 
tions in a straight -forward algebraic manner. 

. A careful reacnng of Studies II is bound to be both pleasant 
and profitable . 



A DEVELOPtEN* IN WHICH SIMILARITY 
PRECEDIS CONORUENCE 

In the text we flret developed the notion of conginient 
triangles^ Introduced the paral^lal postulate^ developed ^he 
notion of sind^larity, and then proved the P^hagore^ Theorem 
and its aonveria. ^lere mrm other ways of orgMiiing this part 
of ^clldean geometry. The ^i^ticular way to be outlined here 
IntroAices a similarity poetulate first, ^e notion of 
aongruenee then appears as a natural and special instance of 
similarity. The "parallel postulate" occurs as a theorem, and 
the ^rthagorean ^eo rem and Its converse are easily obtained. 

We ddd not choose to follow this organisation in the text 
for two reasons I 

Hi 

1. It represents a considerable departure fig^m the 
traditional organization of geometry. 

^2, It places the discussion of the relation between non- 
Euclidean and Euclidean geometry into somewhat unfamiliar 
ter^tory. For instance, the distinction between Hyperbolic 
and Euclidean geometry hinges in this seating (since the 
"parallel postul4te" Is now a theorem In our development of 
Euclidean geometry) on the fact that in Hyperbolio geometry if 
the lengths of the sides of one tri^gle are double those of 
a second triangle, the two triangles are not simlJ.ar, Thm 
di|6overy of non-Euclidean geometry is alSo difflc^t to 

^a^^licate in this setting, since, historically, the discovery 
came about from close study of the role of the parallel 
postulate. On the other hand, we consider this organisation , 
to be attractive because of its Gohciseness and the consequent 
rapidity with which we can get to analytic | geometry in the 
plane. We also feel* there are mar^ pedtegoglcal advantages to 
be gained from yiewing congruence as a special case of 

'similarity, , ^ 



In writing an outline of the developmer^ based on 
elmilarlty we will resort to a "telegraphic etyle"s poetulafcej 
definition, theorem^ proof j etc,, wltfi few Intervening remarks. 
If you^wish to teach from this outline, you will have to "clothe 
its bare toones'^ and supply your ovm probleme, I^erd is material 
m the text that could easily be '^dapted with only slight 
modlfioatloh. Anothe? soiree is Baslo ^Qeotnetry by G. D. ^rkhoff 
Md R, Beatley, Third S^tlon, Chelsea Riblishirig Gompany, ^ 
New Yorkj ^hlch Is organlEed on a similar plan. 

The following outline is an ' Interesting-^Miple pf the 
changes in organisation that result from ohooslng a different 
postul^ta, .even though the postulates as a whole describe the 
same geometry, Wa also remark that because of the need for 
some theorems about parallels in developing anaXytlc geometry/, 
we inserted them in the outline in spite of fhe fact that th^^ 
Pythagorean Theorem and its, converse could have been eBtablished 
immediately following the theorems on perpendiculars. In other 
words, the Pythagorean TTieorem and*' its converse were not our ^ 
only goals, since we wished to complete the sjmthetiQ framework 
needed to introduce artd discuss plane analytic geometry* 
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Outline of a Chlpter on Similarity and Congruence 

Introduction ' 

Relationship between floor plans of a building and the 

) floors of the actual building. \ 
Scale ^drawing. 
"Same shape." 



Proportionality 



Def inj/blon . The numbe'rs p, q, r, , . . , are said to be 
proportional to the numbers a, b, c, . . , , If and 
only if there Is a non-zero number k such that 
p ^ ka , q ^ kb , r = kc , . , • 

The niimber k ' is called tlpg- constant of proportion - 
alit^ or proportlqnallty factoj^. 



Examples , 

Properties of proportionality . 



similarity and Congin^enea 

'One-to-.one oorrespondenees betweten the vartloes of • 
^ - triangles andi notation: (Same as ii^ text omitting 

any reference to the idea of congruenoe and replaoing 
such refereneas by appeali to idea of same shape,) 

pefinitlon ,' The six parts of a triangle are its 



es. 



and its aides. 

Definition , Given a one-to«pna aorrespondenee ^twmen the 
vertices of trl^glfes AM and DBF , AM ^ — ^ DEF * 
the six pair of corresponding parts arei ^A and 
, and ^ , £o and /F ; and W , 

and W ^ W and IP , 



Definitions , A one-to-one corrtspondence between vartlces 
of triangles is sai4 to be a similarity if and only 
if correipondlng angles are eongruent and the lengths 
of corresponding sides are prppprtional , 

Triangles' are said to be similar If and only if there 

- - ^ 

is a one-to-pne correspondence between their vertices 
that is a similarity. Notation " ^ " , 

Theorem, If T^ 



3 



(1) 

(2) 



1 

If 



' -2 ' ^3 triangles, then 

Is similar to T, . 



to 
If 
tt 



Is similar to 



is similar to 



T^ 3 then 



y%nd Tg 



is similar 



is similar 



, then Tt is similar to T^ 



^1 

^3 ^ — -1 

Proofs Properties of one=to-one correspondences and ^ 
definition of similarity, 

^perlment . To show reasonableness of following postulate, 
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Postulgte , (StA^S* Similarity Postulate.) 

If theiia' la a ona-to-ona a©ry4j|pondehoe ba^e^ tha 
vartlcfes of trlanglas sueh that tha langths of two ' 
sldas of one ara proportional to .the ciDrreipdnc^ng 
lengtlts of the sldeiAof the other .and the angle 
Ineludad fey thf two sides is eongruent the eorre- 
spondlng anglJ!*of the other, then the^eorresporidenae ji 
is a similaritjg^ . , 

Definitions . A slmllarl'ty between triangles is said to be 
^^^^ oongruenoe if andi only if . the propdrtloriallty faatop 
between the lengths of the corresponding sides is one. 

In this case the triangles are said to be 'Congment". 

Notation. ^ABC ADIF . \ ^~ 

^eorem . If C^Tg , Tg are triangles, then \ . 

(1) ^T-|^ is congruent to , 

(2) If is congruent to Tg , then Tg 1b') 
eongruent to T, • 



(3) If is congruent to Tg and Tg is 



^ eongruent to T^ , then is eongruent to T^ 

Proof i Pro pert las of one-to-one eorrespondenees and 
definition of Jor^riaenoe* 

Theorem . (S.A.S* Congruenee Theorem.) 

If there is a. one-to-one correspondenee between the 
vertices of td^gles, such^that two sides and the 
included angle of one are eongruent^ respectively^ to 
the corresponding sides and angle of the other, then 
the correspondence .Is a congruence and the tc^angles 
are congiHient . ^ 

Proofs An ^S^ediate consequence of the definition of 
oongrufence ('and the S.A.S. Similarity Postulate. 



^perlment . To motivate next thaorenfi ' 

Th^ram ^ , (A,A^Slinllarlty meoMm. ) 

If thpre Is a ene*t©-pne gorrespondenaa batween the 
vertlees of two triwiglea suoh that two ^iglee of 

CBTB oorigruent to th# eorraspondlng ajjglee^ of 
_ _ other^ then the correspondence is a glmllarity 
and the triangles are similar. . ,, ' 

Proof: Let ^'j^ and DBF "be the given* triangles, 

ABO^* — fc^DEF the given one-to-ona oorrespondanee and 

C 





D 



We .have to prove A ABC ADEP , Slnae *AB 0 , 

there exist i k ^ 0 eufrh that DE ^ kAB . On 

locate G euoh that EG - fflC , Ttmn eince ^ BO 0 ^ 

E, 0 are vertices of a triangle and by the ^ 
S.A.S* Similarity Postulate AABC ^ ADEO J i 

, Consequent]^, £a S /ODE , But /A & /PDE ; 

therefore, Q lies on both and , He^oe 

, 0 la P , Hence AABC ^ ADEP^ . 

RenArk . Noti res^blamce between this proof and the . 

proof of the A*S.A,* dongruence Theorem in Appendix V* 
Theorem , (S,A,A. Congruence Theorem,) 

If there la a one-to-one correspondence between the 
vertices of two triangles such that two angles and a 
side of one are congruent, respectively, to the corre- 
iponding angles and side of the other, then the corre^ 
-apondence is a congruence arid the trianglea are 
congruent, 

' ■ 

proofs Immediate consequence of A,S.A* Similarity Theorem 
and def inltfoa *of congruenoe . 



Definition , A triangle is said to be^ lap seel es if and 
only if at leatet tWo of its sides art congruent. 

Definition , A triangle iS" Bald to be equilateral if and.s 
only if all three sites are congruent. 

Def initions In a' ndn^equilateral isosceles triangle the 
side that Is not congruent to either' of the/other 'two 
-Is said to be the base the triangle. 

The angles of the triangle that contain the base are 
said to be the base angles of the triangle. 

Remark , Any side of an equilateral triangle may be called 
a base* Once a base has been chosen, then the 
previous definition can tie used to identify base ' 
angles. - ^ ^ 

Theorem . ^Base angles of an Isosceles triangle are 

congruent.) If two sideBgof a triangle are congruent, 

then the angles opposite them are congruent.' 

_ _ _ ' ' - ^ ■ 

"Proof; In 4 ABC let 




We have to prove ^ /p . ^ S.A*S. Similarity 
Postulate A ABC ^ aCBA , Hence, , 

Theorem . (S.'s.S. ^.Similarity Theorem.) 

If there is a one-to-one correspondenoe between 
vertices of triangles such that coi\respondlng sides 
are proportional, Uhen the correspondence is a 
similarity and the triangles are similar. 

Proofs Let ABC and DEP be the given triangles, 

ABC ^ ^ DEF the given one-to-one correspondence. 
Suppose that DE , EF , PD are proportional to 
AB , BC , CA with proportionality factor k ^ 0 . 
We are to prove. A ABC ^ A DEF * Due to the 
construction used in the proof we distinguish three 
cases. 




On t^e opposite side, of DE from F , there Is a point G 



/ . Bxxoh that j^£DEG S /ABC and EG ^ kBC where k Is the 
proportionality factor. Since DE ^ kAB , aABC*^ A DEO 
by the S.A.S* Similarity Postulate* From this similarity 
we conclude two key facts. ' ^ 

(a) DG ^ DF . (For the similarity implies DG - kAC 
and by hypothesis DF ^ kAC^ ,) 

(b) EG - EP , (For the Bimilarlty implies EG ^ kBC 

and by hypothesis EF - kBC , ) 

For the remainder of the proofs we distinguish three cases 
according aW the point of Intersection H of "PO with 
DE lies between E and D ^ Is an endpoln# of ED , 
does not lie in ED . Example? of these cases are 
illustrated In the ^diagrams above, 
4 

Case 1, (H ' between E and D ,) Since EG - EP , ^GEP 
is isosceles* Consequently ^FG S' /EGF ,^ Further- 
more ^ since DG ^ DP , ADFG is Isosceles and 
£DFG S ^DGP /tfence'^Tff £DFG + m /EFQ ^ m ^DGF +m^GFj 
Now ^DFO ari^ ^EFQ are adjacent angles and ^GF 
and ^EGP are adjacent angles^ so the sums of their 
measures are, respectively, m ^DFE and m ^DGE , 
Bat we proved the sums of these measures are equals 
hence ^DFE £dgE , Consequently ^DEF ^ ADEg' 
by S,A.S* Similarity Postulate, Since AABC 'v ADEG , 
/ this means ^ABC ^ ^DEF . 



Case 2, (H an endpolnt of IE , ) If . H ^ E , then It 
follows from DG ^ DP that ^WQ is Itosceles and 
^DPE - ^DGE * Hence ^DEF ^ ^DEG by the S,A/S, 
Similarity Postulate. Conseqilently ^AB0 ^ . 
If ^H' ^ D , then it follows from sfe ^ EF that 
AEPtt is isosceles and /DFE ^ ^DGE , Consequently, 
.---^ as above, A ABC ^ ADEF , 

Case (H not in eS ,) In this case, the ^rgiiment Is 

similar to that of Case 1 except that ned^r the end of 
the argument a dif f erencg* of angle measures is involv 
Instead of a sum. 

Remark ^ "Note resemblance between this proof and the proof 
of the S, S* S. . Congruence The^orem in Appendix V* 

Theorem . (S*S*^^ Congruence Theorem,) 

If there is a one-to-^one correspondence between the 
vertices of triangles such that corresponding sides 
are congruent then the correepondence is a oongruenGe 

Proof i Immediate conBequence of S,S.S* Similarity Theorem 
and definition of congruence, 

Svim of the Measures of the Angles of a Triangle . 

Objective* To show that the sum of the measures of.>^the 
angles of a triangle Is l8o * 

Experiment, Make a> cardboard triangle ABC , Locate the 
midpoints E^ F of each of its sides. Label as 

In the figure. 



A 




B F C 



Cut along the segments Joining the midpoints to form 
four triangles, 'aDE , -.piF , DBF , FEC , Verify that 
.the fouy triangles seem to be congruent* Atfe they 
similar to A ABC ? Reassemble these triangi^^o 
form the original figure and label so that, when the 




figure Is disassembled, you cart Ident4.f5f which 
vertices and sides are corresponding. Do you see , 
that ^BFD = iFOE , ^DFE ^ ^DAE , ^EFC ^ ^DBF ? 
Does this together with the fact that 
in ^BFD + m /DFE £eFC - l80 suggest a method of 
. " proving that the sum of the measures 'of the angles 
of a ABC is 180^? - 

mLeorem , In ^ABC , if D , E are tha midpoints of AB , 
To f respectively^ then AABC ^ ^ADE . ^ 

Proof r Using/the notation qf the statement of^he theorem, 
we imow that AB ^ SAD' , AC ^,2AE , /DAE - /BAC' . 
Henoe by S*A,S, Similarity Postulate ^ABC ^ AADE , 

I^eorem . If 'D^, .E, F /are the midpoints of the sides IB , 
AC , . m , respectively, of ^ABC , then ' ' 

A A& ^ AADE , 

A ABC ^ A DBF , * 

' a ABC L EFC , 

^ABC ^ ^FED . ■ 

Proof: Using the notation of the statemelnt of the theorem, 
we see that the first three Items in the conclusion, 
follow from the prededing theorem. From these three, 
items ^and the fact that D/ E, F are midpoints of 
the sldesj we conclude that BC ^ 2DE , AC ^ gDF , 
AB ^ 2EF , Hence, S.S. Congruence Theorem, , 

^ABC ^ ^FED , the final Item In the conclUBlon , 

Theorem . (Angle Sum Theorem. ) * , 

/' The sum of the measures of the angles of any 
triangle is 180 . 

Proof: I^t the vertices of the triangle considered be 

demoted by A, B, C / Let D, E, F be the midpoints, 
respectively, of TO , AC , W , J^om the previous 
theorem, & ^D^ , /p S 2efC , ^C = /DPB • Hence 

m ./A + m /B + m /C ^ m ^DFE + m /EFh + rh ^DFB * ' Bit 
m ^DFE + m ^EFC ^ ^DFC , since F^ le between -F?" 
and pe— --^Now^ m /DFE + m /DFC - I80 , since these 
angles form^^ linear- pair. Hence 

"jn /k +km ^B + m /C ^ I80 , ' , 

199 . ^ J ! 



Def Inltion *'- , Given a triangle j then an 'angle contained in 
the unlon^of Mie lines containing the sides of t^e 
triangle is said to be an exterior angle of the 
triangle If and .only if it forms a linear pair wlSh 
an angle of the triangle* " ■ , ■ 

Remark , Exterior angles of a triangle at the same vertex 
are GOng]:nJent» * ^ 

' 'Theorem, (^terlor Angle Theorem,.) 

The measure of an pxterior angle 'of a triangle is 
equal to the sum of the measures of the opposite 
angles of the triangle* 

Proof: Imn\ediate consequence of Defini^tion and Angle Sum 
Theorem, 

Corollary, (Weak form of Exterior "Angle Theorem* ) 

The measure of an exterior angle of a triangle Is 
greater than the measure of either opposite angle 
of the triangle, [ 

^e r^pendl ou 1 ar i t y and Parallelism 

Theorem* If £ is a line and gp is a point not on ^ ^ 

= - — ^ 

then ^there is at most one perpendicular .to ^ that 
contains p . ^ ^ 

Proof: Use the notation of /the theorem and suppose tha^ 
there exist two distirict perpendiculars to ^ 
through P * Let t|i^ intersection of these perpen- 
diculars with be the points Q and R , Then 
^PQE has two right angles. This contradicts the 
angle sum theorem. Hence there is at. most one 
perpendicular to ^ containing P * 

Theorem,) If £ a line and P is a point not on „ 

tYifn there Is at least one peipendicular to ^ 
trifit contains P , 
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proof J Use the notation of the theorem. By the pi^evioua 
theorem and the fact that ^ Qont alns more than one 
point, there Is a point Q on ^ such that *PQ*^ is 
not perpendicular to ^ . -Let- be a point on 

not the same as Q , On the side of ^ that 
does not contain P , there is a point S such that 

p ' p 



— ^ ^ or 




i 



S S 
The segrient "PS meets ^ in a point T , (T f^ft , 
but T ^ R is possible,) Now APQT ^ nSQT by 
SpA.S.' Congruence Theorem, Hence ^QTP ^qtS , 
but since these angles form a linear pair^ 
m /QTP ^ go . Therefore *PS^ is perpendicular to ^ . 

Remark . These two theorems can be combined with the result 
obtained in Chapter 4 to give the following theorem. ^ 

Theorem . If in a plane, ^ and P are respectively a 
line and a point then there Is exactly one line in 
the plane that is perpendicular to ^ and contains 
P . . - 

Definition t Two lines are said to be parallel if and only 
, if they are coplanar and do not Intersect, ' 

Theorem . If ±m a line and P is a point not on ^ , 
therL there is at least one line parallel to ^ 
through P . 

Proofs Using the notation of the theorem^ there is a line 
m^ through P perpendicular to ^ , There is also 
a line n perpendicular to m at P in the plane 
de^rmined by ^ P and ^ . Line n is thus co- 
planar with -4 * Purthermore, n contains^ P and 
does not intersect ^ , for. If It did intersect ^ , 
the Angle Sum Theorem would b^ contradicted^' Hence 
n is parallel to ^ through P . 



Theorem . If ^ Is a line and P Is a point not oh ^ , 
then there is at most one line ^rallel *to ^ 
through P . 

Proofs Using the notation of the theorem^ from the proof 
of the previous theorem we know that there Is a line 
n through P . parallel to ^ , and that the perpen- 
dicular to through P that meets at Q is,, 
such that X PQ 1b pedcpendlcular to both ^ and n * 



h 




Q' £ T 

Now suppose that there is a line h through P that 
is parallel to ^ and distinct from n , Since h 
is distinct from n and parallel to ^ ^ there Is a 
point R of ,h that lies in the intersection of 
the halfplane determined by ^ and p and the half- 
plane determined by n and Q , The perpendicular 
through R to ^P^ meets ^Pft^ In a point S. between 
P and Q . Let' k be the number such that Pft =ikPS 
We see that k 0 . In the halfplane determined by 
.PQ ^ and R there is a point T on such that 
QT =- IcRS * By the S.A.S* Similarity Postulate^ 
. ^PSR ^ APQT . Hence /SPR = /QPT . Therefore *PQ* 
coincides with PT ^ that is^ h intersects ^ at 
T . This contradiction to the assumption that h 
is parallel to and different from n leads to 
the conclusion .that there Is at most one parallel to 
J through P , 

Theorem, If ^ is coplanar with two parallel lines and 
perpendicular .to one of |hem^ then it is perpen-- 
dicular to the other. / 
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Proof I Let the two papftllel lines be denoted by^' m , '^d^ 
n , Suppose that ^ Is perpendicular to 'tgt 
P denote the intersection of ^ and n . ^in^,^ -' ' 
there is .one and only one parallel to m thrdug'h'*' 
cannot be parallel to m . Since 

"■ _ 

planar with m it therefore intersects m.. 
^point Q , ' ■ 



0 




p - 

^ - ^ - f : 

As in the proof of- existence of line parallel to a 
given 4ine through a point not on the given line^ j 
the line through, Q in the plane of , n and Q and 
perpendicular 'to \^ is parallel to n . Since there 
is only one^ parallel to n through Q ^ this line 
J must be m , Hence m is peipendicular to - 

a. 

Definition , A transversal of two coplanar lines Is a line 
that Intersects their union In two points. ^ 

Definition , An angle contained in the union of two 

coplanar lines and a transversal of them is said to 

be an interior angle formed by the transversal and 

— 

the pair of lines if and only if a side of the angle 
is in one of the lines and the other side of the 
angle Is in the transversal and contains a point of 
the second line. 

Def inltion ^ Two interior angles /'ormed by a transversal 
to a pair of coplanar lines, are said to be alternate 
^ interior angles If and only if the Intersection of 
the interiors of the angles is empty^ and they do 
not form a linear pair. 

Theorem . If two alternate interior angle s'foiTried by a 

transversal to a palr= of coplanar lines are congruent, 
then the other two alternate Inter^ior angles formed 
are also congruent* 



Proof: aged on fact that supplements of angles with 
equal measure have equal measure. 

Theorem ^ If and are parallel lines and t Is a 

transver*sal to them then alternate Interior angles 
are congnaent , 

Proofs Let the points of the intersection of t with^-^ 
be P and Q j respectively* 




The perpendicular through Q to ^ ^ meets ^ 
point R . Since and' are parallel, ^ ftR 

Is .therefore perpendicular to . If R coincides 

with P J then alternate interior angles are right 
angles and are congrueijt. If R does not coincide 
wlEh P , then m £QPR + m ^PftR ^ 90 ; since . QRP is 
a right triangle* If X is a point' on in the 

halfplane determined by and not containln'g R , 
then m /PQX m /PQR ^ 90 , Hence /QPR ^ ^PQX . 
Thus alternate interior angles are congruent. 

Theorem* If a transversal t to a pair of coplanar lines 
^ , and is such that the alternate interior 

angles formed are congruent , then ^ ^ and are 
parallel , 

Proof: Use the notation of the theorem. Let p and Q 
denote the points of t on J. and , 
respectively. If t is perpendicular to both 
and ^ ^ i then and cannot intereect 

without contradicting the Angle Sum TheoreTrij and are 
therefore parallel j sl^ce they are coplandr.' 



J 
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If t is not perpendicular to both and , 

then' it Is perpendicular to neither of them. Let R 
be the point of Intersection of the perpendicular 
through P to . 




Let X be a point on ^ . ^pn the oppoalte ,slde of t 

from R , ^ h5rpothesls m /XPft ^ m ^PQR % Hit, ' 

since /PRQ Is a right angle * m ^RPQ + m ^PQR ^ 90 

Hence m /RPQ + m /XPQ ^ 90 . Therefore PR is 

perpendicular to both lines -^.^^ and ^g , There- 

.fore and cannot meet without contradicting 

the Angle Sum Theorem. Slnee^^^ and are 

coplanar, they are therefore pai^llel. 

j 

Pythagorean Theorem 

Definitions^ ^ In a rl^t triangle the side that ±^ lot 

contalnW in the right angle is called the hypotenuse 

The sidas^hat are contained in the right angle are 
calleff^tha^ legs\ 

Theorem , (P^jthagbrean Theorem.) 

If a trikng^e is a right triangle the square of. the 
length 'of the hypotenuse Is equal to the sum of the 
squaras of the lengths of the legs. 

Proof: - As in the text^ or any of a variety of proofs in 
the literature. 

Theorem , (Converse of the Pythagorean Theorem.) 

If the sum of the squares of the lengths of two sides 
of a triangle is equal to the square of the length of 
the third, then the triangle is a right triangle and 
* the third side is the hypotenuse ^ 

1 ■ 

Proof: As in the text, or any o£ /k variety of proofs in 

y 

the literature . 
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INTRODUCTION TO NON- EUCLIDEAN ^ GEOMETRY 

About one hundred and fifty years ago, a revolution In 
mathematioal thought began with the discovery of a geometrical^ 
theorsr^ which differed from the classical theory if space 
formulated by Euclid ^about 300 B.C. Euclid's Geometry Texti', 
the Elements , wais the finest example of deductive thinking fehe 
human race had known, and had be^n so considered for two 
thousand years. It was believed to be a perfectly accurate 
description of physical space, and at the same time, the only 
way in which the human mind could corfcelve space. It la no 
'Small wonder t|en that the development of theories of non- 
Eiiclidean. geometry had ari impact on mathematical thought/ 
comparable to that of Darwin in biology, Copernicus in astronomy 
or Einstein In physics. 

How did this revolutionary^ change come about? Strangely 
enough it may be considered to have had Its origin In Euclid's 
text. Although he lists his postulates at the beginning, he 
refrains from employing one of them until he can go no further 
without it\ This Is the famous fifth postulate which we may 
state in equivalent form as 

Euclid's Parallel Postulate . If point P is not on line 
L , there^ exists only one line through P which is parallel to 
L . 

It seems probable that Euclfd deferred the introduction of 
the fifth postulate because he considered it more complex and 
harder to grasp than his other postulates. 

The consequences of introducing Euclid's Parallel Postulate 
are almost phenomenal. Using it we get: 

1, The Alternate Interior Angle ITieorem for parallel lines, 

2, The sum oT the measures of the angles of a triangle 
is i8o , 

3, Parallel lines are eversrwhere equidistant, 

4, The existence of rectangles of preasalgned dimensions. 
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As remote but recognizable consequences of Euclid's Parallel 
Postulate, we have: 

5* The familiar theory of area in termB of square uni^a 
which in effect reduceS any plane figure to an equivalent 
rectangle , 

6. The familiar theory of Bimilarity, 

7* The Pythagorean Theorem. 

There Is no explicit evlde^nce ■ that Euclid considered the 
fiftfi postulate an improper assumption in hie. basis for 
geometry* 'But generations of ma'^hematicians for over 2000 years' 
were dissatisfied with it, and worked hard and long in attempts 
to deduce it as a theorem from the other seemingly simpler 
postulates. Right up to the beginning of the 19th century able 
mathematicians convinced themselves that they had settled the 
problem only to have flaws discovered in their work. Sometimes 
they employed the principle of the indirect method and developed 
elaborate and subtle argviments to prove that the denial of 
Euclid's Parallel Postulate woj^ld force one into a contradiction 
None of these arguments ^tood up under analysis. Finally early 
in the igth century, J, Bolyai (l802^l86o), a Hungarian army 
officer, and N. I. Lobachevsky (17^71856) > a Russian professor 
of mathematics at the University o^Kazan, independently Intro- 
duced theories of geomatr^y based orf a contradiction of Euclid* e 
Parallel Postulate, 

The purpose o£ this talk is to give an elementary intro- 
duction to the non= Euclidean theory of geometry which Bolyai ' 
and Lobachevsky created, 

I*' Two Non-EucJ.idean Theorems 

In this part we try to give yoUj without a long prellmi= 
nary discussion, the flavor of non-Euclidean geometry* Our 
viewpoint is this: Suppose we consider the hypothesis that 
there are two lines parallel to a particular line through a 
particular point. Wiat will follow? As a basis for our 
deductions we assume the postulates of Euclidean, geometry except 
for the Parallel Postulate , specifically Postulates 1 through 
21 of the text. 
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Theorem 1, Let p be a point and\ a line not contain- 
ing P such that there are two distinct lines through P each 
of which "is parallel to L . Then L Is wholly contained In 
the interior of some angle. 




Proof: Let lines M and contain P and be parallel 
to L , Then M and^ N separate the plane into four "parts'' 
each of which Is the interior of ' an angle. Specifically these 
^parts or regions may be labeled as th© Interiors of the angles 
/APB, £a«PB» , /A»PB , ^APB^ where p Is between A and A» 
on M and P Is between B and B» on N , Let Q be any 
point of L , Since L does not meet M or N ^ Q Is not 
on M or N . So Q Is in one of the four angle Interiors^ 
B^y the interim of /A'PB , Now where can L lie? Note that 
one of Its points ft Is In the interior of /A'PB and that 
L does not meet- the sides ^ the angle ^A'FB . Clearly L 
Is "trapped" Inside /A>PB" and the theoiiem is proved. 




Observe how strange this Is when compared with the 
Euclidean situation where ,only a part of a line can be contained 
in the interior of an angle ^ as indicated In the figure. Bat 
note-=as always in mathematlcs==the inevltabiilty of the result 
once the hypothesis is granted. You may say the argument Is 
valid abstractly---but it doesn't correspond to physical reality. 
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As you ^ake a statement like this you begin to tread the 
path of the non-Euclidean geometeri. All that one needs to 
think mathematically is a set of preclse^ly stated assumptions 
(postulates) from ^which conclusions (theoi^ems) can be derived 
by logical rea|pning. 'Are these assumptions absolutely true 
when'"^applled to tfte physical world? We don't r*eally\ Imow. It 
is nat pur professional concern |^ mathematicians to answer 
the ' question . = It 11^^ in the domain of physicists, aEtronomerE 
and surveyors. As hurr^^ beings. who work in mathematics we may 
like- to feel that cVur theories age applicable to" physical 



reality. But" this l^doesn ^ t require _the absolute truth of our 
postulates or> o^f theorems. When Euclidean geometry is applied 
by an architect or engineer or surveyor he doesn^t require 
results which are absolutely' co^ect^-he might corfSlder this a 
mirage. Rather he demands results correct to the degree of 
precision' required by his problem= -accuracy of one part in a . 
hundred might be excellent in a pocket magnifying glass but one 
part in a million might be too rough for a far= ranging 
astronomical telescope. 

Our" first theorem Indicated^iow positional or non-metrical 
properties In a non^EucHd^^i^^geometry might differ from our 
Euclidean expectations. Now we show how metrical properties 
=-speclf Ically the angle sum of a triangle--are Altered when we 
change the Parallel Postulate. 

Theorem 2. Let P be a point and L a line such that 
there are two lines through P each of which is parallel to 
L . Then there exists at least one triangle the sum of whose 
angle measures is less than l80 » 

^^e first prove a lemma. * 

L%mma > If the sum of the angle measurers of a triangle la 

greater than or equal to l8o then the me|fsure of an exterior 

angle is less than or equal to the sum. of/the measures of the 
two remote interior angles. ' 



^ 1 ...J 
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Proof I We hav& a + b + o ^ 180 , 

Hence a + b > l80 - e ^ d 



^ proof of Thmormm 2i Suppoie the theorem false. Then the 
sum of the*vangie measures of every triangle Is graater than or 
equal to mo . 




Let L be a line and P a point not on L suoh that 
there are ^wo lines through P paralltl to L . Let Una, %^ 
be perpendi^lar to *L at Q . .Slnoe there are two lines 
throiigh P parallel to L one of these must make an acute 
angle with line Suppose then line ^PX^ Is parallel to L 

and makes an acute angle^^ ^QPX , with line ^kT. Let line 
be peiT^ndioular to llne^ with Y on the same side of line 

^P^f as X . ' Let m ^YPX ^ a j then a < 90 , (Think of a as 
a small positive number^ say .1 .) Now there is a point 



L Buoh that' 
as X and Y 



ftR^ - PQ 



and 
I^en A PQR, 



Is on the same si^ of 



is isosceles so that^ 



m ^QPR-j^ ^ m /(^^P = a^ * Since the exterior angle of 
at Q is a right angle, the Lemma Implies 



a^^ + a^ - 2a^ ^ 90 



and 



^1 > ^5 
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Let m ^WRj^ ^ , Thmti 

+ - 90 , 

so that / b -^. 90 - 

and ^ - ^ .. .. . . - ^ 45 . 

Moreover > a. * 



Now we repeat the argiment with a new triangle. On ray 

QRj> there Is a point Rg sueh that R^Rg ^ PR^ and R^ Is 

between Q and Rg . Then APR^^Rg is isosceles, so that 

m ^R^FRg ^ m ^R^RgP = a^ * ^ the Lemma 



ag + ag - Sag > a^ 
So that. .2ag > i ^5 



and a 



Let m /YPRg = bg . Then 



Sine 



e b^ ^ 45 and Sg ^ we have 



< ^ . 

Moreover b^ > a , 

Continuing in this way we obtain a sequence of real numbers 

bj^ * bg , b^ ^ , . , , 

which are lass than or equal to, respectively^ 

^5 ^5 

all of which are greater than the flxei^osltlve number a , 
This is Impossible since repeated halving of 45 must 
eventually produce a number less than a - So our suppositlo 
is false and the theorem holds. 



A proof of this type^ though not dlfflou^t, may be im- 
familiar and you may have to ,mull It over a bit to appreciate 
it better^^ Jji Intuitive term^ it is not V0ry hard, * Ihtre are " 
two malh'^lnts. First, the ray FX which doesn't meet L 
acts as a 'sort of boundary f or-th# rays — , PRg^ ^ whiOih 
do meet L , ThuB the angles /Y?R^^ , Z^PRg $ have 
measures b^ , bg , which Ate greater^than a , On the 

■fcher hand (If the sum of the angle measures of every triangle 
Is at least l8o) we can "pile up" successive a3\glis /QPR^ , 
^R^PRg J starting at ray PQ , of rrteasures at least ^5 

^ , ^ , so -bhftfrjthe angles ^YPR^ , Z^^Rg ' have 

45 45 ' * _ ^ ^ ^ I 

measures ^ most 45 , ^ , ^ , ..^j,^ So we have a .contradiction 

in that the angle&^^^^R^ ^ /YfR^ * have mfasiires which 

approach zero but are all greater than a flxefl'^ positive number ^ 



A final remark. You may object that we have not really 
Justified that PX is a "boundary" for ^ , P^ , ... To 
take care of this observe that the interiors of prf^ and p5^ 
are on the same side of line PQ . Consequently one of thent 
mu^t fall Inside the^ angle formed by PQ and the other. 
|dppose the interior of ¥^ fmll inside /QPR^ * Then ^ 
would meet line \r* . Since this is impossible^ the interior 
of PR*^ must lie inside ^QPX . Similarly for 'PR*" , ... 



'II. Neutral Geometry ^ 

We. are using the term "neutral geometry" In this part to 
Indicate that we are assuming neither Euclid's Parallel 
Postulate nor its contradiction. We shall merely deduce 
consequences of Euclid's Postulates other than the Parallel 
Postulate, (specifically our discussions *are'' based on Postulates^ 
1 through 21 of the text). Our results then Will^ -hold In 
Euclidean Geometry and in the^ non-Euclidean geometry of Bolya^ ^ 
and Lobachevsky since they are deduclble from postulates which 
are common to both theories. Our study Is neuteal also in the 
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' Sanaa of avoiding oprttrovarsy ov#p* the Parallel Postulate* 
Aotually its ^study helps us to aeoept the idea of^on-ludlidean 
geomet]^ since it poir^ts up the faet that mathematieally we have 
a mope basie geometrical thaoi^ which cam be eomplatad in either 
of two vmjrs , , 

We prooead to derive some results in neutral geometry. 
Since you are familiar with so many striking and Impbrtant 
theorems which do depend on Eiffilid's Parallel Postulate you 
might think that there are no interesting theorems in neutral 
geometry. However, this Is not so. * First we restate as 
^eorem 3 of this Talk, TOieprem 5-10 of the ^axt 

Theorem ^, The measure of an exterior angle- of a triangle 
is greater than the measure of either of Its non-adjacent 
interior angles, 

Thi^s is a theorem in "neutral geomet^" since it does not 
depend on the Parallel Postulate, It has some Interesting 
corollaries, 

Co ro 1 1 ary The sum of the measures of two angles of a ^ 
triangle is less than l8o , 

Proofs Glvert nABG we show m /A + m < l80 , By the' - 
theorem m ^A is less than the measure of an exterior angle at 
B which is l80 - m ^ , ThuB 

m£k < l8o - m /B ^ - * 

so that . ' 

m ^A + m ^B < l8o . 

*' , _ 

This corollary is important since, without assuming a 
parallel postulate^— it— gives us information about the ffigles 
of a triangle. It tells us for example, that a triangle can" '', 
have at most one obtuse angle or at most one aright ahgle, 

, Corollary 2, In a plane two lines are parallel if they 
are both perpendicular to the same line ^compare Text, 
Theorem 6=1) . 
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Pre©f I The bailc proparties of parpendlcular lints In 
Euelidaanf geometry are studlai prigr to, tha^ Introduetion of 
the Parallerv Postulate, and so are part of (or are valid In) 
nautral gaomefer^. .Thus tha familiar proof of the corollary Is 
applicable^ ^f the two lines met v^' would ha'^e^, 'In a plane, 
two line a perpendicular to -the -same -line through the same point, 
llils Is' ImposBllDle slrice we would then have a triangle with 
the measura of an exterior angle equal to that of a non-adjacent 
Int^ior angle. Hence* the lines oan^t meet, 

.Corollary 3, Let L be a line, and let P be a point 
jiot bri 'L , then there Is at least one; line through P , 
parallel to L , 

Proof: This follows from Corollary 2 by the familiar 
theorem on the exlitenoe of perpendiculars. (See Text, 
Theorem 4-21 and 5*11*) Let L^ be the unique line which • 
contains p and Is perpendicular to L/. Let Lg be the 
unique line which contains P , Is perpendicular to L^ , and 
Is coplanar with L . 

Observe that this f amlllar^-almost hactaeyed--discuaslon 
has gelded a very Important principle: That parallel lines 
exist. More preclselyj there exists at least one line parallel 
without assuming any parallel postulate! So the crucial point 
In our study of the theory of parallelism 1% whether the^^e Is 
one> or more than onej line parallel to a given line through 
an external point * i ^ ^ . 

To prove an Important, and not sufficiently well known, 
^theorem of Lagendre (1752-1833) we introduce the following: 

Lemma . Given A ABC and /A . Then there exi'sts a 
triangle ^A^B^C^ such that: (a) It has the same angle 
measure sum as ^ApG i (b) < 4 m /A * 
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A . C 

Proofii We use the same oonf Iguratlon as In Theorem '3 
i^me the proof of ^eorem^ 5-10 In Text)* Let 1 be the mid- 
. poln# of W and let' F satisfy Al = IF and 1 is between 
A and F . Then hBEA 5 A GIF and oori*eifpondlng angles have 
equal measures. A AFC Is the hA^B^C^ we are sAeklng, ,We have 

m ^A + m + m ^ m ^1 + m ^2 + m £3 + m ^4 

^ m ^1 + m ^S" + m ^3 • + m /4 
: ^ m ^CAF + m /AFC + m /FGA . 

To complete the proof note that 

so that ' ^ 

m 2a - m / AP + m /AFC , 

Henoe one ot the terms on the right is less thai^'^er equal to i 
the term on the left^ that is -g- m /A , Consequently AAFC 
ean be relabeled AA^B^C^. so as to make the theorem valid, 

Nbte that since we have not assumed Solid's Parallel 
Postulate we don't toow that the angle measure sum is constant 
for all triangles. So the lemia is a significant result in 
that we can construot from a given triangle a new ,one with the 
same angle measure sum* In intuitive terms we can replace a 
triangle by k "slenderer" one without' altering its angle 
measure sum. In effect the proof shows this by cutting off 
AAHE from A ABC and pasting it back on as AFCE . 

Now we can prove the followir^ remarkable theorem. 
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Theorem ^, (Legandra,) Kie angle mtaeui'e sum of any. 
triangle Is less than oi^t eqiial to XBO , : - ' 

I l Proof I Suppose the eontrary,> flHieH there must exist a 
triangle AABC , whose angle measure sum le l8o + p , where 
p Is a jpi^slMye^^m Now we apply the Danuna, It tells us 

that there exists a slenderer triangle, AA^B^G^ , whose angle 

measure sum also is l8o + p such that m < ni £h . To 

fix our ideas let us say p ^ 1 and m /A = 25 . Then 

£5 



m 



/k^ + m + m /Q^ ^ l8l and m £a^ < 



Pressing our advantage we reapply the lemiria. So there is 
a still slenderer triangle^ let us call it AAgBgCg , whose 

angle measure sum is l80 + p and m ^Ag ^ g m ^A^ , ThB.t Is, 

• m /Ag + m /Bg + m /Cg - l8l and m < ^ • 

Continuing in this wayj we get a sequence of triangles each 
with angle measure surT\ l8l and with successive angles of ^ 
measures no greater than . ^ " 

To sea this is impossible^ consider AAgBgCg for which 
m ZA5 < P • " ' , ^ . . 

We have ^ ^ , 

m l_k^ + m /Bg + m /C^ ^ I8I and m /k^ £ ^ . 

Certainly 



m 



5 
but 

i 

m /Bg + m /Cg < 180 

by Corollary 1 to fheorem 3, Adding the inequalitieg^ 

m ^Ag + m + m /Q^ < I8I . 

This contradiction implies our supposition falsej and the 
theorem is establlBhed, 
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Note the point of t hi proof li to get a triangle so 
"ilender," that is with one angle so small, that the triangle 
can't exist by Corollary 1 above* It may now be instruotive to 
write out the proof in general terns without assigning speelfio 
values to p and m £k ^ 

' Cororiat^ The angle measure s^ of any quadrilateral 
is Ifss than. or, equal to ' 36o . 

III, Do RectMigles ^ist ? 

We Gontln^ie to study neutral geometry. We are interested 
in whether a rectang^ can exist in su6h a geometry, and what 
happens If it does. So most of our thedrems wilj haV© the 
hypothesis that a rectangle ,,fxlsts. We use freely the results 
of Part II on neutral geomet^* . ' ^ % 

The^ existence of a rest angle in a geometry Is not a trivial 
things-imagine what aiclldean .geomet^ would be lijc^ if you 
didn't have or couldn'i use rectangles, ijf you try to "eonstructf 
a reetangie you will find you are assuming Euclid's Parallel 
Postulate or one of alts ebnsequenpes, such as, the angle measure 
sum of a triangle Is \l80 , ^ 

FlMt, ym formallS^ define reotangle as we shall use the 
term. Our definition d$.ffers from that of the text (a rectangle 
is a parallelogram with; one right angle); the text definition 
is unsuitable for our purposes here. 

Definition , A (plane) quadrilateral is called a 
rectangle If each of its angles is a right angle. 

Notice that since we are operating In neutral geometry and 
have not assumed Euclid's Parallel Postulate^ we can't auto- 
matically apply familiar Euclideaji propositions, such as (l) 
the opposite sides of a rectangle are parallel, or (2) that 
they are equal in, length, or (3) that a diagonal divides a 
rectangle into two congruent trlaLngles, If we want to aspert 
any of these results we will have to prove them from our 
definition without assuming a parallel postulate. For example, 
(1) is iimnediate by Corollary 2* ^ 
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TOitoram ^s^^"^!* one partleular reotangle exists then a 
reetMgla exists with m arbitrarily large side. 

Raitatamenti aupposa a reottogla ABCD' exlsti x 
is>^a given positive real number. Than there exists a 
rectangle with one side of length greater th^ x , 




Proofs On ray there la a point such that 

BC^ ^ CE and C IB between B and i , Similar ly^ on AD 
there is a point F such that AD - DF and D is between 
A and F . In order to show ABEF is a rectangle, we need 
to show , that P^-^EF ^ arid /AWE are right anjgles,) Now . , 
ADCB S ADGl by S^A*S., since DC * DC'^ CB^-=C1 ,^Md the^ 
two angles at G are right angles. Thus BD ^ DE . and 
^CDB S ^CDl , Since £ODB i £om , we have £mk & ^DF . 
Therefore^ since in addition DA - DF , we have by S,A,8. that 
A DAB ^ 4DFE / Since £dAB ^ ^DFE and m /BAD « 90 , we 
conclude that /AFE is a right angle. Similarly, we can show 
that /]ffiF is a right iLngle. Hence ABEF la a rectangle 
such that 

AF ^ 2AD . 

Continuing In the same marmer, we show that ABGH is a 
rectangle iuid that 

) 

AH ^ .3AD . / 

Indeed, it Is clear that by application of this idea we can 
prove the existence of a rectangle ABYZ such that 



AZ m ri 



AD 



for each positive Integer n , Now choose n so big that 
n • AD > X , Then AB3fZ satisfies the conditions of our 
theorem, ^ 
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CQrollmry ^> If one partieular reotangla exists, then a 
rectangle exlaii with two arbitrarily large adjacent aides. 

Restatement I Suppose a reetwgle ABCD exists y 
are given positive real numbers. Then there exists a reetanglc 
PQRa sueh Ahat PQ' > 7 and 'PS > x . 



c 

B 
A 



'd' 



/Proof: ^Theorem 5m there is a i^eetangle ^ ABY2 with 
AZ > X , ^ the method used In the proof of 'Rieorem 5, there 
is a Rectangle AC D' 2 ^such that AC'^^ 2AB . Continuing as in 
the proof of Theorem 5* we prove that. there exists a rectangle- 
AA»Z'Z with AA' > y . Since AZ > x , we have shown that a 
rectangle with. two arbitrarily large adjacent sides exists. 

Theorem 6^ If one particular rectangle exists then a 
rectangle exists with two adjacent sides of preassigned lengths 
X, y , 

Proof I By the last corollary there is a reotangle P<^S 
such that PQ > X and PS > y * 



J u 


J L 

iRII 













There is a point Q« on 



Q» Q 
^ such that 



PQ' "X , There 
is a perpendicular from Q» to line RS with foot R' , We 
show PQ'R'S is a rectangle. It c rtalnly has right angles 
at P, S, R' • We show /PQ»R» also is a right angle. 
Suppose m /PQ'R' > 90 . Then the sum of the angle measures 
of quadrilateral PQ'R*S Is greater than 360 contrary to 
the corollary of Legendre*s ^eorem (Part II), Suppose 



m ^PQ'R^ < 90 * Then m ^QQ»R» > 90 quadrilateral 
QQ'R'R has an angle meaaure sum greater than -360 , Thus the 
only possibility is m'^PQ»R» m go and PQ»R»S is a 
reotangle. 

In the same way there is a point S* in PS sueh that 
-JS» = y . There .is a pe^andicular from S» to line ^»R»* 
with foot R" , Thmn as above P^"s» is a reetartgle^ and it 

has sides PQ' and PS» of lengths x and y . 

* V ■ 

theorem 7. If one particular rectangle exists then every 
right triangle has an imgle measure sum of l80 • 



A A* D» 




Proof t Our procedure is "bo showi (l) any right triangle 
is congruent to a triangle fomed by the splitting of a 
rectangle by a diagonal ^ and (2) the latter t^e of triangle 
must have an angle measure of l80 * Let A ABC be a right 
triangle with right angle at B , ^ ^eorem 6 there exists 
a rectangle A»B»C«D' with A'B' ^ AB and ^ B»C».^ BO • / 
Then A ABC ^ AA'B'C and they have the same angle measure 
sum. Let p be the angle measure sum of AA'B'C* . and q be 
that of AA»C'D» . We have 

(1) p + q^ ^ '90 ^ 360 , -■ ' 

We want to show p ^ l80 • By Legendre^s Theorem ,p < l80 dr 
p ^ l8p * Suppose p < l80 , Th^ by (l) q > l80 , contrary 
to Legehdre's Theorem. So p * l80 must hold and the proof * 
is compll|te. 

Ilieorem 8* If one particular rectangle exists then eveir . 
triangle has an angle measure sum of 180 * 



Proof I Ar^ triangle A ABC can be- "split" Into two rl^t 
trlanglaSi Each of theaa has angle mtasure ^sum "l8o by . 
Theorem 7* It easily follows that the same holds for^ A ABO , 

ThlB is a rather striking result i The existence of one 
- puny rtotangle with mlorosooplo sides inhabiting^ a rmote 
portion of spa^e guar^tees that every ooneelvable trlangla has 
m angle measure siun of l8o , Since this is a typically 
Euclidean Property we are tempted to say that If in a neutral 
geometry a reetangle exists, the geometry imist be Euclidean. 
The statement is correct but not fully Justified, since to 
characterlEe a neutral geometry as aiclidean we must Imow that 
It satisfies Euclid's Parallel Postulate, ^Is can now be 
proved without trouble* 

^eorem 9. if one particular reo^ngla exists then 
Euclid's Parallel Postulate holds. 

Proof r Suppose a rectangle exists but Euclid's Parallel 
Postulate falls* Then there must exist a line L ^d a 
point P such that there are two lines through P parallel 
to L J since by Corollary 3 there is at least one Una 
paLrallel to a given line through an external point. Then by 
Theorem 2 there exists one triangle, at least, whose angle 
measure siun is less ttmi l6o . Thlm contradicts Theorem 8. 
Consequently Euclid's Parallel Postulate must hold. 

What we have Justified Is a remarlmbie equivalence theorem, 
nwielyi Euclid's Parallel Postulate Is logically equivalent 
to the existent of a reetwigle. That is, taking either of 
these statements as a postulate we can deduce the other as a 
theorem, provided of course we assume the postulates for a 
neutral geometry, ^ . 



An Interesting condition eqwlvalfnt to thfi"^ exlitenee of a 
rectanglf is the existence of .a triangle whose angle Tneasure 
li 180 : * r ^ >i 

^ ^ Theorem 10 . , If there exlste one partlsular tritagle with 
angle maasure sum of 180 , then there exists a reGtangle, 




Proofs Suppose ^ABC has angle measure sum 180 , Fl#it 
we show there is a right trlgmgle with angle measure sum 180 , 
Split A ABC into two right triangles, whose angle measure 
sums are say p and q . Then 

p + q ^ 180 + 2 * 90 ^ 360 • 

We show p = 180 , ^ Legendre's ^eorem, p £ 18O , If 
p < 180 then q > l8b contrary to Legendre's Theorem, Thum 
p - q and there Is^ a right triangle, say AABD , which has 
angle measure sum 180 • 




£ 

Now In the plane of AABD on the line perpendicular to 
AD at A there Is a point E on the s^e side of as 
B and such that AE - DB , Ance m ^EAB ^ ^0 - m ^BAD 
^ m ^ASp , it follows by S,a/s* that A.A^ 5 i^BDA , Hence 
^^B is a right angle, as is also ^DBE . Therefore " AEBD 

is a rectangle. 

^.^ 

Gorollary 6,. If one particular triangle has angle measure 
sum 180 then every triangle has angle measure sum iSo , 



Proof:' By Ilieorems 10 and 8 
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CQrollaEy 7. one partleular triangle has angl% measure 
fium ISO then EuGlld's Parallel Postulate holds. 

Proof i ^ TOieorems IQ and 9 , 

Corollary -8, if one partieulJIp^ triangle has ah mgle 
measure' sum .which is less than 180 then evei^ trianglV has 
an angle measure sum lees than iSo *. 

Proof I Suppose AABC has angle measure sum leas than 
,l80 » Consider a^ triangle ^PQR , ^ Legendre's Ilieorem 
Its angle measure sum p must satisfy p ^ iBo or p < iBO • 
Suppose p m i80 * TOen by Corollary 6^ A ABC has angle 
measure sum l80 , contrary to hypothesis. Thus p < 186 • 

Comparing Corollaries 6 and 8 , we observe an Important 
fact. A neutral geometry is "homogeneous" in the sense vthat^ 
all of its triangles have an a^le meaeure sum of l86 or ! / 
they all have angle measure sums lese^^han l8o . T[^ie first 
t^e of neutral geometry Is Eucli^A geometry==the second type 
corresponds to the 'non-Eucllde^^" geometry developed by Bolyai 
and Iiobaohe vsl^ . This will be discussed in the next^part. 

Exeroige 1. Suppose there is only one line parallel to 
a particular line L through a particular point P , Prove 
that Euolid's Parallel Postulate holds. 

^ " ^^I'gi^^ Suppose there are two lines parallels toji. 
particular line L through" a particular point , ¥ . Prove" 
there are two lines parallel to each line through each ' 
external point. 

IV* ■ Lobaoheys klan Geometry 

Now we introduce the ^dn-Euclldean geomatery of Bolyai and 
Lobachevsky as a foma^l theory based on Its own postulates* 
We call the theory Lobaehevaklan geometry to signalize- the 
lifetime of work which Lobachevslqr devoted to the theory. To 
study Lobachevsklan geometry we merely assume the postulates 
of Euclidean geometry but replace Euclid's Parallel Postulate 
by Lobachevsky" s Parallel Pos'tulatei If point P is not on 
line L there are at least two lines through ^P which are 
parallel to L * In o^^her words we assiune the postulates of ' 



neutral geometry (Postulates 1 through 21 of the text) and 
adjoin LobaGhevsky * s Parallel Postulate. Consequently the 
theorems which we have already derived are valid In Lobachevsklar 
geometry. In factj by putting together two earlier results we 
get the following Important theorem. 

Theorem 11 . The angle measure sum of any triangle Is less 
than l8o . 

Proof: By Tiieorem 2 there exists a triangle whose angle 
measure sum is less than l8o , Hence the same is true of every 
triangle by Corollary 8. 

Corqllai'y 9. The angle measure sum of any quadrilateral 
Is less than 35o . 

Proof: By the coro! lary to Legendre^s Theorem (Part II, 
Theorem 2) the only other possibility for the value is 360 j 
and this Is ruled out by Theorem 11. 

Corollary 10 , Ther^e exist no rectangles. 

Now v;e show that similar triangles can't exist in 
Lobachevskian geometry, except of course for the trivial case 
of congriient triangles. 

Thaorem 12 » Two triangles are congruent if their 
corresponding angles have equal measures. 
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Proof t Suppose the, theorem false. Then there exist 
A ABC and ^A'B'C which are not congruent such that 
m ^ m , m^B - m , m - m . Since the 

triangles are not congruent AB ^ A»B» (otherwise they would 
be cortgruent by A,S,A,). Similarly AC d A»C» and 
BC f B»G» . Consider the triples AB ^ BC ' and AiB» , 

A*a» , B»C» . One of these triples must contain two numbers 
which are greater than the coprespondlng numbers of the other 
triple. Consequently It Is not restrictive to suppose 
AB '> A»B» and AC > A»C» . 

Then we can find B" on AB such that A»B* - AB" and 
C" on AC such that A»C< ^ AC" . It follows that 
AAB'^C^.i' ^A»B*C» so that 

m ^AB"C" ^ m ^B' - m /B . 

Hence ^BB"0" is supplementary to ' £b / Similarly ^6C"b" 
is supplementary to ^C , Therefore quadrilateral BB"C"C 
has an angle measure sum of 360 , This contradicts 
Corollary 9 and our proof Is complete. 

We have here a striking contrast with Euclidean geometry. 
In view of Theorem 12, In Lobachevskian geometry there cannot 
be a theory of similar figures based on the usual definition. 
For if two triangles were similar, the measures of their 
corresponding angles would be equal and they would have to Se 
congruent. In general two similar figures would be congruent 
and so have the aame sl^e. In a Lobachevskian world, pictures 
and statues would have to be life-size to avoid distortion. 

Now let us consider the question of measurement of area. 
For the sake of simplicity we restrict ourselves to triangles. 
Clearly the Euclidean procedure of- measuring area in terms of 
square ujilts will not apply since squares don't exist in ^ 
Lobachevskian geometry. To ^l^lfy the problem we ask what afe 
the essential characteristics^^ area. As a minimum we requlrje 

(1) The area of a trlang^ shall be a uniquely determined 
positive real number; 

(2) Congruent triangles shall have equal areas; 
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(3) If a triangle T Is split into two triangles 
and Tg then the area of T shall be the sum of the areai^'of 
and Tg • 

It is easy to verify that the familiar formula for the area of 
a triangle in Euclidean geometry satisfies these conditions. 

^ There Is a similar area fomula (or area "function") in 
LobachevskiaiT^geometry but it is most naturally expressed In 
terms of the angles of a triangle. To state it formally we 
introduce the 

Definition , tfhe defect (or deficiency ) of ^ABC is 
180 - (m /A + m m /C) . ^ 

Note that the defect of a triangle literally if;"the 
amount by which its angle measure sum falls short of 180 , 

The defect of a triangle has the essential properties of 

area* 

Theorem 13 . The defect of a triangle satlEfies 
Properties (l)^ (2), (3), above. 

Proofs Clfarly (l) Is satisfied since the defect of a 
triangle is a definite positive number. Property (2) holds 
since congruent triangles have equal angle sums and so equal 
defects. 

To establish (3) let 'aABC A 
be given and let D be a point 
of W , so that A ABC Is split 
into ^ABD and A ADC , The sum 
of the defects of the latter two 
triangles is 

^180 - (m ^BAD ^ m /_B + m /WA) + I80 
- (m /CAD + m + m /CDA) 

^ 180 - (m /BAD + m /CAD + m /B + m /C ) 

^ 180 - (m /BAG + m /B + m /C) 

which is the defept of ^ABC . 
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Are there other area fimctlons besides the defect? It is 
easy to verify that If we mul'tlply the defect by any positive 
constant k , we obtain an area function which satisfies 
Properties (l), (2), (3) . This is not as remarkable as it 
might seem^ since the specific form of our definition of 
defect depends on our basic agreement to measure angles In 
terms of degrees, If^we adopt a different unit for the measure 
of angles and define "defect" in the natural ^ manner, we obtain 
a constant multiple of the defect as we defined it. To be 
specific, suppose we change the imlt of angle measurement from 
degrees to minutes. This would entail two simple changes In 
the above theory: (a) each angle measure would have to be 
multiplied by 6o j (b) the key number l8o would have to be 
replaced by 6o times l8o . Thus the appropriate definition 
.of "defect" would be 6o times the defect as^ we defined it, 

Fina:ily we note that It can be proved that any area 
function satisfying (1), (2), (3) must be k times the 
defect (our def Inltlori) for some positive constant k . In 
view of this It is natural to define the area of a triangle ^ to 
be its defect. 

Query . Which of t4ie Properties ( 1 ) , (2), (3) holds for 
the defect of a triangle in EiaGlldean^ geometry? ' 

It Is interesting to note that In Euclidean spherical 
geometry the sum bf the angle measures of a triangle Is 
greater than l8o and the area of a triangle Is given by Its 
"excessy" -that is Its angle measure sum minus l8o . 

Ebcerclse 1. Given aABC with points, D, E, F In 11^ 
m , AC respectively. Prove that the defect of A ABC Is the 
sum of the defects of the triangles ADP , BED , CPE , and 
DEF , r 

Exercise 2. If points P, R are inside A ABC prove 
that ^ABC has a larger defect than ^PQR , 



We coriQlude this part by observing that the farnillar 
Euclidean prop€rty--parallel lines are everyv/here e luldlstant 
--falls in Lobachevsklan geometry. In fact there are parallel 
lines of two types. If two parallel lines have a common perpen- • 
dicular they diverge continuously on both sides of this 
perpendicular, if two parallel lines don't have a common 
perpendicular they are a-sympttftic ^-^that is, if a point on one 
recedes endlessly in the proper direction. Its distance to the 
other will approach zero* 

Conclusion 

In Its further development Lobachevsklan geometry is at 
least as complex as Euclidean geometry.. There is a 
Lobachevsklan solid geometry, a trigonometry and an analytic 
geometry^^problems in mensuration of curves , surfaces and 
solids require the use of the caloulus. 

You may object that the structure is grounded on sand 
--that Lobachevskian geometry is Inconsistent and eventually 
will yield contradictory theorems. This of course was the 
implicit belief that led mathematicians for 2,000 years to try 
to prove Euclld^s Parallel Postulate. Actually we have no 
absolute test for the consistency of any of the familiar 
branches of mathematics. But.lt can be proved that the 
Euclidean and Lobachevsklan geometries stand or fall together 
on the question of consistency. That is. If either is in- 
consistent, BO is the other. 

Once the ice had been broken by Bolyai's and Lobachevsky « s 
successful charienges to Euclid's Parallel Postulate, mathe- 
maticians were stimulated to set up other non=Euclldean 
geometrie3--^that is, geometric theories which contradict one 
or more of Euclid's .ostulates, or approach geometry in an 
essentially different way. The best taown of these was 

proposed in 185^ by the Germar^ mathematician Rlemami 

i 

(I826-I866), Riemann's theory contradicts Euclid's Parallel 
Postulate by assuming there are parallel lines. This 
required the abandonment of other postulates of Euclid since 
we have proved the existence of parallel lines without ^ 
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assuming any parallel postulate (Corollary 3). In Rlemann's 
theory. In contrast to those of Euclid and .Lobachevsky/ a line 
has finite length. Actually there are two types of non-^ 
Euclidean geometry associated with Rlemann's name, one called 
single elliptic geomatry in which any two lines meet in Just 
one point and a second, double elliptic geometry, in wnlch 
any two lines meet in two points. The second typf of geometry 
can be pictured in Euclidean space as the geometry of points 
and great circles on a sphere ^ 

Riemann also Introduced a radically different kind of 
geometric theory which builds up the properties of space In 
the large by studying the behavior of distance between points 
which are close together. TMs theory, called Rlemannlan 
Geometry, is useful In applied mathematics and physics and is 
the mathematical basis of Einstein ^s General Theory of 
Relativity. 

Bolyai and Lobachevsky have opened for us a door on a new 
and apparently limitless domain. 



(a) 
(b) 

(a) 
(b) 



Answers To Illustrative Test Items 
Chapter 2 

f) at least four 



(a) a subset of, or not 
identical with, 

(b) (all) natural 
numbers 

( c ) true 

(d) may be^ can be 

(e) true 



(g) coplanai' 

(h) which does not contain it 
(l) Inductively 



(c) A3 



(d: 



A. 



2 



(a) False 

(b) True 

(c) False 

(d) True 

(e) True 
nonej 



(S) Ag. 

(c) . 3 

(d) 3 

(f) True 

(g) False 

(h ) False 
(1) False 
( J ) True 



(a) (If) three points lie in one 

(b) (If) a set la empty 

(c) (When) x ^ 5 

(d) The product of two Integers^ or Integers are being 
multiplied, ■ 

^ a number is greater than zero, then it Is a 
positive number , 

(b) If two . lines Intersect In a single polntj then 
they are not parallel,! — ~ 
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(c) if tHy l^lBht Is red, then we stop, 

(d) If a line does not Me in a given plane and if 



that line and plane ir>ters^Gt , they intersect 
in only one point, 

( e ) If a and b are real nUmbers and such that 
a ^ b , then (a - b)" Is/positlve. 

(f ) If a polygon has four ^ides . It is called a 
quadrilateral . ^ 

(g) IX a f iRure Is a square , it,^ is a rectangle. 
See problem 7, 

(^) one (c) pointj plane (d) pointy plane 

(e) planes, point (f) two 
(a) one point (b) point (c) point 
(6) line (e) the same line 

(f) distinct (g) contradicts^ two (more than one) 

(h ) exactly "one 

Suppose there Is one person who is complfctely bald,- 
anj there Is Just one person with 1 hair, and Just 
one person with 2 hairs, etc. Then there uan be 
only 300,000 people. But there are 500,000 people. 
Therefore, our supposition is wrong, and there must 
be two people with the same number of hairs on theTr" 
heads. 

Several v/ordlngs are acceptable for the theorems. 

1, (a) BIMTON contains at least one HUT, 

(b) BIMTON contains at least two HUTS. 

(c) BIMTON contains at least three HUTS. 

2, (a) BIMTON contains at least three ^^^|* 

(b) BIMTON contains at least three BliT^ 
that are not all in the same .HUT, 

3, If two distinct HUTS Intersect, their inturjectlon 
nontains exantly one BIM, ^ • 
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[Note J This problem can be expanded by adding the line-plane 
postulates. A substitute for^ ''plane" could be "HILL.*' 
In this Q^me, more theorems could be asked for,] i 
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Answers to Illustrative Test I^ms 
Chapter 3 



Part 1 



1. (a) p > 0 

(b) =10 < k < Or 

(c) 10 < X < 20 
^ (d) r <0 

2, (a) b > c Transitive 

(^) < ' Multiplication by a negative number 

(c ) > Addition 

^3, (a) All numbers x such that x > -3. 

(b) All nujnbers x such that x > 2.^ 



(a) 



=3 -a 



(b) 

— I i 1 ■ ' ' a I 

-"I 0 I a 3 4 5 



The set of real numbers x such that; 
(a) All X such that x > 0* 

-(b) All X such that x < 1. 
'^(j3) All X such th^ 0 < X < 1. 
X t^): All X such that x < 1, 
-■ (a) All X such that X > 1, 



7. (a) No. 

(b) Amity, 

(c) 3^ miles or 16 miles 



Jfi h 9 ^ ^ 
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or 



10. (a) 



F 

=1 



M 



S 

1 



(c) m 



L 



11. 



12. 
13, 



■ c I 
ie] 



[Q ^ 
id] 



7 

X +. 7 
y 

y - 3 
y - X 

1 

Q 

5H 

empty 



(b) 36 



set 



(e) m 

(f ) GK 
(S) GH 

(h) G?^ (or 5?^ or oT, or ml 



14, 



^ or GK 

W 

^ or G? 



15. (a) True 

[b) Not meaningful 

[ c } False 

id) True 

;e j Not meaningful 

.f) Not meaningful 
N o t'^'' m e a n 1 ng f u 1 



ERIC 



J 



16. 

17. 
18. 



/■ ■ 

(h) True 
( 1 ) . True 
(J) True 

(k) Not mfeanlngful 
(1) False 



(a) 

(a) 



(b) 
(b) 
(b). 



si 



(c) 2 
(c) 2 
(c) 1 



(4^ i 



(d) 



-1 



(e) 



19. 



20. -5 



(a) 7, -9 (b) 23, -25 (c) -1 (d) 1, -3 



22. AB + BC = AC. DB oontalns points A and C but TO 



=4 



contains neltheV point A nor point C. A belongs 'to DB 
but C does not'. 



23, 



24. 



A B D 

4 — i 1— 



(a) 
(b) 
(o) 



2 
1 
4 



6x 



(d) 
(e) 
(f) 



6 
3 

5 



or 



CD B A 



/ 



(S) 7 
(h) 8 



25. 



(a) 
(b) 
(c) 
(d) 
(e) 



T 
T 
T 
T 
P 



(f) T 

(S) T 

(h) T 

(i) T 
(J) P 
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26, (a) /The coordinates of M and N are -2 and 6, 
respectively* 

(b) -2, 6 

(c) 2 



27. 
28. 



(a) =4 



(a) 
(b) 



X' ! 
(1) 

(2) 
(3) 



(b) -5 



(c) 



(d) 17 



(e) 



+ k (Xg - x^) 

--3 + 4k 
x» = 9 

x' is any number such that 
X' - -11 
X' = =1 



-3 < x» < 1. 



Part 


II 






1. 


true 


13* 


may be 0, 1 respective 


S. 


positive 




ly; or may be any two 


3. 


n > 0 




real numbers 


4. 


true 


14. 


may 


5. 


true 


15, 


true 


6. 


equal (or the same point) 


16. 


infinitely many 


7. 


Pft 


17, 


true 


8. 


informal 


18. 


R bisects 


9. 


real number 


19. 


real 


10. 


origin (or unlt^point) 


20* 


may be 11; ^r must be 


11. 


X ' y If X > y 




11 or -7* 



y - X if y > X. 
Ifi. exactly two. Other answers 
which are acceptable but not 
as good are (l) at least one 
(2) at least 
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Answers to Illu 


stratlve Test Items 




Chapter 4 




Part I > ' 


* 




1. 


every 


13 . 


true 


2. 


intersection 




be concurrent 


3, 


half line 




interior 




union 


16. 


' ti^ue 




4 BAG 


17/ 


true 


6, 


true 


18, 


l8o 


7. 


true 


19. 


true 


6. 


ray -coordinates 


20. 


Gongruent 


9* 


true 


21, 


true 


10. 


positive number 




true 


11, 


true 


23. 


BA and BC 


12, 


true 


24. 


no 




^"-^ 


25. 


true 


Part II 






1. 


(e) none of these 






2 . 


(a) G 






3. 


^(d) vertical angles 








(c) complementary angle 






c 

6. 


(a) a right angle 

(c) They are both right 


angles 




7. 


(c) 180 » gr 






a. 


(b) . £TAS 


w 

% 


/ 



238 



Part Iir 



1. 


(a) 


Rdute 


(1) 


90 






(b) 




(J) 


Congruent (or 


aaute) 
• 




(c) 




(k) 


Complement 






(d) 


Ptrptndlcular 


(1) 


Obtuse 






(e) 


Congruent 


(m) 


Right 






(f) 


30 


(n) 


120 






(s) 


Complementary 


(o) 


30 






(h) 


Obtuse 








a. 


(a) 


[X, i] W, Y, 


c] 








\0 J 


that is, the 


empty aet 






• 


(c) 


(CJ 










(d) 


(Z, ^X, YJ 










(e) 


Interior of polygon GXZWY 






3. , 


(a) 


X, l80 - X, l80 


- X. (b) 180 (c) 


20 




(d) 


Right 


(. 


s) 179 (f) 


41, 49 




(a) 


150 (b) 60 


(c) ISO 


« n (d) 13 


15 + n 


5. 


(a) 


52 (b) 41 


(c) 90 


" n (d) 65 - n 4 




(a) 










6. 


XR and XS . 










(b) 


L BXR and L SXA . 










(c) 


None ocour In the 


figure. 








(d) 


L RXA and L nm, 
























4BXS and LkA3. 




\ 90* 
















i 


■M 


LSXk and ^RXB. 












— . 




* ^ 




(f) 


LSm and ^RXA. 






e 


7. 


(a) 


(1) b - a 


(2) ^ 


- b 

2 






(b) 


0 + b 

P = -g— 
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8* (a) dorrqpi#mants of eongruent angles ai»e oongruant. 
(b) Supplements of eongnient angles are Gongruent. 
r (c) Vertical angles are eongruent. 



9. (a) Yes 



10. 



(a) 100 

(b) 80 
(e) 140 



(b) No 



(c) (1) Yes 

(2) Not 

necessarily 



(d) 40 

(e) 100 

(f) 140 



2^ ' 
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Answars to Illustrative Tast ittms 
Chaptar ^ 



AABW m 4 MOT 




(a) 


QQWS 










(o) 


HWS 




(d) 






(a) 


AFAH 




(b) 


^FMR 




(c) 


AMAH 






+ 


(e) + 




m^A ^ 


(f) + 


(c) 


or lA ft 


(s) + 


+ 


(h) /ACB 


(a) 


+ 


/ABC 


(a) 


^AC 




(b) 


^CAB, ^ (In either order) 


(a) 


They have the same 


meaBura , 


(b) 


They have the same 


iBngth. 


(e) 


liOBcelea 




(d) 


The Interior of ^^Zj 


(e) 


Median 




Median] vtrtex angle 




(a) 


Yes 




(b) 


No. We do not imow 






cannot uae S .8 ,S t 


pofltulate . 




We do not toiow /AE: 


B a /CED i 




postulate , 





Therefore we 



These angles are not vertical angles unless 

and W are Interseotlng lines' which would make 

points A I B, E, C, and D eoplanar* 



6. 


(a)' 


A.S.A. 


. (h) 


I.E. 








(1) 


1.1. 




(c) 


S.A.S. 


(J) 


S,A,S. 






S.S.S, 




S.A.S, 




(e) 


S.A.S, 


(1) 


SM.S. 




(f ) 


I.E. 


(m) 


S*A.S. 




(g) 


S.A.S. 


(n) 


S.A.S. 


7. 


(a)» 


S.A.S, or A.S.A, 










AD and CD, or /ABD 


and £CBD 






S « A • S • 








(d) 


^ and or VT 


and RT 






(e) 


A « 3 t A c 








(f) 








8. 


(a) 


S.S.S. or S,A.S, 


(h) 


I.E. 




(b) 


S,A,S, or A.S.A, 


(1) 


S.A.S . 




(c) 


A.S.A. 


(J) 


A.S.A. 




(d) 


I.E. 


M 


A.S.A. 




(e) 


S.A.S. 


(1) 


S.S.S. 




(f) 


I.E. 


- (m) 


A.S.A. 






T F 






9. 


(a) 


True 








(b) 


Falsa 








(c) 


False 








(d) 


Falee 








(e) 


True 






10. 


(a) 


No 


(c) 


Yes 




(b) 


Yes 


(d) 


No 


1. 


(a) 


me as we 








(b) 


oongruent, oppositaj congruent 






(o) 


congruent 








(d) 


congruent, sides , congruence 






(e) 


S.A.S. A.S.A. S. 


S,S. 






(f) 


isosceles , equilateral 








(s) 


one 








(h) 


vertex 








(1) 


median 








(J) 


greater than 







or A.S.A. 

or S.A.S. 

or S.A.S. 

or S.A.S. 
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(•) (^) (a) (5) ' 

(b) (6) ^ (f) (8) 

Jo) (f) (g) (3) 

.(d) (*) ' (h) (7) , ^ 

(a) If angles have tht maaaupt^ thay are congruent 

and If angles blvb congruent, they hava the same 
mtaswe« ^ ' - . - . 

^ (b) If two rwiTB torm a right angles tha IJiieB deter- ^ 
mined by the rays ara pa^endloulari and if two 
lines ara pa^endiaulmr, they contain two rays 
ifdiich f om a rl^t angla* 

(a) If two anglas are supplemanta^j thay fom a * 
llnaar pair* Falsa, 

(b) If two angles ara rl^t anglas, thay are eongruant. 
True * 

(c) If X ^ 5j X + 4 ^ 9. Trua, 

(d) If two angles are oongruent, thay are vertical^ 
iLnglas « False. 

(a) If y Is a nagatlve Intagar, then y < 0. True, 
(f ) If two sepaents ara congruent, thay have tha sama 
length. Time, 

(a) Trua 

(b) False 
( 0 ) True 

(d) True ^ 

(e) False 

(a^ ^3) (e) (6) 

Ki) (f) (4) 

(e) (5) (g) (5) 

(d) (6) (h) (1) 

It If two angles fom a linear pair, they are 
supplemental^ - 

2. Hypo thesis 

3. Supplements of congruent anglas are congruent. 

4. Reflexive property of congruence 
5* A.S.A. 

6, Definition of congruence 



V^ei^^iar trlMigle ABC as Isasaelss with BC ^ AG, ) 
v;^en^^^ jpa ^ aj|t base snglas and £k ^ ^ 

to© Isos^lts trian^e theorem* Now Qonsidar iiABC 
M Isosoalas with AC ^ AB, thtn ^ ^ /C by the 
Isosceles trti^^^le theortm. ^©reforej ^ ^ ^ ^ 
b7 the tpiuwltpi^ gi^party of oongruanoa. 



1. 

2. 




1. 


H^othasls ^ 

Base angles of an Isosoeles 






trlangla are congruent . 


3. 


AB = DC 


3. 


I^oihasis 




4AfB m ADPC 


4. 


S.A.S. 


5. 


/ABF a 


5. 


Daflnltlon of oongruenoe 
for triangles 


o. 




£ 


Supplements of oongruent 
angles are oongruent. 


1. 


Iff ^ IP 


1, 


Hypothesis 


?. 




2. 


Reflexive property of 
oongruenQe 


3. 


£r ^ and 


3. 


H^o thesis 


4. 


a /BBA ' 


4. 


Betweermess -Addition 
Kieorem for angles 


5. 


AHAB * APBA 


5, 


S « A • S « 


6. 


HB = PA 


6. 


Definition of congruenae 



1, 




1. 


Hypothesis 


2, 




2. 


Betwaenness -Addition l^eorem 




ZA-^ ■ 




for seffnents 


3, 


3, 


Hypothesis 


4. 




• 4. 


Hypothesis 


5. 


A BAN ^ APffl 


5. 


A f S c A « 


6. 


W ^ W 


6, 


Definition of eongTOence 



■ 1. 


Iff a ■ 


1. 


I^o thesis 


2. 


Ik ar ^ 


a. 


Isosceles triangle theorem 


3. 




3. 


HfpothealB ^ 


4. 




It. 


I^othesls 


5. 


^lA and £^ffl 
are rl^t angles . 


5. 


Pe^endleulars deteralne 
ri^t angles. 


6. 




6. 


Rl^t angles are congruent. 


7. 


APAE a AQIffi 


7. 


A.S.A. ^ , 


8. 


PI T <ffl 


8. 


DeflnltiDn of QongruenQt 


1. 


AB = DE 


1. 


H^Q thesis I I 


a. 


M and W 
are medians , 


2. 


Hypotheals 


3. 


M and P are 
midpoints -of 


> 3. 


Definition of median 




IS and ro 








respectively. 






AM = DP 


4. 


Definition of midpoint and 
multiplication property of 
equality 


5. 




5. 


Hypothesis 


6. 


AC = DP 


6. 


Hypo thee la 


7. 


AAMC i A DPP 


7. 


S.S.S. 


8. 




8. 


Definition of congruanae 


9. 


A ABC a ADEP 


9. 





Note I A proof In which the final reason Is S,S.S, Is 
also possible If ACMB Is proved congruent to 




v 1. 


ra. a 10, and 


1, 






TO * TO 






s. 


HP * ro 


2. 


Reflexive property of 






J' 


eongruenee , 


3. 


AABD ft ACDB 


3. 


s.s.s. 


4. 




ii 

• 


LP^xmx&iQii 017 QQn^*usno€ 


5. 




5. 


Definition of blaeeti 


6. 


ft ^GFB 


6. 


Vertloal angles are 








congruent. 


7. 


APPE ft 4raG 


7, 


A.S.A. 


8. 


EF ^ OT 


8- 


^finltion of oonipmaMt 


1. 


W 1 IF, and 


1. 


^pothesls 










2. 




a. 


Perpendloulars deteiTnine 




art rl^t angles * 




rl^t angles , 


3. 




3. 


Rltfit angles are congruent. 


4. 


Pf ft ff 


4. 


Reflexive property of 










5. 


EA ^ EB 


5. 


Hypothesis 


6. 


APIA ft Lim 


6. 


S.A.S, 


7. 


ft 


7. 


Definition of congruence 


8. 


^PAB ft ^PBA 


8. 


Base angles of an isoiceles 








t r ians^l e are g otistmbti^ 


1. 


IB a M 


1. 


^po thesis 


2. 


Iff = HI 


a. 


Reflexive property of 








congruence 


3. 




3. 


Hypothesis 


4. 




4. 


S.A,S, 


5. 


Ik % IF 


5. 


Definition of congruence 


6, 




6. 


Definition of congruence 


7. 


^ABF a ^MA 


7. 


Betweemiess- Angles l^ieorem 








and addition property of 








equality 



9. (a) Yas 



(b) Noj^ the Batwttrmess-Anilti Thebi»em 
Is trut only If the rays art 
eoplanar* ^ ' 



10, 



1. 


CD = AB 


1. 


thesis 


2, 


and ^ are 


a." 


Hypotheaii 




rl^t angles . 






3. 


a ^ 


3. 


Rl^t angles are congruent. 


4. 


Cl = Bl 


u. 


Definition of midpoint 


5^- 


A DOE * AABl 


'5. 


• A • S • 


$. 


Tffi * "51 ■ 


= 6. 


Definition of oongruanoa 



11, Hypothesii 



12. 



Prove I 



5f 



4 ABC la lioeoeles 
with veptax at £o . 
Is a median* 
bisects -^ACB. 




2. 
3, 



AC a m 

Wmm 

CD S CD 



4. ^ACD i 4 BCD 

5, ^ACD ft ^BCD 

6* CD bisects ^ACB, 



1* Definition of isosoeles 
triangle 

2. Definition of mfdlan 

3, Reflexive property of 
oongruenoe 

5. Definition of eongmience 
6* Definition of angle 
blseotor 



(Another way of proving 
^A 3 ^ and use S.A.S,) 



^ACD a 



A BCD is to Show 



1. 


AABC ^ AWXY 


1, 


Hn^o thesis 


a. 


^CAB ^ ^fiC 


2. 


DeflJiltion of Gongruence 


3. 


^AB ^ /mx 




Step 2, definition of angle 
bisector and multiplication 
property of equality 


4. 


Al 3f TO 




Definition of congruence 


5. 




5. 


Definition of oongruenoe 


6. 


^ABD = AWXZ 


6, 


A.S.A. 


7* 




7, 


Definition of congruence 
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M Hj^othtsisi is a qiiadrilateral A 

^wlth oon^uant sldas 
and aon^^tnt angles j 
and diagonal 

Prove I W bis act ^ADC and ^ABCt p 



1 . 


AB = BC 


1. 






AD = DC 






2. 




2. 


Reflexive property of 




J-' 




congruence • . 


3. 


AAm * ACBD 


3. 


S.S.3. 


4. 




k. 


Definition of congruenee 




/ADB = £cm 






5. 


W biseets ^ADC 


5. 


Definition of bisect 




and _^ABC 






1. 




1. 


1^0 thesis 


S. 




2. 


Hypo thesis 


3. 


£mo m /Tpo 


3. 


Hypothesis 


4. 


A RTF 3 AXPS 


k. 


A.S.A. 


5. 




5. 


Definition of congruence 
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ERIC 



II. 



III. 



.r 

Answera %o Illustgatlve feat Items 
Chapter 6 



1. 


0 


6. 


0 


I 11. 


0 


16. 


+ 


21. 


+ 


2. 


+ 


7. 


0 


12. 


+ 


,17. 


0 


22. 


-+ 


3. 


+ 


8. 


0 


13. 


+ 


18. 


0 


23. 


0 


4. 


0 


p9. 


+ ■ 


14. 


+, 


19. 


■ + 


24. 


+ 


5. 


+ 


10. 


+ 


15. 


0 


ao. 


+ 


25. 


0 



1, never 5.- somatlmas 9, always 

2, always 6, sometlmee 10* sometimes 

3, nevar 7, always 11. always 
4* sometimis 8, always 12, 



navar 



1. 78 J 102 

2. m /a ^ 108 I m = 72 

3. 100 I 80 
U . m ^ 52 

5. No 

6. 70 (Considar a Una throiigh Y parallal to p and 

7* 1^0 (Consider a line through Y parallal' to p and 
q .) 

8. 50 

9- (a) (1 



35 J 


(3) 


85 ; 


TO ; 




155 J 


^Isej 


(3) 


True . 


True J 






m /a, - 


113 




m £to = 


43 




BD > AB 
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^'1 



(5) 25 . ^ 



IV, 



11, 



1. 

2. 
3. 



(a) *CD* I I'pb'^ 

(b) None 

(o) ^5^H'*M*' 
(d) "^P*"! 1"^^ 



M 



b 

c 

c 



4. 
5. 



(e) Hone 

(f ) . 1^ 

(g) 'Wll"^ 

(h) '^11'^ 



Proof: 

It Is given that p | | q j t Interieets p 
and q at A and B , respeotlvely so that ^XAY 
and ^ZBA are a pair of corresponding anglesj AP 
Is the blaeotor of /XAY and Bft la the blseetor 
of ^ZBA , We are required to prove *A^ | |*BQ*. 



P ♦ 






^^Statements 


Reaeons 




P 1 1 q * 


1. 


I^othesia, 


2. 




2. 


Corollary 6-4-1. 


3. 


AP* bisects /XAY , 


3. 


tftrpothesis. 




BQ* bisects £ZBA , 






k. 


m /PAY ^ ^ m £XAY , 




Definition of bisect. 




m /QBA ^ ^ m £ZBA , 






5, 


m /PAY ^ m /QBA , 


5. 


Multiplication property of 






equality* 


6. 




6. 


Corollary 6-2-1* 
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Proof i " 

It is glvan that AB = CD and AD ^ BG . We 

are required to prove TO | | and 35 | j W * 

0 C 



ACAB 2 i^ACD by S.S.S, Hanee, ^GAB m £aCD _ ^ 
and ^ACB S ^GAD . ^erafort, TO | j TO and 
TO I j TO by ^eorem 6-2, 

Proof I 

It is given that x | | y and p | | q . Wa 
are required to prove £^ ^ • Lat £o be tha 
angle formed by linas y and q , suah that tha 
interior of £c Intarsaots both tha interior of /a 
and tha intarior of , Than, £&l is a iupplement 
of and ^b is a supplement of £a . 

(Corolla]^ Hanee^ ^ • (Supplamants 

of congruent anglaa are Gongniant*) 

Proofs 





St at amen tg 


Raaeons 


1. 




1. 


the sis. 




£dcb S £km , 


2, 


^aoram 6-4. 


3. 


AB ^ AG , 


3. 


l^rpothaslB* 


4, 


/ABC S /AGB . 


4. 


^eoram 5-6, 


5. 


£dgb s /ACB . 


5. 


Transitiva property 








of congruanoe of angles 


6. 


GB is a mldray of 


.6. 


Itefinltion of a mldray* 




/DCA . 







'1 , ■ ' 




\ 




• g - -- 








2. /iOaD ^ /CDB 


^ • irispi Sin o — ^ g 








4. TOieoram 6-11. 


or prove ^ ABD S ^CDB 


by A.S.A and /A * 



by deflnltl(|n of oongmienQs for trlanglei,) 

6, Thm Parallel Postulatt proves the problem, 

7. Prooif: % 





Statement B 


Reasons 


1. 


AB = BC . 


1, 


Iftnpothesls. 


a. 


m /C = TO. £k . 


S, 


Q^eorem 5=6. 


3. 


m /km > m /C . 


3, 


I^ieorem 5-10 . 


4. 


m £Am > m £a , 


4. 


Substitution property 
of equality. 


5. 


AB > BD , ^ 




^eorem 6-l8. 


Proof; 








Statemonts 




Reaeons 


1. 


TV bisacte ^TW , 


1. 


I^pothesis, 


2. 




2, 


Definition of bisect. 


3. 




3. 


I^pothesls. 


4. 


/WST S ^RTV . 


4. 


Corollai^ 6-4-1% 


5. 


^Arrv & ^swT . 


5. 


Theorem 6-4* ^ 


6. 


^WST ft' Ism . 


6. 


Transitive property of 
congruence of angles. 


7. 


TO ^ IT . 


7. 


Theorem 5«7, 


8. 


ASTW is 
Isosceles. 


8, 


'Definition of isoscelea 
tri^gle , 



Answers to Illustrative Test Items 



Chapter 7 



(a) 33 . 



(e) 



0 



(b) 9 . 

(c) . 

(d) 0 . 



(f) 



12 



or 



(s) 



- 2.8 



2. x.4,y=.3,z = 4. 

3. (l) f and h are slrtillar, a and e are 



5 . DB = 3 , AC = 2 , BC = 2 )(/^ , AB s 4 , 

6. 45 . 

7. — or 20^ . 
4/3" 

'8. 3 -/S" . 
9. 16 . 

10. 8 . 

11. 18 . 

12. *MN* intersects 

13. ^ AEB ^ AGED by S.A.S. Similarity Theorem. 

Theref oi^e /B ^ /p . 



similar * 



(2) b , d . 



Transitive property of similarity. 
12 . 



\ 

sinca they are corre- 
sponding angles formed w^en the parallel lines are 
cut by transversal ^CAE i iBAD by the 

Reflexive Property of Congruence. ^ABD ^ACE by 
the A.A. Similarity Theorem. ThuB AB = k * AC , 
BD - k . CE , since these are the corresponding sideg 
which are proportional • Since B is the midpoint 
of AC ^ AB ^ -jAC by the definition of midpoint. 
Thus the proportionality constant k ^ and, 
substituting, we see that BD ^ . 

(a) Not necessarily true, 

(b) True. By alternation, 

(c) True. ^ Definition of Proportionality, 

(d) Not necessarily true. 

(e) True. By the Products Property, 

(f) True. By Inversion. 

See the statement of the S.A.S. Similarity Theorem, 
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Chapter 1 
ANSWERS AND SOLUTIONS 
Problem Set 1^^ 

Problem 5 provides drill in Inductive reasoning. Problem 3 
is Intended to be less obvious than Problem 4, 

Problems 6^8 point up some pitfalls in Inductive reasoning. 

..Problem 9 pursues the exploration begun in the text. It ^ 
is doubtful that a sophomore or Junior can present the requested 
proof without peeking ahead to page 12 where a proof is given. 
The intent. of the problem is to illustrate how deductive reason^ 
ing can sometimes be applied to resolve a question which Indu^- 
tlve reasoning cannot completely resolve. 

1, (a) Angle a and angle b appear to have the. same measura 
Angle c and angle d " appear to have the same measure* 

(b) Angle a and angle b appear to contain the same 
number of degrees. This appears to be also true for 
angles o and d. 

(c) Yes. If two lines intersect^ they form four angles 
and the angles "opposite each other" have the same 
measure. 

[If the student knows what vertical angles are^ he may 
use that term. ] 

a. (a) Angles opposite the sides having equal lengths appear 
■to have the same "size", 

(b) '* Same as (a) . 

(c) If two sides of a triangle have equal lengths, then 
the angles opposite these sides have equal measures* 

^\3. The total number of degrees in the three angles of a trlan^ 
gle is l8q, 

4. The total number of degrees In the four angles of a quadri- 
lateral is '360. Measure the angles, in more quadrilaterals. 

5, Every product is approximately 900. 

PRC, ^ -J . , 

o 

ERIC 



Generalizatloni If two chords of a Gircle Intersect, the 
product of the lengths of the segmenta" of one Is the same 
as the product of the lengths of the '^gepients" of the 
other, 

[Students should also note that the unit used does not af- 
fect thirf relation,] 



n 


n^ - 2n + 2 


1 


l-2+2^1^n 


2 


4 = 4+ 2^2^n 


3 


9-6+2^5^n 



n -2n+2-.n Is not always true. 
7- (b) or (d) or both, 

8. students may plausibly predict that the pattern established 
for the number of regions will continue and give, for 6 
points^ 2^ = 1 or 32 regions* They may be reluctant 
to believe that the number of regions is: 

30 for the arrangement 
in (a) where 3 
diagonals are concurrent 



or 

31 for the arrangement 
in (b) where no 3 
diagonals are concurrent. 
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9* Q ^ n + n + llj n represents anfi^poaltl ve integer, 
^ Q ^ n(n + 1) + 11 

n and (n + 1) are consecutive ppaitive integers, hence, 
for all intjBgral values of n, either n or (n + l) -is 
an even number, n(n + 1) hag an even number aa a factor 
and is, therefore, an even number. The sum of an even num- 
ber and an odd number is alwayf odd. Therefore^ 
Q - n(n + 1) + 11 is an odd number if n Is any ppsitlve 
integer, (Also, see discussion on page 12,) 

Problem Set 1^5 

All problem^ of this set @ra in cq be urllx oi the 

meaning of "deductive reasonln^j"j and its contrast with ^ induc- 
tive reasoning". All problems are suitable for homework assign- 
ments, although the solutions are not obvious in every case* 
Sight reading is dangerous here, even for teaGhers* 

Note particularly problem 1(1) and l(j)^ not because 
they are difficult, but because they illustrate the unreliabil- 
ity of conclusions deduced frc^i false hypothesis* 

1* (a) Miss Smith Is John^s teacher unless John Is a 

visitor, a stray dog ---not a student, 

(b) My father has climbed a mountain, 

(c) Since the first statement gives a prerequisite for all 
policemen in the city, it could have been written 

"all policemen in Elk City are at least 6 ft, tail*" 

Conclusloni Jim's uncl# is at least 6 feet tall* 

(d) Harry has passed test R* 

(e) No conclusion. The statement did not indicate that 
going to the beach on Saturday was regtrictdd to 
seniors, Alice may not have been a senior* 

(f) No conclusion. Though we infer from the first state- 
ment that all children under 12 years of age ride on 
buses for half fare, the statement does not exclude 
the possibility that other groups of people might also 
be given that privilege. Jack may belong to another 
privileged group. 
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yo conclusion,^. If the second statement had said 



fly has six legs would follow. Also, %€ the first 
statement had been "Only insects have six legs,", then 
the fly (with six legs) must be an insect. 
The mathematical Interpretation would Include an "all" 
before "Rainy days," Thus, the conclusion Is "Friday 

a disagreeable day, " 
Common usage might result In understanding the first 
statement to mean "Rainy days are generally disagree- 
abla^" or "Some rainy days are disagreeable," 

ThijS problem will probably lead to a discussion con- 
cerning the difference between a precise statement 
and one of which the meaning is open to question, 

and (j) are examples in which the general hypothesis 
is not true since t^ere are varieties of apples which 
a re not red when ripe and many t rees which do not 
have needles. In both (l) and (j) the second 
statement is true. In (l) the logical conclusion 
is ^ "Early transparent apples are red when ripe," 
This is false since the early transparent is yellow 
when ripe. In (J) the logical conclusion is: 
"Fir trees have needles," The conclusion Is true. 
These two problems offer opportunity to point out 
that 'deductive reasoning may or may not lead to a con= 
elusion we can label "true." If[ the hypotheses are 
all true and If the thinking which led to the con- 
clusion is deductive thlhklng^ then the conclusion 
will be true. All of this wlll^ of course, have more 
meaning for the student later in the course than at ^ 
the Introductory stage of his study* 



No month need be repeated in listing birthdays of the 
first 12 students] but the birthday of the 13th 
student must repeat a month already ^named^ if there 



If 



A fly Is an insect,". 



then the conoluslon that the 




IS months to be paired with 2b students. 



was n9-«arller repetition , 
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(b) Let t represent the number of trees and let ^ be 
the greatest of all those numbers whlGh actually 
give the number of leaves on some tree. If a list is 
drawn up pairing each tree with the number of leaves 
on It, then no two trees of the first ^ on this list 
need have the same numbtr of leaves, Howeverj if 
there is no duplication among the first ^ then the 
next tree on the list must yield a duplication, (The 
assumption that t is greater than ^ guarantees that 
there must be such a next one.) 

32 dominoes are required. Each domino placed in any 
horizontal or vertical position covers one white and one ^ 
colored square. No single domino can cover two white 
squi res . Removing the two bla ck squares leaves two un- 



paired white squares^ each requiring a different domino 
to cover it* 

(a) Possible conclusion: This part of the country never 
has snowstorms. An induction, 

(b) One of several possible conclusions: I cannot get a 
suit for $25 at that store. A deduction, 

(c) Possible conclusion: All cells of that type have a 
thick cell wall. An induction, 

(d) Conclusion: The medical center In Sprlngdale is a 
steel and glass type structure, A deduction, 

(e) Conclusion: Jerry has passing grades* A deduction. 
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Chapter 2 
ANSWERS AND SOLUTIONS 
Problem Set 2-1 

All of the problems In this set^ except perhaps some parts 
of Problem 6, should be oonsldered by all students for whom 
T:hls is the first experience with sets* 

1, belongs t . member j contains , -fy 

2. (c) {2, 4, 6, 8, 10, 12, 14) 
(d) (1, 4, 9, 16, 25, 36, 4g) 

3A (a) [1, 4, 9] 

\(b) No, The element, 1, whle^^r in the first set 
is not contained In the set (4, 9). 

4. the set of odd numbers from 3 to g inclusive; 
.^^the set ^ odd numbers from 2 to lOj 

''"the four conseoutlve odd numbers larger than 2, 

5. (a) and (b) 

6. The same. The equality of sets la Independent of thej'' 
arrangement of the elements In each set, ' 

7. (a) 9; -9; (9, -9) 
(b) [4, -4) 

a. (a) [3J 

(b) (|] or (2.5) (d) [5, -!?] 

(c) ] or i^] i^' 
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(a) 
(b) 

(c) 

(d) 
(e) 
tf) 

(s) 



Complete list possible , 
possibles [1, 2, 3, 



imposslblej ( 



51 
30' 



5 



4 

3^ 



[10, 12, 14, lb, 
f f • • J 



imposslblei {0^ =1, +lj -2, 
imposslblej [0, ^7, +7, -1^, ' 
possiblej [1, 2, 3, 5, 6, 10, 15, 30} 
possiblei [2, 3, 5] 



10, 



(a) 
(b) 
(c) 



6, -Bl, 0, 108,29, 108,28 



6, -81, 0, 108,28, 108.29, 



Froblem Set 2^2a 

Students who have had no previous experlenGe with eets 
should do all of these. The idea of "proper subset" brought 
out in Problem 4 is not used in the further develcjpment in 
this text, 

1» (a) Uni@n 

(b) IntersectiQn 

(c) Contained 

2, Union 

3, (N) 

? 

4, (2, 4, 6] ; [2] ; [4] j [6] ; [2, 4] ; [2, 6) , [4, 6) , [ ] 
all are proper subsets except [2, 4^ 6], 

(Students are not expeoted' to Incliide the 
last subset. The empty set or null] set is 
discussed in the next section.) 

5, One of many possible answers, 

(5, 7, -3) (5, 9, x) (7, 9, y) (-3, x, y) 




Problem Set S-Sb 
1. (b, 9, 11} ; [3, 4, 5, 6, 7, 9, 10, 11, 12] 

S. (a) and Sgj and Sgi and S^j Sg and 

if you are a boy; and Sg if you are a girl. 

(b) 

(d) The set Gonslstlng of all members of faculty and 
students of. your school. 

(a) S^, Sg, S3, Sj 

3. (a) Sets L and M and sets M and N intersects 

(b) The Intersection of sets L and M is a set with 
one element i [ t } . 

The intersection of sets L 'and N is the empty set* 

4. (a) Case I: Point Aj Case lit Points B and C; 

Case III^ The ejnpty set, 

(b) The intersection would be a set of all points on the 
lines between B and C^ and also Points B and C. 

(c) Answers would not change. 

5. (a) b, c ^ 

(b) The set [j} 

(c) The set (K) 

(d) The same point, 

(e) The empty set. ^ 

6. (a) The set of all positive integers dlvlsib^ by 6. 

(6, 12, Id, 24, _J 
(b) The set of all positive integers divisible by either 
a or 3. / 
[2, 3, 4, 6, 8, 9, 10, 12, j 
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One way of solving this problem Is by actually listing 
all of the members of each set and picking out the ones 
that are common to all, 

A better approach would be to choose the numbers 
common to two subsets and then get the Intersection of 
those elements with the other subsets. If we consider 
(b) n (c), we have all the two-digit numbers that con- 
tain a 7 and whose digit sujn is even. The latter 
statement means that both digits must be odd, or 
(b) n (c) - (17, 37, 57, 71, 73, 75, 77, 79, 97). 
Now consider [(b) 0 (c)] fl (d). This means we eliminate 
all those that have the unites digit less than or equal 
to the ten's digit, or 

[17, 37, 57, B, 7/r, 79, 97). 

Now to get the final intersection, we simple choose 
the prime numbers or 
[17, 37, 79). 

This problem will be useful to illustrate to the 
class that there are frequently many approaches that attain 
the same result* However, some of them are more economical 
than others. It will be profitable to have various 
students describe their procedures . 

(a) the intersection of M and N_; the union of M and 

(b) M n N ^ [a, el ; M U N ^ (a, b, c, d, e, f, g) 

(a ) The empty set 

The set of all males 

(b) A U B - [1, S, 3, 4, 
A n B ^ ( 3 or 0 

(a) [3, 6, 7, 9, 12, 14, 15, 18, 21, 28) ■ ^ 

(b) [ ] or 0 

(c) (6, 12) ^ 

(d) [6, 12) 



Problem Set 2-3 



(a) A^<-^Z 

(b) A.i— *Yx^ 

(a) A«^U 

(b) A*-^V 

(c) A<— ^X 

No, If two seta do not have the same number of elgments^ 
then there can be no one-to-one correspondence between 
them, 

( 



f 

^- (a) 7 (b) (o) -(^/5 --2) (d) Yes (e) 

(f) No. If n is an element of -n is its unique 

^y"^ matching element in P (g) No. If p is an 

element of Pj is its unique element In N. 

(h) Yes 

5. (a) 4,3 (b) 3.3 (c) s = t - 2 (d) Yes 
(e) Yes (f) Yes (g) Yea 



6. A one-to-bne correspondence exists between two sets U 
and W if each element of U is matched with exactly 
one element of W and each element of is matched 
with exactly one element of U. (Every element in each 
set is used exactly once in the matching,) In the given . 
correspondence S ^-» S ^ where each number was matched 
with. Itselfj these conditions are satisfied. 

■ Problem Set 2^4 

1. Sta.^ment (l) follows logically from statements (a) and 
(oh 

2. Statement (2) follows logically from statements (b) and 
(d). 

3. There may be more than 3 pins* 
^. There may be more than 2 11ns. 

5, Statement (5) follows logically from statements (b), (d), 
and ( G ) . 

5. Statement (c) implies that if 2 lins contain the same 
pair of distinct pins the 2 lins are one and the same^ 
not distinct. Therefore, two distinct lins cannot hive 
more than one pin In common. 



Problem S_et 2-5 



fA, b; C) 

: _ ^ 

(a) False, The points may not lie in the same line. 

(b) Ture, because of Postulate 2, 

(c) False. "At least" leaves a possibility of any number 
beyond two, all of which need not lie on the same 
line , 



(a) [A, B, E], (A, C, D), [B, C, P) 



(b) [A, E, C) 
[A, C, D, Bj 
CB, C, F, A) 

(c) [E, B, C, D) 
[B, E, F_, D] 



[A, B, E, D) 

[A, C, D, E) 

[B, C, P, D] 

CD, E, C, F] 

CA, E, C, P] 



f*, B, E, P) 
(A, D, P} 

[B, C, P, E} 

[A, B, D, p;f, 

fA, P, D], 



(d) AP" Id, CE, tf, W, tp 



Bjr Theorem 2-2, space contains at least three distinct 
points not in one line. Call these points A, B, and C, 
Then, by Postulate 3, A and B determine a line, B 
and C determine a line, A and C determine a line. 
Then SRace contains lines and AC and thus 

contains at least three lines. , 



5- ^Postulate 1 and 3. We are given one point, say A, 

Postulate 1 says that space contains at least two ^dls- 
tinct polf^^&^,. Thus, there is another point besides A, 
say B, in space. Postulate '3 says that given two 
distinct points, there is one and only one line that con- 
tains those points. Thus, there is a line cor^inlng A. 

^ Problem Set 2-6 

Problems 1,\ 2, and ,3 of this set are easy enough. 
Problem h involves Indirect proof and may sturnp all but 
the best students ^at this stage. Problem 5 deals with an 
Intuitively :itrange situation but, by itself, might make an 
intriguing homework assignment. 



Postulatt 6, The points of oontaet of the legs of s 
trlpQ^ with the surfaoe upon whiSh thay rest determine 
m plane, Tha' points of contact of tha lags of a four 
legged table with the surface upon which It rests may 
or may not to In the aama plane. Four, noncoplanar, 
noncolllnear points detarmlne four planes. Shifting 
from one to another of these four planes would have 
the effaot ©f rocking. * . ^ 

F ■ 0 by Postulate 6, * 

(a) Yes* For example, consider a &et consletj^ng of 
two points, P and Q. This sat Is In the line 
PQ, It also is In the plane PQR where R Is 

,^ a point not on %i' (such points exist by Postulate 4), 
Another example would 'be llne^ W itself not Just 
the points " P and Q, . 

(b) Yes; Let ^ be the line that contains the oolllnear 
polnts.^ By Postulate 4, there is a point R not 
on ^ , By Pd^stulate 2, there are two points 

and B In ^ , The points A, B, and R are non- 
colllnear and determine, by Postulate 6, a unique 
plane, TIL , SinGe points A and B of ^ a,re In 
Tfll by Postulate 8,^ Is contained in TfL ^ Thus, the ^ 
Qdlllnear points are contained In ^ , and arg Goplanar, 

(a) Let A, B, C, D * be the 4 d^lstlnot noncoplanar 

points. Either they are colllnear or not eollinear. 
Assume they are oolllnear. Then, as In problem 
3|b) above, they are coplan^r. But this contra- 
Vdlqts the hypothesis that the po.lnti are nonaQplanar* 
We must, therefora,, discard the assumption that 
A, B,^C, are eollinear ani accept the Gonolusldn 
that they arig not eollinear. 
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=' (b) Call the 4 dletlnat, nondoplanar points A, C, 
Either 3 points, say A/ B, are collinear. 
they are not aolllnear, Aesume *.they are eollln- 
ear. Then by 4(a) D aan not be oollinear with 
A, Bj 0. By Poatulate 6, there Is one and only 
one plane Gontalnlng A, B, and D. But, by 
Postulate 8, c which is on also lies in that 

plane. All points would then be ooplanar. This 
eontradiots the h^othells and we must discard the 
assumption that A, Bj G are doll^inear. A, B,^ 
mustj therefore, be noneollinear, 

(a) No, since that would contradict Postulate 7. 

(b) No, since by the argument of Problem 4(a) above, 
4 distinct nonooplanar points a^e noncolllhear, 

J (e) The plane contains exactly 3 points* Since, by 
Postulate 5# every, plane must have at least 3 
^ points' and, since all points cannot be coplanar, the 
4th point cannot lie in the same plane as the other 
three* 

(d) No three of the four points may bfe collinear by 
the argument of ^4(b)' above/ ^ * 

(e) A line contains exactly 2 points, A line must 
contain at least 2 points* By the argument of 
part (d)j a line Qannot contain 3 points. By 
the argument of part (b), a line cannot contain 

4 points, , It must then contain' exactly 2 points, 

(f ) tf, t?, . ff, tf, 

(g) Plane ABC,^ plane- ABDi plane' AGD, plane BCD* | 
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Chapter 2 
Raview Problem s 



(a) 


S m 


{ 


* 3 




(b) 


a m 


{ 


* , ft . 


# ] 


(c) 


3 = 


( 


} or 




(d) 


S ^ 


( 


* 

# - J 


+ * * * X 3 


(e) 


s ^ 


0 






(f) 


S a 


i 


# 

t T 9 





2, These points dettiTnlne oflre line, 

3* (a) One line' eontalna all of them 

(b) (1) A ^ (3) % 

(2) G (4) nonoolllnear, or ooplanar 

w 

4, (a) One plane oonta.lns all of them, 
(b) (1) P, M ' (3) T, R, M 

(2) Q, T, P (4) R, Q, T 

5. (a) 2*-^4 r 

4 ♦-♦16 ^ 

The correspondenoB Is unique, 

(b) 4«3j 4«-»3j ^-^Sj 4*-*2 

9*-*2; , 9<-*4| .9A.3; 9<-^4 
l6*-^4i 16 ♦-♦a I i6*=»,4| l6«-»-3 

Pour sugh oorrApondences are posBlble. 

* 

6, (a) Yes (b) Yes (0)^ No 

7. (a) With our present definitions, postulates, and theorems, 

it appears that at le»st . 3 different lines contain 
one given point. 
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D 

W 

(b) Exaetly one line, * 
[The tttrahadron with Ite 4 nQnooplanar 
points as vartiaes halpa In vlsuallElng thm situation 
In Probltms 7 and 8,] 

8* (a) It appears that at least 3 planes may contain one 
given point a 

(b) One plane, if the three points art nonaollinear. 

At least ^two planes. If thm three points are oolllneari 
(o) At least two planes* 

9, (1) b (4) d 

(2) d (5) a 

(3) 0 , (6) a 

Yes, th^ labels are shorter and easier to looate on the 
diagram* . 

10* The conclusion is not oertain. Assume A, B, C are dls* 
tlnct,' A, B, C may be dolllnear. In which case, by 
Postulate 9# they may be on the Intersection of two 
distinct planes M and^ , * 
If A, B, C are noncolllnaar, then M and 71 ^are the same 
plane by Poitulate 6* 

1^# (l)^ three nonoollinear points 

(2) two intersecting lines ^ 

(3) a line and a point not on the line 

12, No. Every point In^g lies in ^ , If ^ ^ intersects 
Bome point M, then contains two points 

F and M, both in £ * But this Is impossible, since if 
a line Intersects a plane wh3,ch does not contain it, then 
the line and the plane have exactly one point in conmion. 
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13, (a) 




1b) 





(e) 




I'*. Yes. Postulate g says that If two plants Interiect, 
then their Intersection is a line. This means ^ con- 
tains every point which lies in both planes M and 71 and 
must, therefore, contain P. 



lb. (a) ^ 



(b) 




16. (a) 





(b) 




^ and ^ are the sama plane 
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XI m (a) If eebrss have polka 'dots, tljen they are dangarous, 
(b) ^ If tht sides of a rtotang^ have equal lengths, 

than tha raotangle la a square, 
(e) If Oklahoma wlns,pheA there will be a ealtbration, 

(d) If two Unas Intej^M^, than a plane Is detennlned, 

(e) If a dog li a ooekeF spaniel, then It Is sweet 
tampered. 

(f) If and are two dlatlnot Unas, then and 

have at most one point In Goirmon. ' 
^ (f) If a student takes geometry, then he knows how to 
* add Integers, 

(h) If ^ Is any line and P any point not on then 
there Is exaotly one plane whleh aontalns both p 
and ^ , 

18. The single line Indicates the hypothesis and the double 
line the Qonolusloni 

(s) If John Is 111 , he should see a dogtor . 

^ ' W If a person has red halr , ^e la nloe to Imow . 

(c) Pour points are oolllnear If ,they 11a on one line . 

^ (d) If I do my homework well . I will get a good grade . 

If a set o f points lies In one plane > the points are 
QOplanar * 
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ANSWERS SOLUTIONS 



Problem Set 3^2 

Probleme 5 through 9 prapare for the formal itatements of 
the properties of order. Thus Problems 5 and 6 illustrate the 
additive property of order and show that It Includes iubtraa- 
tlon. Problems 7 and 8 illustrate the multiplioative property 
using both positive and negative multipliers. Fraction multi^ 
pliers point toward the fact that the multiplicative property 
includes division. 

For Problem S, suggest that the student get an Idea of 
the baslo relation with which he Is working by letting x ■ 0 
in eaoh^oase before he replace^ x by either a positive number 
or a negative number. Similarly^ In problem 8, suggest that x 
be replaced by 1 before other replacements are used. It Is 
hoped^that students will decide from Problem 6 thit adding 
either a positive or negative number td| both sides of the In- 
equality .does not altar the truth value of the statement and 
from Problefti 8 that, whereas multiplying, both sides of an 
Inequality by a positive number does not alter the trutfT value, 
multiplying by a negative number does alter the truth value. 

fi 

1. (a) E ^ F 

,(b) A, B, C, F are subseti of A, 

Ej P are subsets of B, 

Bj F are subsets of C. 
(0) B, (d) A, (e) B, ^ , 

2. (a) 2 > ^5 i 2 is to the right, 
(b) -3 > -7 is to the right. 
(^) 5 > 3 ; 5 is ^to the right, 

(d) 0 > - I ■ 0 is to the right, . 

(e) They are the same number and are associated with the 

same point on the number line, 

16 *' 
$ is to the right, 

' 's/W ^® ^° right. 
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It Is not trua« 

For all Integers to, If a s ^ + e and If c > 0^ 

then a > b, ' 

It is useful to eonsider a - b* For a to bt > 

a - b must ba > 0, ^t from the hypothesis we know that 

a * b ^ e. TOerefore c ^must be >0. ^Is Indlcatts 

that we roust add to th© original hypothesis the hypothesis 

0 > 0 as In the modified form above* 

(b) 2 , .6 (f) I , |> I 

(c) .10 , -2 > -12 . (s) -6 , 3 > -3 

(d) 11 , 8 > -3 (h) a - b will be positive 

(e) -6 , S > -i* a > b 

(a) 1 > -3 9 (d) .£ > .6 

(b) ■ 1 + 5 >(-3 + 5 7- (e) -2 + 3 > .6 + 3 

(c) 1 - 5 > -3 - 5 (f) ..2 - 3 > -6 - 3 

(a) (1) . True (2) True 

(b) (1),, True (2) True 

(c) (1)^ False (2) Palsa 

(d) (1) True (S) True 

(e) (1) True (2) True 

(f) (1) False (a) Palse 

(a) (1) 5 > 2 ' 
(11) 3 • 5 > 3 ■ 2 

(111) (-3) • a > (-3) -5 

(b) (1) 2 > -6 

(11) 3 - a > 3(-6) 
(ill) (-3) • (.6) > (-3) . 2 

(c) (1) 12 > 8 

(11) |.12>|.8 

(.1) . 8 > ( i) . 12 
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5 



(a) 


(1) 


true 


(2) 


Palse 


(d) 


(1) 


Palse 


(2) 


True 


(b) 


(1) 


Falie 


(2) 




(e) 


(1) 


True 


(2) 


False 


(c) 


(1) 


False 




True 


(f) 


(1) 


False 


(2) 


True 


(a) 


(1) 


Trut 


(2) 


Falit 












(b) 


(1) 




(2) 


Falsa 














(1) 


True \ 


(2) 


False 













Problem Set 3^3a 

In applying the properties of order^ you^ may prefer the 
complete fom of solution as used for Problem 3 for all of the ■ 
problems. ' ^ 

1, (a) Additive property 
(b) Additive property 

(0) Transitive property 

(d) Transitive property, a > 4 , 4 > 0 , then a > 0 

(e) Transitive property used twice 

(f) Additive property 
^ (e) Additive property 

(h) Multiplloatlve property using a negative inultipller 

(1) Additive property followed by the multlplieative 
property using a positive multiplier 

(J) Multiplicative property using a positive multiplier 
followed by the additive property 

^* x > y ^ y > 3 by hypothesis. 

Then x > z by the transitive property of order* 

E > w by hypothesis. Therefore 

^ > w by the transitive property of order. 

3. 2x - 3 is positive by hypothesis, 

2x - 3 > 0 by definition of positive, 

2x * 3 + 3 > 0 + 3 by tha additive property of order, 

2^ > 3 ^ by simplifying names. 
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1 * 2x > ^ ' 3 by the multiplloatlva property of 

order using a positive multiplier* 
by simplifying names, 
275 * ^ 



3 - 2x le positive by hypothesis. 

3 - 2x > 0 by definition of poeitlve, 

3 y 2k by the additive property of order 

ahd simplifying names* 

5 ^ 5C by, the multiplication property of 

order using a positive multiplloatlva 
and simplifying names. 

5 - lOx la negative by hypothesis. 

0 > 5 - lOx ' by ddflnltlon of negative. 

lOx > 5 by additive* property of order and 

\ simplifying names* 

3t > ^ ^ by multiplicative property of orda^ 

using a positive multiplier and 
simplifying names* ^ 

y > 3 by hypothesis, 

0 > 3 * y by the additive property of order* 

5 > 0 by the definition of positive number^ 

5 > 3 - y by the transitive property of order. 



FTOblem Set 3*3b 

Problem 5(b) offers an appropriate place to call attention 
to the difference between Justifying a "No" answer and a ''Yes" 
answer. A single counter example Is sufficient in the No-case, 
ThB "Yes" must be Justified in terms of properties or previously 
a(^cepted statements. 

1. (a) a is less than b, ' 

(b) X is greater than y. \\ 

(e) m is either greater than or e^al to 3j or^ m Is 
not less than 3. 

(d) n Is either less than or eqtftil to 3| orj n Is not 
greater than 3* 

(e) 0 is less than 1^ and 1 Is less than Sj or^ 1 
lies between 0 and 2, y 

%(f) X is greater than leroi or^ x is positive. 



(s) 5 Is greater than or equal to x, and x Is greatSr 
than or equal to -5j or, x Is between *5 and 5, 
Including -5 and 5j or x Is not less than -5 
nor greater than 5* 

(h) Same as (g) . 



(a) 
(b) 
(c) 



k > 0 
r < 0 
t £ 0 



(d) s ^ 0 



(e) S < g < 3 

(f) a £ w £ 3 
(s) a < w < b 



(a) 
(b) 
(c) 

(a| 
(b) 
(c) 



X > -2 and 5 ^ x j 6 
n ^ 3 and 11 > n j 4 
y ^ 0 and 7 ^ y J 8 




% < 0 



the 

(a) 



Since for all either x ^ 0^ ^ x > 0 or x < Oj 

union of X ^ 0 and x < 0 Inoludee all real numbers, 



H— < — I ; I I — I I I • i i » % ■ 

0 ^ 3 

X ^ 3 Is the^ llntersection of x ^ 3 and x £ 3. 



(e) 



H H-M H— < h 



(a) 152 



by the hypothesis, 



by the multiplicative property of 
order using a positive multiplier* 

^ ^ 0 by simplifying names. 

Thus the required set Includes all nwnbers greater than 

aero or all positive numbers. 
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(b) No. If % m B , y ^ 3 and ' z ^ 5 i the oonditlona 
are satisfied and z > y. 

If X ^ 10 ^ y m 7 ^ z ^ ^ the eondltlone are 
aatlsfied and y ^ '2* ' * 

Thus z may be > y or y may be > !• 

(a) If 3m > a than *S > -3m by multlplloative proparty 

of order with. (-1) as multiplier. 

Bat «2^-^^-3m meanB the same as -3m ^ 

(b) ' The additive property of flrder. Add (-x). 

(c) TtiB multiplicative property of /order, 'Multiply by ^ . 

(d) The additive property of^^order.' Add (*x - 7). 

(e) The multiplicative prope^y of order with (-1) as 
multiplier. 

(f) The multiplicative property of order using p (a pos- 
itive ni^ber) as the multiplier. 

(g) The multiplloatlve property of order uaing m (a neg- 
ative number) as the multiplier. 

(a) It does follow. 

(b) It does follow, 

(c) It does not follow since the first statement gives a 
possibility of gx m 15 in whioh case x « ^ and this 
is not included in the second statement. 

(d) It does not follow^ 2x ^ 11 (part of the second 
statement) could only follow the first if 

5x - 4 ^ 3x + 7 . Were Included in the first statement 
which Is not the case. 

(e) and (f) both follow. The properties of order and/or 
equality may be applied to each of the two parts of the 
statement separately. 



FroblMis 3j 4 and b gl^e a foundation for the woric on the 
eoor^nate •ystm presented In the next peetlon. 



1. 



(a) 

(e) 
(d) 



FT - a 



3 ; 



PR « 



ST 



1 



AIQ . 1 

The distances are the suie as In (a) slnoe the dlstanee 
from A to A* laSthe .^ame as the dlstanee from Q 
to R. 

OR (relative to tA,A«)) ' 1 
Mstanoes in (a) and (b) are the same 
This Illustrates ^stulate 11, 



(1) 
(4) 



3. 



(2) 
(5) 



^3 



a. (a) PC-*-^! 



(a) 
(b) 



PC 
PD- 
PM-< 

M4 

i 



•4 
-2 



P 

-t- 



-2 



0 



Q 



Relative to [Q^I] 



PR ^ 6 
RO ^ 4 

^ OR ^ 2 
(c) m (relative (0,1)) m 1 
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{3) 
(6) 



3 
1 



(b) PH*-* 

m* 

on* 

C-t 
R 

I I 



a 
f 

C2 
4 

4 



8 

'1 




ERIC 



(a) ^ Postulate 11 the dlstanees (relative toV{I, 



Q j)' are I 



SR s 5 

FR m 6 

RO ■ 4 

m m 2 



\ 



(e) Pft ■ 1 ( -3-) s 4 
SR • 3, - (-2) ^ 5 
PR = 3 - (-3) - 6 , 

RO • 3 - (^1) M 4 . i 

aR-3-l=2 

These distances are the Bame as the corresponding 
distanoes in (d) , • 



(a) 



(b)< 



I- 



F S 0 I 
— 1 i i J 


0 




-2-10 1 


i 




t 1 @ -i 




-4 


(relative to^ 




. 6 



First oorrespondeno,^ 
Second eorrespondenoe 



PR (relative to {0,S)) .6 , 
The dlatanots are equal. Wt would e^^eet this alnc¥ 
OS (relative to (0,1)) ^ 1, ^ 

(a) Yes. The point eorrasponding to 1 la ^ of the 
distance AB to the right of A. This Is a' unique ^ 
point, = 

(b) Yes* The point corresponding to 1 is ^ of the 
distance AC to the left of A, It is a unique point. 
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Problem Set 3« 



Problemi 10 and 11 Introduce the absolute value ^syiiil^l, 
ftany teachers artd stud^nt'i appreciate Its sconvenience and may 
i^l^lnd it useful Ih various considerations in this couree* It 
will be discussed in the text in Chapter 8, - ^ - \; * 

1. (a) P ^ is origin^ ' Q is- unit-point 
_ (^) PQ = 1^^ XY ^ y - X ^ / 

AX m K 4^ k / ' "fX ^ Y ^ K 

CY - y ^ 1.8 . {A 

2^ The 4tudejiit can only select as his seeond coordinate .system 
the system with fioordfnates x'^ ^x, - Therefore^ If trie 
coordinate assigned to ° Q by the first system is then 
^ the coordinate assigned by the second would be -q. The 
^istance PQ is the -same in both systems, 

3, (a) Yes by Theorem 3-1. It Is unique, 

(b) Yes J by the Ruler Postulate, It Is unique for any 
selected unit-pair, ^ 

4, (a) No. . ^ , 
, (b) No,/ 

(c) In part (a) P separates the line into two sets. In 
part (b) Q separates the line into two sets, 

5, ' (a) 17 I (d) ' 0 

(b) X - y (e) a - b If a > b 

(c) y - X b - a if b > a 

0 if' a = b 



(a) 



i 



B 


C 


R 

- 1 


P 
1 


Q 0 

1 1 - 


S 
1 




3 
3 


i 


-I 
1 


0 
0 


1 2 

"1 - 


3 
--3 


- - - >. 
C 
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(b) (1) p Is the origin in b^th i>stems, 

(S) CPjQ) ' Is the unlt^palr in C^_, (P,RJ 1% the unit 
pair in G» / , ^ ^ , v 

PQ (relative to (P^R)) ^ 1 ^ PR ' (relative to 

, (3) The unit-point is to the right of the origin in 
C and to left of the .origin in C». 

(c) x» + X ^ 0 or x» ^ -X 

(d) ^ m in G ^ 41 \, (^3) ^ a ; ^ ' ^ 
' BR In- G* ^ 3 ^ 1 2 



1- 



They are equal, 



M 

^ — ff 


R 
t 


S 

— 1 — 


T 


A 


B 


c 


0 


'4 
5 


4 


3 


— 
2 


0 
1 


=1 — 

i 

0 


— 1— 
a 
-1 


3 

-2 



E 

=4- 



4 C 

«3 C» 



(b) A Is tfe origin in C and " B the unit-point. 
B iB the origifv In - C« and ' A the unit-point. 
The origin and unit-point have been interehanged in 
the tw6^ systems so the unit-point is' to the right of 
the origin dn C and tc^ the left of the origin In C«, 

(c) x»+x^lorx» = -x + l 

(d) BR in C ^ 1 - (^3) ^ 4 j BR in C» ^ 4 ^ .0 ^ 4/ 
They are equal . ^ ' - 



(a) 



. A i 



4 3 
-I 0 



c 


D 

— ^ 


P 

; 


Q 
1 


R 


S 


T 


2 
1 


1 

2 


0 
3 


4 


=j — 

-2 
5 ' 


-3 
6 


-4 
7 



c 



(b) P Is the origin In system C. B is the origin Im 
system B is to the left of P. [f^^D] is the 
unit-pair In C. {B^CJ is the unit-pair In G», 

PD (relative to [B,Q)) m I ^ BG (relative to '{P,D)), 
The uiiit-ppint is to the left of the origin In C and 
to the right of the origin in C», ^ ■ 

(c) x» + X ^ 3 , or x« ^ -X + 3, ^ 

(d) BR in system C ^ 3 - <-£) ^. 5 ' . 
BR in System m 5 ^ 0 ^ 5. 

They are equal. 1, 
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(b) . (1) R is the origin in while Is the origin 

' in and 2 li to the le^t ot^ R, 

(2) (R^W) ii/the unit-pair in > * . 
(2,Y3 is the unilb-pair in C*. RW (relative 
to (Z,Y3) ^1 ^ ZY (relative to (R,%J)> 

(3) In both iyitems^ the unlt-p^pt Is to the left 
of the .origin. - ' - - ^ 

(e) X * x«' ^ 2 or x« ^ X - 2 



(a) ' BR In 0^4^ o"^ 4 . 
BR in = 2 (^2) 
They are equal. 



(a) ^(1) • 

(S) 5 ^ . ' ^ ^ ^ 

(3) 1.. ) 

\ (4) 1 f ' , 

. (5) M ^ i| - N2| ^ 2 : 

(k) -.ln^each of these order In the expresied 

difference were changed, the sign of the expression 
within the absolute valuf ^symbol would be changed. The - 
final expressions using the two orders would^ of coureej 
be equivalent. * ' 

(1) ix ->r 

(2) |(a + b) - b| = |a| - 

.. (3) |(a + b) - (a - b) | j'2b| = a|b| ■ ' 
l(a + b) _ (b + a) I s |0| = 0 , ; 
(5) K(a - b) - (b-- a) I = .|2a - 2b|' = 2ja - b|. 
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Problem Set 3^6 

Broblemi g and^6 begin to bull*d toward understanding 
of the relation between coordlnatei in two coordinate systems- 
established on a given line. They iug£est the conclusion that 
when the sum of corresponding coordinates Is, a constant^ the.^. 
scales in the two systems appear to "run in opposite direction 
and when tfie difference between corresponding coordinates is a 
Gonstantj the scales appear to J'run in the same direction." 





Origin 








Unlt^Polnt 




G 










F 




(b) 


B 


or 


g' 






0 


or B 


(c) 


E 










D 




(d) 
(e) 


C 
B 


or 


F 






F 
E 


or C 


(f) 


C 






f 




A 




(s); 


. J ,.:. 


:Qr..,: 


E 








Or . B 






or 


E 






E 


or D 




■ a choice 


In 


the i 


iase 


of a segment. 














(e) 




(b) 












(f) 


W 


(c) 












(g) 


cl 


(d) 


i' 










(h) 


Empty set 










(b) 






(c) MR 



3* (a)' M (b) m (c) MR or 

4. (a) sYes' 

(b) ^Between 0 and 1 

(c) X - 0 - 1 - X 

(d) {^] J only one 

(e) Qn^ej since a coordinate system is a one-to-one 
correspondence . 
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♦6* x» 3 X - 3 } • the mlere are pladed against ^ so that 
theirs ecalii "run In the sajne dlreatlon,^" whereas In 
Problem 5 the scalee "run Ipi opposite directions*" 



Problem Set 3-; 



These problems are primarily to prepare for the next 
section* They emphasize that (a) the relation between the 
measures of a* given ^'distance relative to two different units 
is determined by the relation between those two units and 
(b) the ratio between the measures of two different dlstanaes' 
Is Independent of the unit .used* Help students to see these 
relationships in the table in Problem 2, 



(a) 
(b) 
(c) 
(d) 



(e) 



0 

X > 0 

C Is 5 
D la 4 
E . is I 
0 < p < 1 



(f) '(1)^ NO 

(2) Yes 

(3) Yes 

( 4) No 

(5) No ■ ; 

(6) No 

(g) 'Interior, rayi opposite 



•2. 







RS 


TV 


VW 


Inches . 


3 


6 


18 


24 


feet 


1 


1 
S 


3 


2 


-- ■ f- 

yards 


1 


.1 


1 


2 
f 


alphas 


2 




12 


16 


betas 


^ 8 


16 


48 


64 
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•3. 



(a) 3 

(b) 3 
(e) 36 

(a) 
(b) 



(e) IE 



.-(f) 
• (S) 



It 



samllez> 
4 



(c) The first pair of points Is 4 times as far apart as 
the second pair of points. ' • 

*5. , (a) Ilia answer Is ilven. . 

' (b) 8 , 8 ' 

(c) 8 ,8 , 

. (d) 10 



*6. 



(a) 
(b) 
(c) 
(d) 

(f) 



12 
1' 



1 

' 1- 



IS 



(a) 
(b) 
(c) 36 



1 
T5 



Problatn:, Set 3-£ 



(a) 



(b) a ,B , E , G 



(d) 



1 



1 



1 
7 
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(2) 1: / ; ."',(2) 3 . ' ... • 

; uy ' T-fi^ P , (3) 3 J 33 

, e - -5 ' ■' (5) y = 3(-8) = -24 
(6)- xt . ^5 - 2 



*3. 



1 - 



A 1 C D E 

I — 4 — I — i i i I — — ^ 

-I 0^1 £ X C 

-3 0 1 1 6 3X C 



(a) Yes, 'Since' C Is a one-to-one correspondence^ for 
each point X in X Jtiiere is a unique numbe/r x . in 
G, For each number it in C there is a unHue 
number 3x in C*. Thus for each point X in j£ 
there Is a unique number 3x in ' G*, 

(b/*^if we select special ^points such as A and using 
^*^^fe numbers -3 and 3 assigned to them respectively 
by G« , we find that^ since AD (relative to [B^G))^ 
6 3 3 - (-3) J appears to satisfy the second 

criterion for a coordinate .system, A more general 
consideration follows. 

To show thpt for every pair of points on ^ corres- 
pondence C» satisfies the second criterion for a 
... \ / ' 

. coordinate systemj assume and be any two 

points o|i ^ with coordinates to c x^^ and Xg 
respectively and with Xg ^ x^. The numbers asso- 
ciated with X^^ and X^ by correspondence G* are^ 
then^ 3x^ and , 3Xg respectively and by the ^ 
"^multiplicative property of order 3x^ > 3x^. If G» 
is a coordinate systemj its unit-pair is CBjC] and 
we must show that X^Xg (relative to (B^))'^^ .3Xg - 3x^ 
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(^^lativef'tp' (1,0)) m 3X^Xg (Mlatlve to tl^D)) 
; sinae m (relativ© tfo* (B.CJ) ^ 3. But. slnae 0 Is 

a aoordinate system, X^Xg (reiatlve to (B^D)) = %g ^ x 
J Hanee X^Xg (relative to (B^G)) 3(xg - x^)^ 

3Xg - 3x^, It follows, sinoe satisfies both 

,\aonditlons In tha definition, that correspondenQe _ C» 
is a ooirdlnate system. ^ 
(o) ^ Ybs V . 

(d) No 

■ [ ■ ' ■ ' ■ 

X < ' ^ ' 1 I I . I I I I > f 

•5 -4 -3 -2. -1 O ' I 2 X C 

0 I 2 3 4 5 S 7 X' C 

X »' + ^ 

(a) C Is a one^to-ona^ correspondence , 

tb) If C is a coordinate system^ {E,Dl is the unit- 
pair In C*, Let X^ .anJ^Xg be points on ^ with 
ooordlnates in system ^a^i x^ aM K respectively 
and such that Xg > x^. Then the numbers aesigned to 

and Xg by C» are x-j^ + 5 ' and Xg + 5 
respectively. By the addition property of order 
Xg + 5 > x=^ + 5, . 

X^Xg (relative to (E.D]) m X^Xg (relative to {A,B)) 
since ED (relative to (A^B)) m 1. But slnc^ C is 
a coordinate systemj (relative to {A,BJ) ^ 

Xg - x^ which, by changing the fom, 

^ (xg + 5) - (^1+ 5). Thus X^Xg (^tlatlve to CEjD)) 
^ (^g + 5) - (x^ +5)* 

_ Again, as In Problem 3(b), the compllaaoe with the 
defiriltlon of a coordinate system' may easily be noted 
for any two specific points. It follows that the 
correspondence G< is a coordinate system since it 
satisfies both conditions stated in the definition* 
(c) and (d) Neither the origin nor the unit-point are 
the same for the s^tem d and C, ' 
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Yes, 



PQ (relative to (B.B')) 
p3 (relative to Uikn) ^ ' , 

RS (relativ e to (B.B ']) ' ♦ 

ftS (relatlvi to CA'A'!] ^ 

TV (j^elatlve to CB^BH) _ . • 
TV, f relative to lAiAO) ^ . 

If pq + RS ^ W (relative tg {A^A')) , theri 
4c • PQ (^relative to {A,A»)) + ^ - BS (relative to {A,A>)) ^ 
k . TV (relattve to {A, A*)). This ^i^^the same as 
PQ (rela^l^ve to {3,3')) + RS (relative to (B^B»)) 
TV (relative tO '{B,B']). 
Thus PQ +^RS ^ TV (relative to (B^B*)). 

~ . ■ / 

" Problem Set 3- 





'RS-(-iTi-at 


(Ih a) ^""2 ^ RS tln^ 


(b) 


RT (in C) ^ 1 


* 


(C) 


RT (in. CO ^ 2 




id) 


2 or . -2 . ' 




(e) 


ST (h^ C) ^ 3 1 ST ^ 


(in Ct) ^ 6 


(f) 


-2 or 10 


i 


Cs) 


Yes. The cooyddnate 


of T in C* must 




it must satisTy both 


distance relations . , 



since 



(a) a = a , b = 0. TherefoTe x' = 2x. 

(b) If X = -1 , X' = a(-i) = -a. 

(a) RS (m C) = 3 RS (m C) m 6 , RS (In" C») = I RS 
(in C) ,^ 

(b) RT (In C) = 1 

(c) RT { -in C«). = I 

(a) I or I • 



(e) ST (in 0) a 5 , ST (l>. C«) = I 

(f) or -4 i 

(g) The coordinate of T In C must be ^ since ^ 
satisfies both distance relations. 

^ ' ■ 'J, . 



1 « a * 2 + b Then 1 = (- + b. 

-a s a ■ 8 + b , , b - a ; 

-3 ^ -a • 6 

a ^ - ^ " Thus' x' m . h X + Z 



1 



If X ^ 3 , xV= i(3) + 8 , I 
The coordinate of T (in C') is 

' Jl < +— — i I ^ • • 

-2 '5 II C 

3 I C 

^ (a) (1) PO. (in 0) , 6 , "PQ (in C») ^ 2 , > ' 

^ - , ' Pi (in 0,1) a I PQ (in C) % ' / 

(2) PW (m C) a 7 
1^ (3) PW (in d') "= J 

(4) The coordinate qi' W (in C«) Is either 3 + ^ 
. or' 3 - I , that, is, 5 | or | . 
- ■ m i^^ . . - 

(6) 'The coordinate of W (in C«) is either "l + — 
or 1 _ i| j either 5 | or | . ^ 

(7) The coordinate of W (In C) must be 5 i . 

(b) 3 * 5a + b Thus x» ^ - i X + M 

1 ^ 11a + b 



Da 



1 ^ ^ ' 



* 3 - 5{- |) + b ^ 5 I 

- ^ ^ The ^^ordlnate of W (in C*) ^ 5 ^ * 

^7 3 

Parts (a) and (b) can be solved ip the manner of 5(a) above, 
However^ students may prefer the method of 5(b) ^ In which 
case *they will solve part (c) before (a) and (b) , 

(c) 32.^ a * 0 + b (a) P ^ i,8( 40^) + 32° 

212 ^ a ' 100 b P ^ 104° 

" (b) 0 ^ 1,8g + 32° 

a 1.8 . 70 

C ^ ^17 ^ 

P ^ 1.8C. + 32 9 
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(1) x^, b 

(b) . X' = a + b 
(c) 

or 



i 


■A- 




X 

^ — • 


P 


Q 




0 


^^.^^ » 

I C ' 








Q 


p 




1 


0 
b 


X ^ 0 



# 



(d) PQ (in q) ^1 ^ Q m 1 

PQ (in C»)' ^ (a + b)^^ b ^ a , i^ (a + .b) ^ b 
PQ Cln Q*) ^ b ^ (a + b) ^ ^a , if b > (a + b) ^ 

(e) If (a + b) > b which means if a > 0 ^ ^then the 

* ooordlnatas^ G* will inorease from b^ to (a ^Jb) 
as M^movB from P ,to The coordinates ^in scale 

^ inorease from 0 to 1 as we move from, P to Q 
Thus the scales "run in the same directio^, . 
^^'^^^^'i^ ■("ar/"+~bt'^"<~b~^^ o^^ 

in C* will decrease from b to (a >+ b)' as we move 
from * P to Q whereas the ooordinateB in so^le C 
increase from 0 to " 1 -as we move from P to Q, 
^ Thus the scales "run in the opposite direction*" 
If ^ 5 and a ^ 3 ^ tiien 
' P Q R S 

^ * 0 t a 

5 8 II 14 C' ^ 

If b ^ 5 and a ^ -4 ^ than 



0 1 2 1 C 
5 I -3 -7 C' 

.If a ^ 0 ^ then , a + b ^ b and in the diagram in (c) 
a^ve ^two points P and Q would both have the 
coordinate, b. This would not give a^^one*.to«oHe 
correspondence and ^C> would not be a coordinate 
iystem, 

Expialned in another wayi if in x» = ax + b a 0 
then X* for sail values of x; Thus a single 

nmnber b %m apsociated with every point on line A. 
This Im not a coordinate system. 
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•8. (a) AE ^ 5 +1 (9 - 5) ^ '7 | miles 



(by- 



A 

-f- 



AE ^ X , AB ^ , AD s Xg J BE = | BD = .(AD - AB) 



(d) 



* AE = AB + # BD 

If X Is the eoordlnate of 1 



then 



X - 0 ^ 1(1 - 0) or X ^ ^ 



1 • 



E D 



^ From X' ^ 



f I By it em of Part (c) 
ax + b 



or 



Xg^. 

b, m 
X» 
X» 



a • 
a ' 



0 + b 

1 + b 



a = xg - x^ 



m (Xg - Xj_)| 



+ X, 



*i * f " ^1^ 



Problem set 3-10 



(a) 



r 














(1) 






' (7) 


X 


1 


2 


(2) 


21 x£4 




(8) 


X 


i 


2 


(3) 


-4 £ X £ S 




' (9) 


X 


1 




(^) 


X ^ 0 




■ (10) 


X 


i 


0 


(5), 


X i 8- 




(11) 


X 


1 


0 


(&) 


x 1 6 , 




(12) 


X 


1 


2 


(it) 


and (11) , 












OK 


and 


5? 






(7) 


and (12) , 


HJ 


and 


m 







it 
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_l 


E F 
1 1 


f ' ^ 




1 

1 


i 


-4 




-i 1 

-1 0 




1 

1 




(IK 


-1 ^ X _^ 3 


(7) 


X 


1 0 




<2) 


O^xi 2 


(8),* 


X 






(3) 


-3 ^^'X J 0 


(9) 


^ 








x>.l 
x.^ 3 


(10) 
. (11) 


X 
X 


i -,i 




(6) 




(12) 


X 




(b) 


Same 


as 1(b) 









K 

=4- 



X ^ 


^1 


+ kCxg - x^) 


(a) 


X 


^ 2 + 4k 


(b) 


X 


^ =2 + 6k 


(#) 


X 


^ 3 + k(=7) - 3 


(d) 


X 


^ -15 + 30k g 


(e) 


X 


- -5 + 5k ■ 



4. 



Two 
(a) 



"methods of solution are shown for each problem, 



(b) 



A 

4=^ 



S 



-5 
0 



10 
I 



X ^ »5 + k(10 = [.5]) 

15 ^ ^5 + 15 k 

No^ Yes^ No 



C 

4^ 



"5 10 15 

0 k .1 

X ^ x^ ^ k(xg x^) 
10 ^ ^5 + k(lS = [-5]) 

Yes^ Yes^ No 



A B C • 

^-4- _=_ — l_» 



15 



" (-5) 15 - U 



k 



T 
20 



4^ = ^fei^ 



SO 

k 



-r 

15 

4 
1 
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e 



10 
0 

^ 10 + k(15 - 10) 
10 + 5k 

k ^ ^3 



IS 
I 



0^ - k 
-J , 15 



15 - 10 

1 ! 0 



No, No, Yes 

(a) 5 + - 5) = 8 or 

(b) -2 + |[_9 = (=2)] = 



k m 



5 

-3 



+ 11 



or 



^1 + ? ^^2 



X,-=-, + X. 



X,) 



X^ + Xg 



(e) X ^ + ^ [ (r + s) - (^r) ] ^ 4 

X ^ (r + s) +^^^ [-r - (r + s)] ^ 4 



7 = 4 + (x^ 

x,, ^ 10 

-7 = X + |( -a 

X = -12 



or 



4 + xo 




+ X _ ^ 



m =12 i.- 



or 

(a) 
(b) 



-7 - X 



X, = 



X-, = 



1 



3 + * (12 



=1 + f 



3) J 
(-1)] 



Xo 

c , 



3 + 1 (la - 3) 



Xo 



+ f [4 - (.1)] 

I 

1 
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(c) 



(a) 
(b) 
(c) 



TrlseDtlon point nearer to 
+ i ( Xg - Xj^) and 

Trisection point nearer to 



X = 7 + I (5) = 8 



X = 7 + 



(5) 



10 I' 



1= 



B 



7 12 s, 

Either P has coordinate 
x-^ = 12 ^ ^ (12 ^ 7) and 



has eoordina'^e m 



Xg has coor 



nate ^ 



such that 



or 



P has 'coordinate 
1 



such that 



12 



5 /and 



Xg = 



10 



10. 









X 


P 




(a) 


k = 0 




X = -5 ■ 


A 




(b) 


k = 1 




X = 7 


B 




(c) 


k s 1 




X = 1 


midpoint of W ^ 




(d) 


. = 1 


2 

' 3 


X = -1 , 3 


trlseotion points of AB 




(e) 


k = 2 




X - 19 


P on A? such, that AP 


m ■ 2AB 


(f) 


0 k 




5 ^ X i 7 


AB 




(s) 


k 2 0 




X 2 =5 ■ 


A=f 




(h) 


0 < k 


< 1 


=5 < X <.7 


Interior of TO ^ 


to m 


(1) 


k < 0 




X < -5 


interior .of ray opposite 


(J) 


k = 5 




X = 55 


P . Is on AB^^^ and AP w 5 


^ AB 


(k) 


k = -5 




X = -65 


P is on ray opposite to 












and AP 5 * AB 





Problem Sat 3-11 



(a) 
(b) 



m m 3 



AF ^ 3 , OD ^ a PO 3 7 



DB - 7 ^ Distance from 0 to B ^ 7 , DB ^ 7 ^ BD ^ 7 
All answers are the same since all are gymbols for the 
same measure, ? 
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V 



2, (a) . True, 1-0^1, 

(b) False, 3 - 1 « 2 not 3. 

(c) True. 3 1^^ 2. ^ , , 

- ^ (d) False since they are different sets of points. 

(e) True. 7 - (^if ^6 and 6 ^ ( »2) ^ 8, 

(f) False sin^ce two sepnents ar© congruant only if 
their lengths have the same measure. 

^ 7 - (-1) 5^ 0-+ (=3). 

- 

^ . 3. (a) Tnie . ^ 

(b) Not meaningful ^ f 

( 0 ) No t me an i ng £u 1 

(d) ^ True 

(e) False 

(f) True 

(g) Not meaningful 

(h) B^lse 

(i) Not meaningfij.1 
(J) T^ue 

4. MT- ^ MS +,ST j Theorem 



No, If Qj R are collinear in that order^ then Q is 

between P and H. This means that the coordinate of Q 
is between the Goordinates of p and R. Since 
-^5 < -2 < 3 ^ the coordinate of Q must be --2. ) 



AH ^ 



(a) ' With 9'^ yesi With -5 ^ no. Every point on' DE hs 

a non-negative coordinate 

(b) (1) 7 ^ 
(2) I ' ^ ■ 



(3) 10 . 

(4) 8 ' 

(5) 11 

(6) 2 or 0 



2Q6 



'('8) k" must be 0 since EP and EG are ' both ^ '-^^ 
nc3n-negatlve . . ' / J 

f must be ^ 0 since F is in DE. 
If f > 1 , whlcfi means P is to the right of 
V - E 3 then ^ ' ' ' 

- . ^ ■ ^ EP ^ f ^ 1 ^ k • 2 or - f ^ 2k +1, . ^ , 

. . Then 2k + 1 > 1 and k 0 . . 

Thus I'hr all k > 0 , f ^ 2k + 1 .and P is in 
DE such tha^ E Is beWeen D and P. 
^ If 0 ^ f ^ 1 , then EP ^ 1 ^ f s 2k or 
f ^ 1 » 2k. 
Then 0 _^ 1 - 2k ^ J- 

£ - . 2k ^ 0 ^ 

' Thus for all k such that 0 ^ k ^ ^ ^ f ^ i = 2k 
and F is in M. 

If 0 < ^ £ ^ i f has 2 values and F has 2 

posit ions in DE. * - / 

If k > 4 or If^ k ^^:-0 ^ .f has only one value. 

8. (a) (1) 12 . , ^_ (b) (1) I 

(3) I (.c) -4 or 0 

9. (a) " (1) X / (b) (1) 0 < X < 18 '"^ 

(2) 18 . X / \ (2) X > 16 

/' (3) X V / (3) X <0 

(4) x_ is 

(5) 18 - X . ■ , 

10. Let q, r be coordinates of P^.^U R respectively. The 

order of cy^linearity given demands that either p < q ' < r 
or r < q ^ p ^ 

(a)'. In case p < q < r 

' ^ - P <r.p P Q "r 

or ■ ^PQ < PR , ' p ,q * ' 

also r ^ q ^^r ^ p - ^ 

or OR < PR 

£97 



( b) 



or 

also 
or 



r < q < p 
q - r < p 
m < PR 
P - < P 

Pq < PR 



R 

t » 



Q 



P 
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■' Chapter 3 









ne 


yiev; 


Problems 






1 


fa )n 




(c) 


a 


or V or 


J (e j 


II or 






N 


(d). 


The 


empty set 




empty 


o 


' (a) 


positive 














(b) 


a ppsltive niunbei^ less than 


o 




















J . 


■ (a) 




(d) 


IT 












T 




M 






i 

\ 




(c) 


F 












4% 


(a) 


TI « 


/ - ^ 


T 










I (b) 


T 


(A \ 


1 










<a) 


^ -3 


( = ) 


X > 




(a) 


1 - . 




(b) 




(d) 


X < 








6 . 








r 1 


-1 — ► 












-3 


0 


1 








\^/ 


















-1 


0 1 


f 








7. 


Ja) 


8 


(e) 


11.1 










(b) 


8 


(f) 












(c) 


7 


(s) 


2b 










(d) 


9 


(h) 


If 


^2 > ^1 ^ 


then 


^ ^1 










If 


^2 < ^1 


then y^ 










(1) 










8. 
















9. 


ray 




, point 




e), lin 


e (h) , 


serjmen 
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10. 

11 . 

12 . 



13 , 



14, 



(a) t 
(a) 11 
(a) % 



(b) -1 



or 2 



or 2 



6 




"(c) 2 

(d) 'They are equal. Postulate 13 

(e) They are equal. Theorem 3-4 . 

/M) False " (d) False 

(b) Not meaningful (4j True ' , \ ' 

fc ) True 

(a) Yes m?^ is the set of points v;lth coordinates 

> 0 and 17, satisfies this requirement^ 

(b) Yes^ from the definition of a^'^'Dordinate^System . 
on a line. ' ^ 

(c) (1) 12 , (2) 8, (3) p = 1 - 5 or p = 6 
(4) If ^ k * Ru, then ^jp - k(l - 0) - k . 

k must be > 0 since WP is a distance ^ ^ 
and must be non-negatlve-^, "^^^ ' 
If k ^ 0 J then P - V," and the ..coordinate 
of P 1 

If k ) 1 5 then i; is betv;een R and P 
and p ^ 1 + k , 

If 0 £^ k ^ 1 J there are tv;o possible posi- 
tions of P , one v;ith h betv/een H and 
P in vjhlch case p = 1 + k , the other when 
P is betv/een R and v; and p ^ 1 - k * 



300 



(d) In parts 1 2 ^ and 3 of (c) only one 

ansvmr is;possible. In part 'f of (c) more 
than one ansv;er Is possible as Indicated above, 

(e) 



Let 


P 


be the 


! coordlna 


^te of^ 


' P . 




Then 


RP 


" P 


0 


or , 


p 




and 


VJP 


^ P - 


1 


or 


1- - P . 




The 


folutlons from 


(c) ■ 


v/ould th< 


(1) 


P 


12 


or p 




-12 




(2) 


P - 


8 


or p 




-8 




(3) 


P ^ 


b 


or p 




J 4 




(^) 


P - 


1 + k 


or 


P 


= 1 - 


k vjlth 




^ (d) 


T 


(s) 


T 


(J 






(e) 


P 




T 








(f) 


T 


(1) 


T 







15. (a) T 

(b) T 

(c) T 

16. (b) 




A B C D 
r- 1 ■ It 



(1) B J K (3) The empty sat 

(2) W ; W (4) The interior of W 



17* (a) AB + BC ^ AC 
(b) If AB ^ BC 
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18* (a) The or em 3-7 , The ^tweenness-Coordlnates Theorem. 

(b) Theorem 3-7 ^ The Betv/eenness-Coordinates Theorem. 

(c) Thtorem 3^9 , The Betweenness-Distance Theorem 
since S Is between R and T 

19, PR (in cm) ^ 30 

QR (in cni) ^ 100 QR (in m) ^ 40 
QR (In cm) ^ (a)QR (in ran) ^ 10 

Let' C be a (cm) coordinate system^ on the given line 
^ v/hich assigns 0 to Q and 40 to R . Then/ if 
is the coordinate of P ^ either p - 40 = 30 or 
40 - p ^ 30 and p Is either 10 or 70 , If 
p - 70 ^ then PQ ^ 70 , But this , aontradlcts tm 
hypothesis that QP ^ 10 , therefore p ^ 10^. Since 
0 < 10< 40 , P is betv/een' Q and R by the 
Be tv/eennese -Coordinate Theorem. 

20. (a) 3 , 10 (c)' 10 
(b) 3 (d) 10 

21. ST* since x > 4 ' 

22. (a) X ^ ^3 (b) y > ^3 ^) g^31 

23. (a) p . ^ ^ 

(b) p - a + i(b - p) or p . a + i(b ^ a) - ^^^^ 

(c) p - a + |(b = a) 

(a;) p ^ a + k(b - a) . 

[B) No. and since pa and AB , being dis- 

tances^ are both positive^ thsir quotient is 
positive, k cannot be ^ 1 since this would 
mean PA > AB . But P Is between A and B 
so n? + PB ^ AB and^ since PB > 0 ^ PA < AB , = 
k ^ 0 since it would then follow that PA ^ 0 
and P = A vjhich contradicts the hypothesis that 
P and A are distinct points. 
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24, (af 

. (b) 

(c) 

(e) 

25, (a) 
(b) 
(c) 
(d) 

26, (a) 
27. 



Relative. to the same unit pair the distance' between 
P and -Q is the same as the distance between 
M .^nd N , 

The segments are congruent, i,e. they are equal in 
length. 

The symbols are names for the same line. The set 
of pointe are equal, j 

The dietan^^e ^ is greater than the ^^distance ^A, 

QN^ and QM^ are names for the same ray v/ith 
andpoint Q and containing points N and M , 



The union is ; the interseation is A , 

The union is *AB* ; the union Is 

The intersection is TS ; the union is 

1 P - X 



ipoordi- 
nate 

Syetem 


Relation^ 
ship 


Coordi- 
nate 
of D 


Coordi- 
nate 
of E 


Coordi- 
nate 
of F 


Coordi*^ 
nate 
of G 


Coord 1 = 
nate 
of H 


Coordi- 
nate 
of I 


First 


K 


0 


3 


Q 


-1 


5 


— £^ 


Second 


K * ^ OX 


0 


18' 


12 


-6 


30 


^12 


Third 


x" = X . 3 




0 


™1 






=5 


Fourth 


X * ' ' - 

-2x + 2 




. -4 




4 


-8 


6 
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28, (a) ik i^xg . 
; (by k > ^ 

(d) k^Xg ^ ^ J 



(e) k is real. 



s 



29* V;e have not proved that AB + BC ^ AC implies' that B 
is betv;een A and C , This is the converge ,of the 
' Batw^eenness-Dlstance Theorem but the ^truth of the cod- 
verse of a theorem does not . necessarily follovj from the 
truth of the theorem. The text stated that this con- 
verse could be proved. 

30, (a) X' ^ ax + b (b) s = -2 * 0 + 3 

=3^a*3+b ^ r^s-3 

13 - a(»j) + b 

a . ^2 ^ 

b ^ 3 
X* ^ -2x + 3 



31. x^ - x^ + k(x^ - x^) 



= x 



1 



(a) x« ^ x^ + 0 (xg - x^) 

(b) x^ ^ x- + (x., = X. ) ^ x.^ 

- X + X,- 

(c) X* ^ x^ + I (x^ - x^) ^ — i 

(d) X* - x^ - 2 (x^ - ^ 3x^ = 2X2 
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er 



ANSWERS AND SOLUTIONS* 
Prpblem Sat 4-^2 



(a) % I^ieorem 2^10 two Intersecting lines Idetermlnf a _ 
unique alane > ^Call the unique plane deterrolned by 

Then all the- points in " ^ are 
of P' and .all the points of are- member^d^ 

By definition of subset, and are^^^- 



and CDj ^ 
of f 



subsets of P 



(b) 
(c) 
(d) 



(e) 




cross hatched 

%^ is a convex set and Is a convex set (Plane 

separation Postulate) and the intersection of two 
convex sets is a convex set. 



convex, halfplane, intersection, convex 
points^ PQ, subset 
^8, subset 

(a) No, ^ and W Intersect in, at most, one point 
and by hypothesis, that point ,is A. 

(b) T^e empty set since A is not contained in fl. 

(c) No^ because TO does not intersect RS^. and by 
the Plane Separation Postulate every se^n^ent which 
Joins a point in one halfplane d|termined by a line 
with a point in the other halfplane determined by 
that line must intersect the edge of the halfplanes, 

(d) Yes, since' (a) and (c) have ruled out all other 
alternatiiy^s , 

(e) Yes* By (d> P, assumed to be any point in m except 
A, is on the same side of RB as B and therefore 
in the same halfplane as B, 
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J" 



(a) Yes, Theorem 4-1 states that the Interseqtlon oAany 

two convex sets ^& convex set, 
,(b) The thi^ee other types of Intersectlona are llluatratedv 
► , The heavier lines represent the edges of the halfptoies,. 




(1) The Empty Set 




(2) The-iftrerlor of a 
Segment 



(3) A HalfMne 



Problem Set 4^3 



union^ rays^ endpolnt^ line 



(a) No 
(c) (1) 



(b) No 



T^e union of two opposite ray^ cannot be an angle 
/since opposite rays are colllnaa^ and the defini- 
tion of an angle states that the rays whieh fonn 
the sides of the ajtgle cannot lie In the same line; 

(2) The union of t^^^ays which do not lie in the 

same line Is an angle If and only . if those rays 
have a common endpoint, 

£NPRj £nPT| £MPSj ^MPT 
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i^^f ^iBC, ^ClA and 

^ClA could be called ^CIP and ^ATO could be called 
/Pip. 

(a) . Yes (d) Yes 

(b) No (e) To all anglei formed 

(c) Yes ' by 1? and W 

5. (a) ^Tffi (d) ^NS 

(b) ^RND or "(e) ^CNS 

(c) jkm or £fm (f) £mw or £am 

* Yes . ^RMA a^d ^CNM or ^CNR 

6. (a) 60 . (e) 70 (1) 70 
(b) 30 ' • (f) 15 (J) 90 
(o) 30 (s) 25 <k) 125 

(d) 30 (h) 70 (1) 100 



Problem Set 4-^ 



Froblam 6 Is Intended to help prepare for the Introduatlon of 
a ray-eoordlnate system in a plane. 

lio I (0) ^ 

2.' (a) 
^ (b) 
(o) 
(d) 

, (e) 
(f) 
. (s) 



X 

TBo 


(b) i 




135 


1.5' 


150 


18 


.2 


20 


54 




60 




X 


lOx 


X 




-T 


90y 


y 


lOOy 


117 


1.3 


130 




z 

1 ftA 


z 



3, 
4." 



larger 




Column I 




Column II 


- 7.5 


Column III 




They are equal « 
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(^) W - a.5 . i# ^ 2.5 W - 2.5 



3. 



A _ 



w 


■ 2 


X 




117 




(1) 


60 


(2) 


75 


(3) 


105 


W 


90 


(5) 


90 



H7 ' , 136 " TIT 

•6. (a) (1) 60 (6) 135 

.(7) 45' ' ' . . 

(8) 150 

(9) 120 
(10) 60 

(b) All aniwars given In (a)** agree with t^e definition 
of angle ai^ with Postulate l6*^ 

(e) p-z^^ l8o, 180^ 360 -(p-g) , ^ 

Problem Set 4^5 

1* (a) 35 (d) 45 (f) 95 (i) 1^5 

(b) 85 (e) 145 (g) 4o (j) 130 

(e) 50 (h) 90 

2, ■ (a) Tom's J Jlm'Sj Bill's and Hank's are acceptable since 
they satisfy the definition for a ray-ooordlnate 
system and the Protractor Postulate* Pete's dlagriun ^ 
places P and N on opposite ildes of "W in 
vlelatlon of the Protractor P^tulate, 



(b) 


6o\ 


130 


Definition of 


ray-coordinate system 


(c) 


70 




Definition of 


ray-coordinate, syitera 


(a) 


(1) 


y- X 


' (2) z-x 


(3) z-y (4) y 


(b) 


(1) 


y -X 


or 360 - (y - 


x) whichever Is less than iSo 




(2) 


Z - X 


or 360 - (z - 


x) whichever Is less than l8o 




(3) 


z -y 


or 360 - (z - 


y) whichever less than l8o 




(4) 


y 


or 360 - y ' 


whichever la less than l8o 
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4. (a) Th© uhion of VM, VN, VPi . ' 

The union of Wi vf" 

' ' (a) V ; (4) vj ... 

(d) (1) THit empty set^ 

(2) The set of all points. In the halfplane 5^ and 
edge ^ of the halfplane. 
' (3) Two half lines I . the set including all points 
on V? and except V. 

5* (a) F £A0B and ^BOG ^re different sets of points, 

(d) F ^e Inequality is in the wrong' dlreot ion. 

.(f) F^^£?c acnd £ are different sets of points, 

(g) T .: '\ 

(h) T ' ' ^ 

6, (a) ^RVY is a set of points i 80 is a number, 

(c) Sets of points cajinot be added, Niimbers can be added, 

(d) A set of points is not a ntimber, , 

(e) Sets of pointB cannot be added, - 

(g) Greater than is a relation between numbers not between 
a nwiber and a set of jSints, ? 

(h) Multiplication is an operation on a 'pair of n^bers, 
not on a nmiber and a set of polnti, ' \ 

(i) In our geometi^ there is no mngle with measure 180, 
(J) In our geometry there Is no angle with measure 280, 

7* * (a) One^ by the Angle Construction Theorem, 

(b) Two, By the Protractor Postulate there is a ray- 
coordinate system in ^ relative to A such that 
AG is the zero-ray. In this system the rays with 
ray-coordinates r, and 360 - r are the two and 
only two rays^ that forrn with A?" an angle whofee ' 
measure la^ r, Purtherraore .all rays in & with end- 
point A have been considered since all ai%^asslgned 
ray-coordinates in this system. 
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; % V ; ffroblem Set 4>6 

\PrdbltmB .4 and 5 htlp students with^the proof of TOieorea 4^ 
and TOieortro ^^5 * 

3* (a) (b) . ^ 




#0 180* 





♦ 0 



4, bttweannesB, Vay-coortlnate system 
m£FVQ ^ g - f 
' m^VQ ^ g - 0 ^ g ^ 
Then m£EVF + m£FVQ ^ f + (g - f ) ^ g by. the additive 

property of equality, ^* 
It follows that m^VF + m£FVQ f m^n^G by the transitive 
property of equality* 
^ Also m^EVF ^ m£lVO - m^FVG by the additive property of 

equality and the fact that for any m^ber a, a-a = 0 



V 
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iSOj between, b, i^BVQ, definition, q - 0 ^ m^BVQ, 
If q = b ^ q ^ 

then 2q ^ b by" the additive property of equality, 
antf \q ^ m by the multiplicative property of equality* 
Hence J the -solution li*f-'q^'^ ^ W there is one. It la 
readily cheeked that ItJLs a solution* 
^Yee* All ^ays that lie bfrtween VA and VB have been 
considered In the argument elnce all have one and only one 
ray-eoordlnate In the system. Hence ^AVB has only one 
midray , 

(a) 3 ' .(e) 2 ' ' ^ 

(b) I ' (f) 1 

io) f ^ . (S) I ^ ' ' , 

(dk I' (h) ^ 

VN is between VP and VM 

(a) 56 

(b) 128 

(c) 344 

(a) We expect that the student will use the formula In 
the ^Text at the bottom of Page 16? to find .that * the 
ray=coordlnate of the midray Is (Also see 
comment a below.) , 

(b) We expect that the student wlO.1 conclude from studying 
diagrams that ^ g-^ is the opposite ray to the desired 

' midray and therefore say that the ray-coordinate is 
2^»l8o If ^1^^*180 and that it is j^^^ + 180 

If < 180. (Also eee comments below.) 

A formal Justification of these results can be given 
-as follows. . In this Justification, we consider two con- 
current rays VA and VB, Suppose that In a ray-coordlnat 
system^ S, the ray -coordinates of VA and ^ are a 
and JD, respectively, where a < b. We let VC be the 
ray with ray-coo 
opposite to VC, 



ray with ray-coordinate " t ^ in S and VD be the ray 



We flrat show that the' two angles, ^AVC and ^WQ, 
that V? forms with ^ and have the same measure. 



To see this, we observe that 



0 1 



a = 



a + a 



and that since 



<^fi^< £-^^ b < 360 
b j< 360 
< 180 . 



Hence, 



and 



m^AVC = - a - 



b - a 
=1— 



a + b _ b - a . 



We now show that the two angles^ ^ATO and ^BVD, 
that VD forms with ^t. and TO also , ha^e the same 
measure. Since VD is opposite to VC^ the ray-coordtoate 
of TO Is 



^^4^ 180 



a .+ b 



< 180 



a + b 



If 

2 180 ■ If 

observe that in case ^ t ^ < 180, then 



> ISO 



0<a<b<b + 180 - ^^-^ = a^-i + 180 < 360 



and that In case ^ | ^ > 180, then 



0 < ^ %^ - 180 » a + £-5-A - 180 < a < b < 360 



since 



i — r 

b - a 



180 is negative. 



Consequently, in either instance, 

m. 

and 



l^AVD = 180 - ^ ^ ^ 



m^BTO = 180 - 



To oomplete the iustifioation we nmmA to show that If 
b - a<'l8tfj than VC Is between VA and VB and that 
If h - a J? 180 J \ than ,V?^ iiibetweah V? and VB.' Lat 

ba tha ray-eoortlTiata iystam In whlefr^^ VA Is tha wyft- 
ra^ and VB has its ray-coordlnata leis than iSo*^ ^ 

Consider first tha case that b - a < iSo, Than, 
the ray-coordinata of VB in S« is b - a elnee 
m^AVB s b - a. Lat q be tha ray-eoordlnata of vJ 
m S*. Sinoa m^AVG = ^ -i ^ , wa have either 



or 



q - 0 



360 y (q - 0) - 



We can see that q earmot be suoh that 

360. - q ^ k^-^^jL ^ that is q m 36o « - xg ^ j / . 

for, if it were, then q > 180 and comput^ing m£j^c in 
we obtain - ^ 

(360 = - (b - a) - 

360 ^ {(360 - - (b - a)). ' ) , 

. .r ' / ■ 

Neither of theae ean be — *^leh is m£BVC^ siptfe 

"in the first instance this would jnean b = a - 180 £Uid 
in the seoond would mean b = a = 0, Hence q nratafr^<g^ 

. O^us, 0^< q < b = a. Thereforej if b - a < l80, 
Vc is^ the midray and its ray^coordinate in S is ^ 

Consider now ^he case that b - a > l8o* Then, the 
ray-coordinate of VB in S» Is 36o - (b - a) since 
m^AVB = 360 - (b - a). Let q be the ray-coordinate of 
VD is a». Since m^ATO ^ l80 - - g ^ /we have either 
that 

q . 0 ^ 180 ^ 

*or , ' 

360 - (^q - 0^ - 180 - ^ y ^ 



We ean sae that q cannot be such that 

360 - ^ 0) ^ 180 - , 
that 'is. q » lao + ^ ^ 

for. If It ware, then oomputl^ n^VD In S' wa obtain ' 

180 + . (360 - (B - a)) ' ' 

■ -or . ' ■ - 

. 360 - (iSO + - |360 - (^ -a| }. 

Neither of these can be l80 - which Is m£BVD, slnee 

in the first instance this would mean b - a m i8o and In ^ 
the second would .mean b - a' = 360. Hence, q must be 
180^^^.360 'f'^) : Tt^y^ . 

0 <'q < 360 r (b ^Ha)^<%l8o. 

r'ii , , , . - . - ' ■ 

Therefore,, .rif b ^ a > l8o, thin TO Is the midray: 
That lej^ the ray-coordinate of the ifildray in . S . is ^ 

.;;,^^+i86 If a-|^<i8o, ,^ ■ 

^ .■i8o If ' ./^^ ^ jBo, 

in the caie that b < a and' b - a > 180, 

(a) k = ' ■ 

, p - n 

(b) k - 

q = n 

2 

(o) p ^ n + -jCq - n) 
m/DAP 

m/DAE - (0 < h < 1)_ 

D ~ d ' ' ' 

e , d * ^ using the definition of a ray-coordinate 

system and letting p be. the ray-eoordlnate 
/ of A?, 

p - d'^ h(e - d) by using the multiplicative proper^ty 

of equality. 

p ^ d + he - hd by using the additive property of 
or p = fl - h)d + he equality and the commutative^ • 
' - associlftlve and dlstrlbutlvt 

properties for niimbers. 



Problem Set 4-7 



1, 

a. 

3. 



(a) D, P, M 

(b) 1, G, H 



No, No, It Ilea on tht inf le Itself, 
(a) 



(a) 
(b) 

(c) 

(d) 





Noj Yes "Of 



Yes, The interior of an angle Is a eonvex set. 
Not nedessarlly. The ^xterlor of a i angle 1& not 
a convex set. 
Yes, 

No* X and P are in different half planes with 
respect to at least one of the lines AB, BC, Hence 
TP Intersects at least one of these lines, say, AB 
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'i :> 



t. 



■ - w 

t iii a poj 
Wfc^ com plet e 



>^ If % is on tha proof is, 

Qoroplstd^ if T^%^ % and Z aw on opposite sidas 

BC. thawfgrte SI intersects ^ in a point 
and X md W .art on the %mm siis of tt. Ttimvm^ 
fore W lies on 'BaX w is on ^arefpra 

XF intarsacts ^ABC. (toaw a figure in whlph X 
is inside 'the angle vertioal to/^ABCj and ona in 
whiah % ' is outside that angle * ) 

.6. (a) XOZ (b) YOp , (o) YOZ 

7* (a) Not -neeassarlly, ^ could ba betwaan oX and 

and. 0% the midray* 
8*" . (a) No '^V,..»A^ Every point on ^ does 

not lie in the exterior 
of £AVB* 

(S) Yes 

TOe intersaGtion of the two 
halfplanes Is the oross-hatohed 
region, O^is Is not the 
exterior of £AVB* The union 
of the two halfplanes includes 
all the shaded region. This 
is the exterior of ^AVB* 

9. CAE ' 
m£BAC ^ m^DAl by hypoth^a, 
n^pAD ^ m£cAD since they are the same number, 
m^AC + fti^CAD = m^AE m£GAD by; the additive property 

of equality, 

m^kO + m/CAD = m^AD by the Betweeness- Angles ^eorem. 
^.m^Al + m£CAD = m£CAE by the Betweeness-Angles TOeorem, 
m^AD s m/QAE by the substitution property of equality. 




10. 



11. 



ra^C^ = n^DAB by hypothasle* 

n^OAD = m^AC elnce they are the same number. 

m^CAl -^n^OAD ^ n^DAB - m^DAC ^^y the additive property 

^ . of equmllty« 

n^CAE - m^CAD ^ ts^DAE by the Batwtenne is^Anglee Kiaorem, 
m^DAB - m^DAC ^ ni^%C by the ^tweermeis -Armies nfeorem. 

by the iubstltutlon property of ©qimllty* 



Let X and Y be any ^Im-^lnts either on or In the 
Interior of £aqb^ ^\ the following we eonslder the 'five 

possible positions of X and Y» 

<p . - 

(^) ' If points X and Y are b@th 

In the Interior of ^AOB then 

Is In the Interior of ^AOB 
since %he Interior of an angle 
la a convex set* 




(b) 





If points X and Y are both 
In a ray of ^AOB, say of, 
then W Is In ^ since ^ 
Is a convex sets 



If point X Is In one ray, say 
0?, of £A0B and Y Is In the , 
other ray of ^^AOp^ then every 
point In the Interior of W Is 
In the Interior of ^AOB by^ the 
Interior of an Angle Postulate. 
Since X and Y ape In £aqB 
by hypothesis, X7 is In .the 
union of ^AOB and its Interior. 
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(i) . *' A ^ Assume one point, say to be 

In the intertor of ^AOB and Y 
be the vertex 0 of ^AOB. Hien 
IPC Is between OA and OB and 
by ^the Interior of m Ar^le 
Postulate the Interior of 5? is 
In the Interior of ^AOB, 
Since the interior of ^ is a 
subset of the Interior of YXj the interior of ^ 
together with X is in the interior of ^AOB, Also 
Y is in ^AOB by h^othesls. - Therefore every point 
of W is In the linlon of £A0B and Its interior* 

Assume one point, say X, Is In 
the Interior of /AOB and that 
Y Is in ^AOB but Is not 0* 
Suppose Y is In oJ, ^ Since Y 
Is in oJj by TOieorem 4-2,' the \ 
interior of YX (and hence the 
Interior of YX and ^ X) la 
contained in onfe of thf half- 
planes with edge M * Slnei X la Ih the interior of 
/AOB, X (and also the Interior of W) la contained 
in the halfplane with edge ^ which contalna B, 
Since % is In the Interior of ^AOB, X Is In the 
halfplane with edge^ M whieh contalna A, Y is . / 
in the halfplane with edge SI which contains A, 
Hence, X and Y are in the halfplane with edge 
containing A, Since a halfplane la a convex set, 
all points on ^ lie in this halfplane. It follows 
from the Interior of an Angle Postulate that the 
InteWor of and X lie in the interior of /AOB* 

<^lnce Y Ilea In ^AOB by hypotfiesis, lies in 

the union of ^AOB and Its interior, ^ 1. 

In all possible pdsltions of X and Y all points'' in X7 
are in either /AOB or in Its interior and henee are in 
the union of ^AOB and Its interior, mierefore the union of 
^AOB and Its Interior Is a convex set by definition of a 
convex set,' 



Problem Smt 4^8 

* ' •■ , . - - - = - - 

Problem 10 hrlps tha students develop -two differtnt proofs for 
Biaarein 4-9, - The. use of this theorem shortens proof in a 
varltty of problem situaAlons, ejpeolally In Chapter 5,. All 
students should consider Problem 10 

1- (^) (2) (o) (1) (e) (4) * 

(b) (5) (d) (6) \. 

2« (a) They have a side In oonmon and 

(b) the interseotlon of their Interiors is empty. 

3. (a) 25 (e) 80 (e) 55 

(b) 25 (d) 25 ^ (f) 80 

^. (a) No (b) Yts|^ ^ \ ^ 

5* (a) 'linear^ right 

(b) perpendroUlar j 

(c) acute 

(d) obtuse 

(e) obtuse 

6. (a) 52 
(b) 128 
(o) 52 

7. (a) 90 (a) 65 * 
(b) 90 (f ) 155 

(0) 25 (g) 155 

^^d) 65 

8. (b), (e), (d), (e), (f), (g) 

9. (a), (c), (d), (a), (g), (h) 
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lO, (a) 





or 



(b) Slnca is beiween OX and OB by hypothtsliV^ / 
the Betweennass Angle ^eorem ttlli us that - '"'^ . 

m^XOA + ^AOB ^ m^XOB * 

Siho^ 0?' and 0? are ppposlte rays by hypothislJ^ 
from tha definition of linear pair we Imow that ^XOB 
and £boy form a l*lnaar pair* IS follows from 
Thaorara 4-8 that 

m^XOB + m^BOY ^ l8o * 

Replacing m^XOB by theequlvalent s\^^ we have 

m£XOA + m^AOB + m^BOY ^ ^iBo , 

(c) Our^hypothesls telle ue that OX and OY are oppoalte' 

raye and that OX, OA, OB and 
OY are coplanar In that order. ^ ^ 
Let a ray-eoordlnate system in 
the plane relmtlve: to 0 oonslder 
OX af/the ray -origin* Then^ by 
) the hypothesis and the deflnltlpn 
of a ray=GOordinate system, l80' ^ 
la assigned to OY, By the Protraetor Postulate 
numbers^^iiy a and each less than l8o corre- 

spond 'to and OB respectively. According to the 

given drder of the rays ar^* the definition of between- 
ness for rays 0 < a < b < l8o* l^en by tlie definition 
of a ray-coordinate system, 

m£XOA ^ a - 0 ^ aj m^AOB ^ b - a ; ,j ra^BOY ^ l80 - b , 
It followSj^ by using the addition property of equalS| 

m^XOA + m^AOB+ m^BOY ^ a + (b - a) + (l80-b). 
Simplifying gives us 

m^XOA + m^AOB + m^BOY ^ l8o 




Problem Set if'-p 

The seven starred problems In this set guide the students throui 
the proof of Theorems 4-13, 4-l4, 4-^15 and 4^17 and through 
useful appllcatlonB of these theorems, it is Important that 
students be given the experience with proof where only a few 
simple relations are Involved as a foundation for Chapter 5 
in which proof, is considered more completely and is related to 
more complex situations. Ask students to correct the statement 
of *l8 in the text. The aorrection is given below along with 
the solutions to the problem. 

!• (a) supplementary^ supplement 
(b) complementary, complement 



2. 


(a) 
(b) 


70 
90 


(c) 
(d) 


144 
164.5 


(e) 
(f) 


104| 
l8o - 


(g) 
n (h) 


n 

90 +-'n 


3, 


(a) 
(b) 


80 
10 


(c) 
(c3) 


45.5 

col 


(e) 
(f) 


90 - 

X 


(b) 

(h) 


X = go 
45 - X 


4. 


(a) 
(b) 
(c) 


Yes 

No 

(1) 


Yes 
No 




If m/A 


= 40 


and m^B 


^ l4o, 




and /B are supplementary 
but they are not adjacent and 
do not foiTn a linear pair, 

(2) m^CVD ^ 325 - l8o = 145 

35 n^AVB - 35 

Z*^"'^ £CVD and £AVB are supple = 

» » 0 mentary but they are not adjacent 
V \ A 

and do not form a linear pair* 



180^ 
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5, 105, 75 

X + (x - 30) ^ l80 
X ^ 105 
X ^ 30 - 75 

6. 120 

... . 1__ 



7. 144, 36 



X + = l8o 
X = 144 
i« = 36 



8 . 60 

X = 6o 



X + |.x = go 



9.-72 

180 - x' = 6(90 - x) 
X = 72 

An mm AO 
(b) ^AXS and /BXR 

*11. l80^ suppi#mentary or adjacent 

12. go 

*13. congruent^ sum, supplementary, l8o, right 

14. 45 

*15. 90, 90, acute 
90^ acute 

l6. obtuse 

*17. Proofs Let £b. and /p be congruent angles. Let ^c 

be any complement of /a, and let ^d be any complement 
of v/e wish to show that £q and ^d are congruent. 

We apply the definition of complement twice and the 
definition of congruent angles^ 
m^a + m^c ^ gO 
m^b + m^d ^ 90 
m^a ^ m^b 

We conclude that 

T(\£o m m£d 
Hence ^ £c - /d = 
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N^e» Part (e) of this problem In the text should read 
as follows^ 

(e) Tn^erefore^ 

£A0B ^COD. Why? 

fa) AOS BOC . 

DOC BOC 

By the Betweenness^Angles Tiieorem, 
4^) right 

If two rays are J_, . they fom\ a right angle, 

(c) 90^ 90, measure of a right 'anglr is 90. 

(d) cpmplement 
co^jplement ^ 

If the sum^ of the measures of two. angles is 90, 
each angle is the .^complement of the other - 

(e) a 

Complements of congruent angles are congruent. 

Ja) linear 
linear 

(b) supplamentary 
supplemental^ 

^ If two angles form a linear pair, they are 
supplementary angles, 

(c) Hypothesis 

(d) £h 

Supplements of congruent angles are oongruent . 

(a) linear^ x, linear 

(b) y, r^ by the Supplement Theorem 

(c) This follows from the definition of congruent 
angles and from the fact that m£x ^ m^x since 
every angle has a unique measure, 

(d) ^ ij since supplements of congruent angles are 
congruent to each other. 



Problem Set 4-10 



Starred 


Problems 4 


and 5 


lea 


.d toward the generalization In 


starred 


Problem 6, 


Problem 


7 


is similar 


to 


Problem 4 and 


Problem 


8 is 


similar to Problem 5, It 


seemed desirable to 


include 


a pair 


of p 


irobl,ems 


for ^ 


group dlscu 


sslon and another for 


Indei 


pendent student 


wo rk , 










*1 • 


\^ ) 






vertical 












\ ^ ) 


on 




linear 












(c) 


go 




vertical 










p 


(a) 


/YOP 


and 


/XOA 




(b) /YOR , 


and 


^aOK 






£yoa 


and 






£AUH 


and 


/XOS 






£yos 


and 


/XOH 




/XOS 


and 


/SOY 






/xos 


and 


/YOR ^ 




/SOY 


and 


/YOR 






/AOS 


and 


£bor 




/XOA 


and 


/AOY 






^AOR 


and 


/SOB 




/AOY 


and 


/YOB 


J 












/YOB 


and 


/BOX 














/BOX 


and 


/XOA 




(c) 


^XOA 


and 


/AOS 




/AOS 


and 


/SOB 






/ROB 


and 


/BOY 




/SOB 


and 


2feOR 






/XOA 


and 


/ROB 




/BOR 


and 


/ROA 






/A0& 


and 


/BOY 




/roa 


and 


/AOS 


3. 


(a) 


Let 


0?^ I 


De the r'a 




Dposlte to 


OE* 





m 



/AOE ^ m/DOE - 25, from the definition of mldray* 
/COF and /DOE are vertical angles and /BOP and 
/AOE are vertical an_gles. Then m/COP ^ m/BOE ^ 25 
and m/BOP ^ m/AOE - 25^ from the fact that vertical 
angles have equal measures. Hence /COF and /BOF 
each have a measure of 25* It remains to show that 
OP is between OB and OC, F Is on the opposltf 
side of^ CD from A, and on the opposite side of^^AB 
from D» Hence F . is on the same side of AB as Cj 
and on the^^saine side of CD as B, Therefore P is 
interior to /BOC, Therefore ^ray OP is between OB 
and O?* Hence, by definition OP is the mldray of 
/BOC. 
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(bj Yes ' 

(c) The proof would be the same as 1; (a) with | 
replacing 25, 

(d) The ray opposite the midray of one of a pair of 
vertical angles ds the midray of the other vertical 
angle. 




£40 



(b) The interiors of the angles are indicated by shadini 
each at a different slant than the other two. 

(c) No two of the angles have interiors which Intersect, 

(d) m/ms - 100, m^SVT - 140, m^TVR - 120 

(e) The Bum of the measures of the three angles - 360, 

(a) and (b) in shading the Interior 

70 of £SVT, the need to 

have the m/SVT < l8o 
is considered. 

0 

- *a7o ^ 

(c) The Interiors of ^SVT ^ and £mB intersect and 
the interiors of ^SVT and £TVn intersect. 

(d) m^HVS - 70, m£sVT - 360 - (270 - 70) - l6o, m^TVR ^ 

(e) The sum of the measures of the three angles is 
m/ms + m^SVT + m/TVR * 70 + l6o + 90 ^ 320. 




32^ 



♦6. 



Proof I 




17* l80| hypothesis, 
opposite sldesj greater, 
hypothesis J intersect, 
coordinate systemj 36o-c, 
(360 - c) 



(c) No two of the angles have interiors^ which Interaect, 

(d) mipJF m 60,^' m^FVG ^ l40, m^GTO ^ 120, m^HVE ^ 40 

(e) The sum of the measures equals 360* 




(c) The interior of £GVH intersects with the Interlo'r 
of each of the. angles ^^EVP^ £fvG, ^HVl , 

(d) m^EVP ^ 60 - 0^^ 60, m£F7G ^ 100 - 60 ^ 4o, 

m^GVB ^ 360 - (320 - 100) ^ 140, m^HVE ^ 360 - 320 - ^0 

(e) The sum of the measures * 6o + 4o + l40 + 6o ^ 300 
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1. 

3. 
4. 



5. 
6. 



Problem Set 4=11 
Union, se©nents, honcolllnear 

No* W ajidi 2S are line segments, but the sides of 
are rays * 

No. Although the union contains the points of the triangle, 
it also contains the additional points on the mys which 
form the sides of the angles. 

No, A segment Joining an interior point of one side of 
the triangle to an Interior point of another side does not 
lie in the triangle. 

No. ' — ^ 



(a) Yes. D is such a point 

(b) Yes. E is such a point 




7^' P is in the Interior of a ABC. 
8, (a) Yes 

(b) Not necessarily, p and C could be on opposite 



sides of tt. 



9. 




The exterior of £A is 
marked <:?^<^ . 

The exterior of £o is 
marked : ^=z . , 

The exterior of is 
marked 



The union of the exteriors of ^A, £b and £c is all of 
the shaded part . 
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All points coilinear 

Three points coilinear ' 

35 and Be intersect at 
a point which Is in the 
interior of the two 
segments. 




A and C are on opposite sides of line m, 

B and C are on opposite sides of line m, 

A and B are therefore, on the same side of m ar^ 

in the same half plane* Since a half plane is convex, 

ITS does not intersect line m. 



Problem Set 4-lg 

(b) (e) (1) 

slde^ diagonal, opposite, consecutive, consecutive, 
opposite J vertex ^ 
*^ 

No, If DE is the edge of a half plane, all of the 
quadrilateral except BE does not lie in the same half- 
plane, llie same would be true if EP is considered 
the edge of a half plane. Either of the above situations 
indicates that ABCDEP does not satisfy the definition 
of a convex polygon. 
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4^ (b) and (c) 

Polygon Number of Sides Number of Dlafionala 

Triangle 3 -- q 

'Quadrilateral if 1 

Pentagon 5 2 

Octagon 8 5 

Decagon 10 7 

The number of diagonals in each examined case is 3 
less than the number of sides. The generalization 
which appears correct could be stated: If n equals* 
the number of . sides of a polygon, then (n - 3) 
diagonals may be drawn from a single .vertex. 



1, 

















Problem Set 




- DE 


- P and 


i?^ - DE ^ 




- DE 


- P^ and 


- DE - P 




- MP 


- 0 




10 


- f^P 


^ M 






- OP 


- N 






- \p 


- N 






- NO 


- M 






- m 


- 0 
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1. (a) halfplane 
(b) plane 



Chapter 
Review Problems 

(c) edge 

(d) convex 



(a) the empty set 



2. 


(a) 


Yes (b) (1) Yes 








(2) Nd 








(3) Yes 




3. 


(a) 


80 (b) 80 (c) 105 (d) 175 ( 


el 10^ 


i, 

4. 


(a) 


blsGGts (h) acute ■ ' 






(b) 


Oj 180^ measure (l) unions rays , 






(o) 


acute (J) triangle 






(d) 


obtuse (k) segment 






(e) 


congruent (1) 65, II5 






(f) 


right angle (m) 15, 75 






(s) 


congruent (n) right angle 




5. 


Yes, 


any vertex of the triangle. 




6. 


Not necesaarlly. If the sum la l8o or more, It 


is not 




the rr 


leasure of an angle since in our geometry all 


angles 




have 


measures between 0 and 180, / 

1 




7. 


(a) 


130 (b) 65 (c) 50 (d) 


136 




m^DAO 


is not needed* 




8. 


Yes, 


by Postulate iB 




9. 




70 




10. 


b - c 


if b > c and (b - c) < I80 






c - b 


if c > b and (c - b) < 180 






360 - 


(b - c) if b > c and* (b - c) > I80 






36o - 


(o - b) if c >^b and (c - b) > 180 




11. . 


m^BAC 








1 



13. (a) 8 

(b) Yes 

(c) Yes, they are the same set of points, 

(d) No 

14* By the Supplement Theorem, £z Is a supplement of /_x 
, 1^ and £a Is a supplement of /y. By the hypojbhesls 
^ ^ ^ Zy* Therefore^ ]/z S because supplements of 
congruent angles are congruent* 



15. 
16. 



(a) 110 



(b) 35 



(c) 55 



(d) 90 



(a) 90 ' 

^PON and ^NOQ fo™ a linear pair. If 
then .m^NQQ l80 - x, 

m/PON ^ 
m^BON ^ — ^ I and 

m^BON 4^ m/NOA - m^AOB - | + ^ 



17 



(b) Yes, 

No, In each of the half planes determined by the line ^ 
there is a ray Xp such that m£PXY ^ k. There could be 
Infinitely many such rays in space. In a given plane 
containing XY there are two such rays, 

P 




18 • No, Coimter example i 
between D and 



0 between A and B, but not 




A / 



19. (a) 



(b) 





my 



e - d 



-nd 0 < e - d < 180 
p ^ d - |(e ^ d) 



1 



or 



P ^ 



d + e 



J and p < d < 90 
and e > 270 
1 



d ^ p - 180 p^^-i^ 

Prom this, p ^ — g ^ ^ I80, 



- ^; 4/^ 90] 270 < e < p 



360 - 




366 = 


-Ml 



360 - 
180 + 



p + d ^ 180 
d + e 



e d 
7 + W 



or p 



d + e 



+ ISO 



P is in interior of ^AC (unless P ^ A) because P it 
in ray AD which is between AC and AB. P may or may 
not be In the interior of ^ABC, depending upon vihether 
in between A and or Dv. is between A and or 

P - D, or P - A, / ^ 
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2^1* The intersection of the interiors ll empty. The vertices 
are the same point. Adjacent angles are coplanar. 

22* Conyex polygon 

23* Decagon. 

24. £P ^ XY - Q 




25. (a) 37 and 1 

(b) E and P 

( c ) a APE 



(d) anpty set 
fe) 4AEF 



c 



0 
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Chapter 5 
■ ANSWiES AND SOnJTrONS 
Problem Set 5^9 

ABC*- -^'PDE 

ABC*—* FED 

ABC < » EDF- 

ABC < » EFD 

ABC <- - > DEF ^ a congruence 
AEC < - --» DFE 




MNL <- --^ QRP , a congruanGe . 
^AnL <- - - » RPQ 

MNL - - » RQF , a congruence 

RST < > UVW 

RST <-- -» UWV 

RST < - - > VUW all are congruances, 
RST <- --> VWU ' . 

RST < > WUV 

RST-*— frWVU 

' A ABC ^ 4 RHP 

ALYT ^ AGZD 

A MXQ ^ A LEW 

AQPX s AWKE \ 

A ABC ^ AQPH 

A DEF ^ A FED 

A DEF - A SUT 

ATUS ^ ASU^ 

A FED S A ; 

AKPL ^ a: 

ANPO ^ AGFH 



AABO ^ ^AQC 

• A ABC ^ A ACS 

A ABC = ABAC 

A ABC ^ ABCA 

'-^^^^ApG ^ AGAB 

AABC S A CBA 



(a) Reflexive property of CQngruence for sa^ente 

(b) Reflaxive property of equality 

(o) Reflexive property of oongruenoa for angles 

(d) Transitive property of eongruenee for triangles 

(e) Transitive property of equality 

(f ) Addition property of equality 

(g) Multlplloatlon property of equality 

(a) The Betwe^ftess- Angles ^eorem (TJieorem 3-9)* 

(b) The addition property of equality 

(e) Statements (aj and (b) and the substitution 
property of equality 

(a) The Betweennees-Dietanee Theorem 

(b) The addition property of equality 

(o) Statements (a) and (b) and the substitution 
property of equality 

(a) Peflnltion of midpoint 

(b) The multiplication property of equality 

(o) Statements (a) and (b) and the substitution 
property of equality 

(a) Definitions of mldray and angle bisector 

(b) The multiplication property of equality 

(c) Statements (a) and (b) and the substitution 
property of equality 




The transitive property of equality 



mia BUbstltution property of equality or the syrametrlo 
ppoperty of equality used with th# transltlye proptrty 
of eqimllty , 

(a) The transitive property of oongruenoe of angles 

(b) The transitive property of equality 

(a) The transitive property of oongruenee of segments 
(d) The substitution property of equality or the 

s^nmetrlo property of equality used with the 

transitive property of equality 

Because D and P are the midpoints , respeGtively^ of 
AC and Sb , DC ^ g- AG and ra = AB by the defi- 
nition of midpoint. Then, beQause AO ^ AB j 

AC - i AB by the multlplleation property of equality. 
It therefore follows by the substitution property of 
equality* that DC - TO , and by the definition of con- 
gruence, that s TO', 

(a) Since %£ m %3 ^ the conclusion followe from tha 
subetitution property of equality, 

(b) The conclusion does not follow from the hypotheele, 
£ b S £ c means' b^ m£ c. We may, then* re- 
place b by m^ e in the hypothesis and con- 
clude that m/ a + m/ c - go or that ^ c is the 
complement of £ a. This would lead to /_ c being 
the complement of £ h only if m£ b - m£ a. 
Since we do not know this to be true, we can not 
state that ^ c is the complement of ^ b. 

We are asked to prove that If A ABC ^ Adef * then 

ADEF S A ABC. 
Since A ABC - A DIP by hypothesis^ It follows from 
the definition of congruence that AB S M ^ m = W , 

^s5f,£as£d,^bs£e,^cs£f. 



^1; 



But slnae oongmiehce for both qegmanti and angles has 
the ayminetrio propertjrj we Imow that 

From the definition of congruenoe for trlanglee. It then 
follows that ADEP e A ABC. . . 

Problem Set 5^3b 

(a) The Betweanness -Addition Theorem for points 

(b) The Betweenness -Addition Theorem, for rays- (Th* 5-5),^ 
(o) The Betweennesa-Addltlon theorem for points 

(d) The Betweennesi-Addltion Theorem for rays (Th. 5-5 X 

^eorem 5-5 ^ If of and 0? are between oK and 
0? and / AOB ^ / COD , then £ AOC ^ / BOD, 




(1) AOB ^ m/_ COD , because If angles are congruent, 
then they have equal measures, 

(2) m/ BOC ^ m£ BOG , because of the reflexive property 
of equality for numbers, \ 

(3) m£ AOB + ml BOO - m£ COD + m£ 4oC-~f€ase 1) , 
ml AOB - m/ BOC m m£ COD - m£ BOC (Case 2) , 
because of the addition property of equality. 
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(4) AOB + BOG ^ m£ AOG • and 

jn^ COD + m£ BOG. ^ BOD (Case l) i 
m£ AOB - m£ BOC - m£ AOG and . 
m£ COD - m£ BOC ^ m^^BOD (Case S) * ' 

beeausA of the Betweenness-*AngleB Theorems 

(5) m£ AOG = BOD , because of the' BUbBtitutlon 
property of equality, 

(6) £ AOC 3 / BOD J because of the definition of 
congruence of angles, • 

Problem Set 5-4 

(a) If the measure of an angle is gO , then the 
angle is a rl^t angle, 

(b) If the points of a set are coplanarj then a 
plane contains all the points of the set. 

(c) If the union of two rays is an angle, then these 
rays have a common end point and do not lie on 
the same line, 

(d) If VP is the midray of £ ATO ^ then VP is 
between VA and TO , and / AVP ^ £ PVB, 

* 

(a) If a point in a coordinate system has coordinate 
1 , it is the unit point of that systemj if a 
point is the unit point of a coordinate system, 
it has coordinate 1 in that system, 

(b) If two distinct rays are" colllnear and have a 
common endpointj they are opposite raysj if two 
rays are opposite rays, they are distinct , col- 
linear and have a common endpoint . 

(c) If a point is the midpoint of a segnent, it be- 
longs to the segment and is equally distant from 
the endpoints of the se^ent; If a point belongs 
to a segment and is equally distant from the end- 
points of the se^ent, *it is the midpoint of the 
segment* 
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(a) An angle Is an obtuse angle if and only if itg 
measure is greater than gro 

(b) A pair of angles are vertical angles if and only 
If their sides form two pairs of '^opposite rajrs. 

(o), Two angles are a linear pair of angles if and 

only if they are fomed by three eoneurrent rays/ 
two of whlah are opposite^ ^ays« 

(a) Yes 

(b) No. The "then" part of the definition must agree 
with the statement to be Justified. 

(e) No. Same reason as (b) ^ 

(d) No* Same reason as. (b) 

(e) Yea 

(a) If two lines are perpendlGular , they form right 
angles* 

(b) If a point is the midpoint of a segment, it be- 
longs to the se©nent and Is equally distant from 
the endpoints of the sepnent* 

(g) If the Bum of the measures of two angles is 180 , 

they are suprplementary angles, 
(d) If two angles are complementary angles, the sum of 

their measures Is 90. 
(a) If a set containing more than one point is convex, 

for every two points of the set, the segment 

Joining the points is contained in the set. 

(f) If two triangles are congruent, corresponding 
parts are congruent. 

(g) If a point Is in the interior of an angle, the 
ray whose endpolnt is the vertex of the angle and 
which contains the given point Is between the 
sides of the angle. 

(h) If a ray Is between the sides of an angle, ar^ 
point In the interiof' of the ray lias in the 
interior of the angle. 
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In each of. the following statementB the hypothepls ±e 
underlined' with one line and the conclusion with two 
lines » . 

(a) If two angles are vertlGal angleg j then they 

are eongruent . " > - *^ 

/ X — "~ — — ^ ^ 

(b) If anglea are right anglea . then they are oongruent, 

(c) If angles are eomplementa of oongruent anglee , then 
tfae^ a re oongruent . 

- (d) If we have a line and a point note on that llne^ then 
" they.ars contained In exactly one plane # 

'(e) if a set of point a Is the Interior of an angle j 
then It leja convex set. 



(f ) If two sets of points are each Qonvex setS j then 
their Intersection Is a convex set. 



Reason 2 : The If-clause refers to Statement 1 | 

the then-clause refers to Statement 2* 

i 

Reason 3 i The if -clause refers to Statement 2 > 
the then-clause refers to Statement 3* 

Reason 5 i The If -clause refers to Statement 4 ; 

the then-clause refers to Statement 5, 

Reason 6 : The If -clause refers to Statement 5 and 
the reflexive property of equalltyj the 
then-clause refers to Statement 6. 

Reason 7* : The If-clause refers to Statements 3 and 
6 j the then-clause refers to Statement 7, 

Reason 8 i The If-clause refers to Statement 7 ; 

the then-clause refers to Statement 8, 



(a) 1, A ^ 90, 1. Definition of right angle 

m/ B ^ go. 

2, m£ A ^ m/ B 2. Transitive (or substitu- 

tion) property of equality 
3* Z A ^ Z S 3* Definition of congruence 





(b) I^t i_ a and £ b 


1 




be oorigrutnt. angles. 






Ii^t IpL ba any sup- 






p lenient of ^ a and . 






let ^ be any sup- 


• • 




plement of £ b. 






1* a - m£ b = k 


Is Peflnl^tlen of ^ongrUenea 




2. mlpc. ^ 180 - m£ a ^ 


2, Definition of supple- 




1 fin » If 


menuary angxes 




m^jff ^ 180 - m£ b = 






180 - k. ^ 








3. Traniltive (or substitu- 






tion) property of equal- 
ity^ 






4, Definition of congruenoe 




(c) Let / AWG and / BWD 
angles formed when AB 


be one pair of vertical 
and CD intersect at W. 




Statements 


Reasons 




J* s ^ AWu ana / UWB 


* 

1, From the definition of 










and / BTO and £ GWB 






form a linear pair* 






Sp / AWO Is the supple- 


2 Tf two anffl^R f*OT*Tn a 




ment of / CV/B and 


linear pairj they are 




£ BWD is the supple- 


supplementary * 




ment of / CTO# 






3, £ CWB ^ £ GWB 


3. By the reflexive pro- 
perty of congruence of 
angles , 




4. £ AWC S £ CWB 


4. Supplements of con- 
gruent angles are con- 
gruent , 




Reason 3 Is one way of stating the definition of 



congruent segments . 

Reason 4 is the transitive property or the substi- 
tution property of equality. > 



Reason 5 is' one way of stating the definition of, 
oongruant sepnenta. 



Problem Set 5*6 



Ca) S,A.S, (d) A,S,A. (g) s.A.S 

(b) (t) S.A.S* (h) B,k,B 

(0) s.s.a. (f) s.A.s, ' " ^ 

(a) / Am 

(b) , £ ABH 
(c) 

(d) £ P , W ^or £ Km ^ iB 

(a) £.AJB , £ B 4. (a) m ^ 

(b) m , m (b) / Am , £ 



(c) m , ^ (c) Imp 

Cd) Z R , (d) Z IfflP , £ F 

(ej (e) /A 

(f ) Z AFB 

(a) S.S.S ' ' (f) Insufficient 

(b) Insufficient , (g) s.A.S. 
(0) A.S.A, (h) A.S.A 

(d) S.S.S. or S.A.S. (l) S.A.S. 

(e) S.S.S. (J) s.A.S. 

(a) £a V /_t or WP V W 

(b) £ a ^ / b or W ^ W 
(0) A.S.A 

(d) £ A = £ M or ^ = TO 

(e) IK » ffi" 

(f) « KF or / XYP » £ KYP 

(g) X7 » Ky or Z XPY » £ KPY 



Problem Set 



In this set of problems the proofs, except for a few steps 
In Problems 9 , l4 and 15 , are written to eompl*sr etrlctly 
with the wording of the theorems, postulates or definitions used. 
Most teachers believe that students become more alert %q 
. phrasingB and meanings of statements if they are held to this /~ 
I type of sequence in their early work with proofs. Later, wherjf a 
felass displays a grasp of the significance of this procedure /it 
may siem- desirable (1) to permit students to combine two o| 
more statemer^ts Into one, (2) to consider that a statement 
given in on^ form also embodies another derived form, or' (3)j 
even to omit statements. ' ^ j 

Obviously if permitted to write proofs in abbrej/lst^ f orm, 
students can consider more problems and have more expylenoe with 
the thinking Involved, Students need to be given a ^ear under- 
standing ad to what type of combining will be acpepted and at 
what time In the study It may being. Occasional returning to the 
unabbreviated form keeps them aware of the demands of a complete 
proof* 

As examplep of shortening proofs consider the following 
which soma teachers regard as acceptable after the students have 
demonstrated an understanding of the more rigorous form, 

1. If the hypothesis states the equality of the measurea 
of two parts, a student ml^t use either the state- 
ment of the equality of measure or a statement of the 
congruences of these parts and give "hypothesis" for 
the reason. Thus for example we would omit steps 1 
and 3 In Problem 5* As an Intermediate step, a 
student might put the congruence and equality steps 
together as in Problems 14 and 15 below, 

2, After stating a congruence between two triangles, a 
student ml^t go directly to the statement of the 
equality of measure of corresponding parts without 
first stating the congruence of those parts as the 
precise use of the definition of congruence of tri- 
angles would necessitate. Thus In Problem 5 below, 
we would omit statement 7 and use the present state- 
ment 8 Justifying it with the present reason 7, 
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3, A more drasfcle eutting mlgit pfermlt qmltting state- 

^ m#nta suoh as isttpi 2 and 3 In problem 10 below 
- or step 2 in Problam 13, 

4, Sometinies no single theorert, definition; or poitulate 
inoludts.the exact .at atOTent needed for a proof yet 
the needed meaning is implied by one or more aeoepted 
statements s As an example if a line Is given to 
bisect ^ at R ^ it is awkward to oombine the pre* 
else definitions of..m^dpoint of a sepnent %nd bisector 

jj ^ of a segnent to. JusM^ thp atate^aint m ^ YR, A 
more general reason "the meanin^^^ bisect " sould be 



consldar^d acceptable * ~ " — - 

In connection with the proofi for Problem Set 5-7b further 
variation in the fonn of proofs will be considered. 

In the solutions given for Problem Set 5^8 proofs are 
shortened as Indicated at the beginning of, the set. 

In later sets we give only brief suggestions for the proofs 
leaving the details to be filled in by each teacher according to 
the needs of the class. 

Problem l6 in this set is starred since It gives tj^e 
first experience with overlapping tolangles which are considered 
in the next section , 

1, 2, Hypothesis 

3, £^CB , / DCE are vertical angles, Hypothesle 

4, Arigles, then they are congruer^*, 

5, S,A.S Postulate (1,2,4) 

6, Congruent (5), the corresponding parts a^fe congruent, 

a, S, ^0 angles are right angles (1), then they are congruent, 

4, m^W, By the definition of bisect (3), and con- 
gruence of sepients, 

5* vertical angles j (3) 

5, verticalj (5) 

7, A,S,A. Postulate (2,4,6) 

8, HT s SQ, If two triangles are congruent (7), the 
corresponding parts are congruent. 
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1. Hypothesis' 

3. Thdy form a rl^t angle. (2) 



6. 
8, 



^rpothesls 

Same as 3 , 
eongruent j 5) 
Reflexive property for congruence 
S.A.8. Postulate (1, 6, 7) ' 
9. If two triangles are congruent (8), the corresponding 
parts are oongruent, 

(af 1. AD - BC 

a* a5 s 15 



3, £ DAR and / CBR 
are rl^t anglee. 

4 . ^ DAR ^ £ cm 

5. AR ^ RB 

6, M ^ m 



7 . A DAR^ = ^ CBR 

8. m ^ m 

(b) 1, £ ADR m £ BCR 
/ JMk ^ £ CRB 

2, / RDG is the comple- 
ment of / ADR, / RCD 
is the complement of 

£ BCR. 

3, / RDC S £ RCD 



1, 
2. 



Hypothesis 

Se^ents of the same 
^ measure (l) are 

eongruent . 
3i Hypothesis 

4, Right angles are 
congruent 

5, Definition of midpoint 

6, Se^enta having the 
same measure are con- 
gruent * 

7, S.A.S. Postulate(2,4,6) 

8, ^flnltion of congru- 
ence for triangles (7) 

1, Step 7 above and de- 
finition of congruence 
for triangles 

2, DeflnltiQn of -^comple- 
mentary angles 



Comp^ments of con- 
grueriV^angles are 



congruent , 



5. 1. AB ^ PH 

2. ffi * ra 

3 . X = y 

6, ^ABH * APlffl 



1. RS ^ TS , and 
TO s UT 

2, ^ s TS , and 
TO * TO 

3. SU S SU 

4 , A RSU 3 A TSU 
5* Z STU S £ SRU 



1* m£ ABH ^ m/ FBH 
/ ABH 3 £ reH 

^ 3 . ^ ^ y 

4. HB » HB 

5. A ABH S iipBH 

6. Iff S 

7. AH - FH 



4. 



1. 

2, 



5, 
6. 




Sepnents having #qiaal 
ni#asiu*e (1) are con^mant 
Hypothasls ' . = 

Angles having the same 
maasura (3) ara Gor^ruant 
Reflexive pr©party of 
congruenca \ 
S,A,S,, Postulate (S , 
^ * 5) 

Definition of congruenca 

V triangles (6) 
Congruent angles have the 
sMe measures* (7) 



Hypothesis 



I- 



2. 

4. 
5. 



Sepients having the same 
measi^e (l) are oongruant 
Reflexive property of 
Gongruenee 

S.S.S, Postulate (2 , 3) 
Definition of congruence 
for triangles 



1* 
2, 

3, 

5* 
6. 

7. 



Hypothesis 

Angles having the same 
measure (l) are congruent 
Hypothesis 

Reflexive property of 
congruence 

A.S.A., Postulate (2 , 
3 , h) 

Definition of congruence 
for triangles (5) 
Congruent segments have 
the same measure, (6) 
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8. 1, BFA— ana ^ DiC . 
art right ungles. 

^ a. £ IFA af £ DIO 

3. m£ X s y 

5. W - Dl 

6. IF « (b) 

7. ^BPA ^ A DEC 

8. ST ^ 

9. FA - EC 



It ^rpothesis 

2. Rltfit anglts are oongruent 
3« Hypothasis 

4^ Anglas ef the sarna mea- 
sura (3) are G@ngruant* 

6* Segnant^^avlng tha aama 

' measwa (5) are oongruant, 
1, A.S.A, Fostulata (2, 4, 6) 
8p Daf^ltlon of oongruanea 

for triangles (7) 
9. Gor^ruant segments have 
equal measures (8)* 



9t I^othesisf W and W. 
biseet each otftar at P, 
Prove : Iff S 




1. 




1, 


Definition of bisect 


2. 


Z APH a Z Rra 


2. 


Vertical angles are 
congruent . '• ' 


3, 


A ABU S A RFB 


3. 


S.A.S. Postulate (1 , 2) 




SH 3 HI 


4. 


Definition of congruence 
for triangles (3) 


10. 1. 




1. 


Hypothesis 


s. 


L X and Z HPA 
form a linear pair. 


2. 


Definition of linear pair 


3. 


/ r and £ BPA 
form a linear pair. 


3. 


Definition of linear pair 




Z OTA Is a supplement 
of / X. 


4. 


Angles which form a linear 
pair are supplementary, (a) 


5. 


Z BPA la a aupplement 
of i_ r. 


5. 


Angles which fortn a linear 
pair are supplementary. (2) 


6. 


Z HPA a £ BPA 


6. 


Supplements of congruent 
angles are congruent. (4) 



7. ' HAF - in£ BAP 

8. £ HAP 3 £ BAP 

9. ^ if AP 

10. A^A ABFA 

11* ra ^ re 

12* FH ^ ^ 



(A) 



11. 1. Dps AG 

m ^ M ^" ; 

2, Awe » A ACB 

3, £ DFE W £ AGE 

4, m£ DFE ^ m£ ACB 



12, 1, BD = BP and ED ^ 

2* IB S BF and 15 3 If 

_ ^ 

3, BE ^ if 

4 . A BDE S A BFl 
5* £ DBE = £ BBE 

6, m£ WE = ^£ TOE 

* 

7. BE is the midray of 

£ ABG and BE "bisects 
Z ABC , 



7. Definition of angle bl- 
seotor 

8, Angles having the some 
measure (7) are eongruent. 

9^, Reflexive property of 
oongruenee 
10* A,S»A., Postulate * 
(6,7,8) 

11, Definition of congruenoe 
for triangles (lo) * 

12, Congruent seprients have 
the sajne measure , (11) 



1. Hypothesii 



2, S.S*S* Postulate (1) 

3, Definition of congruenoe 
fOT^ triangles (2) 

4, Congruent angles have the 
same measure I ( 3 ) 

1* Hypothesis 

2, Segments having the same 
measure are cajpgruent (l) 

3. Reflexive property of 
congruence, 

4, S,S.S. Postulate , 3) 

5. Definition of ^congruence 
for triangles (h) 

6* Congruent segments have 
the same measure, (g) 

7* Definition of midray and 
of angle bisector (6) 



f 
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13. 1. 


£A 3£B 




/ 1* 


Iftrpo thesis 


2. 


F is between A and 


D 




Jt^othesis 




Q- is ^between B and 


C 






3. 


AP ^ AD - FD 




3* 


BetweenneBS^Distance 




BQ = BC - QC 






Theorem 


%. 








tCrpo thesis 


5. 


FD ^ QC 




5. 


Definition of congruence 










for segments (4) 


6. 


AD ^ BC 




6. 


I^po thesis 


7. 


AD - FD ^ BC - QC 




7. 


Add^ltlon property of 










equality (5 ^ 6) 


8. 


AF - BQ f 




8, 


Substitution property of 










equality (3) 


9. 


w ^ m. 






Definition of Gongruence 










foi^ se^ents (8) 


10. 


R Is the midpoint of 




10. 


F^pothesiB 




AB 








11. 


AR ^ RB 




11 , 


Definition of midpoint 










(10) 


12. 


aW ^ RB 




12. 


Definition of congruence 
















for segments (11) 


13. 


A FAR ^ A QBR 






Sp A*S* Postulate 










(1.9. 12) 




W ^ RQ^ 




14. 


Corresponding parts of 










congruent triangles are 










congruent , (IJ ) 


l4, 1. 


K anri P at^p midDnint 




1 ^ 


WirnnthpRl 




of AD and BCj 










respectively* 








n 


ED ^ ^ AD 






Definition of midpoint (2) 




PC ^ h BC 








3. 


AD - BC (AD ^ BC ) 




3* 


I^othesis ^ • 


^t. 


IE ^ FC (ED ^ FC) 




4, 


Multiplication property 



of equality (2^3) 
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5. £ma s ^FCH 

6. D J G , H , C eolllnear 
In that order and 

9. EG ^ M / 



1* E and F are midpoints 

of AB and AD 

respectively 

lE or AE ^ AP 

2, AB ^ 2AE ^ AD ^ 2AF 
3* AB - AD or TS ^ AD 

£eac ^ £FAC 
5, AC ^ AC 

i , ■ A BAG ^ A DAC 



/BFE s /OTP 



RP 



ASPR ^ A< 



5. 

6. 



7. 
8. 
9, 



3. 



I^othesis 
Jfirpotheais 



Betweenness-Addition 
Theorem (6). 
S,A,S. Postulate 
(^.5,6) 

Corresponding parts of 
congruent triangles a^i 
congruent, (8) 



fQ;pothesi£ 



Definition of midpoint (1) 
Multiplication property 
of equality (1 ^ 2) 
Iftrpothesls . 
Reflexive property of 
congruence 
S.A.S, Postulate 
(3.4,5)* 



f^othesis 

Reflexive property of 
Gongruenoe 

S.A.S. Postulate (1 ^ 2) 
Corresponding parts of 
congruent triangles are 
congruent. 
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Problem Set 5-7b 



This problem set offers opportunity for considerable ^ 
variation in the form of proof expected from the students. The 
proof Given here for Problems 1 through 5 i^piores the 
Betv/eenness-Addition Theorem for Points (Theorem 5=4) and the 
Betv/eenness^Addition Theorem for Rays (Theorem 5-5), Many 
teachers will prefer this (perhaps even for the other problems 
in the set) since those theorems were introduced in Section 5=3 
wltK what some may consider insufficient build-up to impress 
students with their sisnif icance . 



The use of Theorems 
as follov/3: 



and 



would modify the proofs 



Problem 1(a) 



Problem 



Problem 



Steps 7 J 8 , 9 ^ 10 v/ould be omitted. 
Part (a) would begin with step 6, 
Step 7 would srate that S ^ K ^ L ^ R 
are collinear, Heason^-HypotheBls , 
Statement ll would become statement 8, 
Reason 8 would be the Betwaenness- 
Addition Theorem for Points. 



6 vjould be 



nteps 2,3,4,5 
omitted. Statement 2 would be If and 
rJ are between BX and RW vjith 
Reason 2 as Hypothesis. 
Statement 7 would become statement 3* 
Reason 3 would be the Betweenness- 
Addition Theorem, for Rays, 

Steps > 5 / 6 , 7 , 8 would be 
omitted, Statem.ent h would be' M and 
RB are between M and R?, Reason H 
would be Hypothesis, 

Statement 9 would become statement 5, 
Reason 3 would be the Betweenness- 
Addition Theorem for Rays, 



351 



3' 



' Further shortening as mentioned before Probleni Set 7-a 
could In problem 2 combine steps 1 and 2 Into a slnsle 
step and in ^Problem 3 combine present steps 10 and 11 
into one step and go directly from present step 12 to step 14 
with the definition of congrLience for triangles as the justifi- 
cation , 

The proof for Problem 5 is given in both the long form 
and in one version^ of a shortened form. 

Beginning v;ith Problem 6 partially shortened forms ^ of 
proof are used^ to be modified as best fits the studer^'s need. 

Problem 11 is much more complicated than a hasty reading 
might suggest. 



In 


A TKS 


an t 


I A TLR 






1 4 


Ix = 






1 . 


}^D0 thesis 


o 


lu « 






2, 


I^DO thesis 


5 - 


TK = 


TL 




_5 , 


I^DO thesis 




Tic s 

t 


TL 

> 




ii. _ 


Se^pnents of the same 












measure are c on gr u en t , ( 3 ) 


5. 


A TliS 




TLB 




A,S,A, Postulate (1 ^ 2 , 












'0 


6, 


w ^ 


mT 




6, ^ 


De fl n 1 1 1 0 n of con gru en c e 












for triangles (5) 


7. 


SK = 


RL 






Congrtient sOj^ients have 












the same measure, (6) 


8. 


SK + 


KL ^ 


RL -1- KL 


8. 


Addition property of 












equality (7) 


9. 


SK + 


ICL = 


SL 


g. 


The Be twee nne s s - Di s t anc e 




RL -h 


LK ^ 


RK 




Theorem 


0- 


£L - 


mi 




10. 


Substitution property of 












equality (8 ^ 9) 


1. 




W 




11, 


Segments v/lth the same 












rneasui'e are congruent* (10) 
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2. 













ST ^ RT 


12. 


Definition of congruence 




'^^^ 




for triangles (5) 




A STL = ^ RTK 


13. 


S,S.S, Postulate 








(^^ . 11 . 12) 




/SRX ^ £trV/ 


1. 


i^o thesis 


2. 


m/SRX ^ m^TRW 


n 


Congruent angles have the 








sair.e measure fl) 




m/SRX + m^SRT - 




Addltipp property of 




ni^ 1 n w + k^i/o n T 




equsJlty (2) 


ii 


m£SRX + m/SRT = 

iTi/ Ari i 


4, 


Bet enness -Angles TheorerA 


1 


ITI^TIW 4= m^SRT = 
m^V/RS 




"iness -Angles Theorem 


if 

o . 


m/yms ^ m^..RT 


6. 


SubstituLdon property of 








equality (3 ^ 4 , 5) 


7. 


£VJRS ^ ^XRT 


7. 


Angles of the same .measure 








are congruent, (6) 


,,8. 


M ^ RT 


8* 


P^iothesls 


9. 


RW - RX 




i&po thesis 




^ V/RS ^ AX^'T 


10. 


S.A,S, Postulate (7,8, 








9) 


11, 


/X ^ /W 


11 . 


% 










1 . 


AR ± RX , and 


1 . 


Hi/D 0 h h e R "i 




ffl" X RY 






^ • 


£_BRY IB a rl'ght angle 




Definition of perpendlcu- 




and £arX is a right 




lar lines (1 ) 




angle. 








£bry ^ IkBX 


3 * 


Riglit angles are conj^ruen'; 








(2) • ' ' 


-4. 


m^BRY - m^ARX 


4, 


Congmiffint angles have 








equal measures. (3) 




n^BRY +- m/BRX ^ 


5. 


Addition property of 




m^ARX -+ m/BRX 




equality 
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6. 
7. 



9. 

10. 

11. 

12. 
13. 



n^BRY + m/mX. = m/XHY 

m^AHX + m^BRX = m/^AR| 

n^XRY ^ m^ARB 

/XRY ^ £ARB 

AR = RX > and 
BR ^ RY 

M ^ M and BR - ry 

ifii ARB ^ ^ XRY 

AB ^ ^ 



AB - XY 



6. Betweenness-Angles 

Theorem 
7- Betweenness-Angles 

Theorem 
8, Substitution property of 

equality 
9* Angles of the Bame 

measure are congruent, 

10, f^o thesis 

11, Sepiants of the same 
measure are congruent. 

13* Definition of congruence 

for triangles 
Ih ^ Congruent Begments have 

the SMe measure* 



Assujne P > T , 
1, £OPQ - ^QRO 



n^OPQ ^ m/OBO 



4, 



m^x m^y 



Gollinear and Q ^ S j R collineari 

1* I5;pothesis 
2. Congruent angles have 
equal measures* 
Ift^othesls 

Congruent anglee have 
equal measures. 



m^y 

6. m^QPR ^ m^OPQ - in£x ^ 
m/ORP ^ m/^0 m^y 

7. m^QpR ^ m^ORP 

8. ^QPR = /ORF 

9. CT bisects PR at K, 
10* 3' M 



4. 



5, Addition property of 

equality (3 . ^0 
6» Betweenness-^Angles 

Theorem 

7. Substitution property of 
equality (5 j 6) 

8, Angles of the same 
measure are congruent , (7 ) 

9* JOTothesis 
10* Meaning of blaect for 
angles (9) 
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11 . ^SKR m £TKf 

12. A SKR ^ ^ TKP 

13. RS ^ pT 

14. RS ^ PT 



jOng Form 



1 , 










2. 










3. 


AG 




"PB 






AG 




FB 




5. 


AG 




GF ^ 


FB 


6. 


AG 




GF ^ 


AP 




FB 




GF ^ 


BG 


7. 


AF 




EG 




8, 


IF 




13 




9. 


A ADF 


- A i 


3EG 


0. 


DF 




EG 





Shortened Form 



In A AFD and A BGE 

1 . ^A ^ ^B 

2. AG ^ BP 

A J 0 J F J B are 
oolllnear. 



11. Vertioal angles are 
congruent, 

12. A.S.A. Postulate 
(8 , 10 , 11) 

13. Definition of congruence 

14. Congruent sepients have 
equal measures. 



1, I^pothasls 

2, fC^othesis 

3, Hypothesis 

^4. ^pefln^tlon o¥ congruenoe 
for se^ents (5) 

5. Addition property of 
equality (4) 

6. Betweenness Distance 
Theorem 

7. Substitution property of 
equality (5 , 6) 

8. Definition of congruence 
for segnents (7) 

9. A.S.A, Postulate 
(1.2,8) 

10. Corresponding parts of 
congruent triangles are 
congruent, (9) 



1. tC^othesls 

2, f^rpothesis 
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p * AF a* BG ... f 



4, AAFD - Abge 
5* W ^ m 



6. 1. All ^ BP 

XH ^ YF 
2. AH - XH - BF - YF 



3. 


X 1 


s between A 


and 




n , 


Y Is between 


B 




and 


F. 










f 




AH - 


XH - AX 






BP - 


YF - BY 






AX ^ 


BY 




6. 


AX ^ 


BY 




7. 








8. 


AS ^ 


BA 












9. 


A AXB 


- ABYA 





10. 



AY ^ BX 



1, - £h 

2, and SU are 
between S? and ST 

3 • RS ^ TS or M ^ TS 



4, 

■5. 



10. 



Betweenness-Addition 
Theorem for Points (1 , g) 
ApS.A. Postulate (1,3) 
CorTespondlng parts of 
congruent triangles are 
congruent * ( ^{ ) 



I^rpo thesis 

Additive property of 
equality (1 ) 
Hypothesis 



Be t we e nn e s s = Dl s t anc e 
Theorem (j) 

Substitution property of 
equality (h) 

Lef inl tlon of congruence 
for segments (5) 
t5/po theses 

Reflexivb property of 

congruenc^| 

S.A.S* Pos\tulate 

Correspo:^lng parts of 
oonginient triangles are 
conginaent , (9) 

nypothesl^ 



Be tweenness- Addition 
Theorem for Rays (l) 
Definitions of midpoint 
and congnaenGe of segments 



J 



s 



4. SU ^ SV or SU S SV 



5, A RSU i A TSV 



5, # 



In A BGA and A CFA 

1. BG CP or m ^ W 
BA ^ CA or M 1 OA 

2. A Is the midpoint of 

3. AG AF or AG ^ AF 



4 , A BGA A CFA 
5 . /BGA i /CFA 

In A BGF and A CFG 
6. Gp S FG 

7* A BGF i A CFG 

8. BF i GG 



In A AED and A AKB 

1. AD AB or M 1 AB 
ED = EB or 153 S 11 

2. AE i AE 

3 . A AED S A AEB 



6, 



Hypothesis and definition 
of congruence of segments 
S.A.S, Postulate (2 , 3 , 
4) 

Corresponding parts of 
congruent triangles are 
c ongruen t , ( 5 ) 



8. 



30thesis and definition 
of congruence for segmentE 
Hypothesis ^ 

Definitions of midpoint 
a n d c 0 n g r u e n G e of s e gm e n t s 
(2) 

S,^,S, Postulate (l ^ 
3) 

Corresponding par^ts of 
congruent triangles ai 
congruent . ( 4 ) 

Reflexive property of 
congruence 

S,A,S. Postulate (l , , 
5) 

Corresponding parts of 
congruent triangles are 
congruent. (7) 



Hypothesis and definition 
of congruence of segments 
Reflexive pro^Hjrty of 
congruence 

3,S,S. Postulate (l , g) 



4. ^ % ikm 



5, m/B - 90 



6. m/km ^ go 



is a right angle. 



8. /DAE % ^AE 



9, AE bisects ^AB or 
AE bisects /A 



10. In ^ KL.J and A MLP 

1 , LK ^ LM or LK ^ LM 
LJ - LP or LJ i 



2. /KLJ and ^LP are 
vertical angles, 

3. /KLF i ^LP 

4 . ^ KLJ A MLP 

5. JK = PM .^id /J "= J? 



6. ^ ^ /j 

7 . A JKQ i A PMR 

8. 1^ = m 



) 



4. Corresponding parts of 
congruent triangles are - 
congruent » (3) 

5. Hypothesis and definition 
of right angle 

6. Congraent angles have the 
same measure. (4^5) 

7* Definition of right angle 
(6) 

8, Corresponding parts of 
congruent triangles are 
congruent . ( 3 ) 

9, Definition of angle 
bisector (8) 



Hypothesis^ definition of 
bisect and definition of 
Gongi^aaiice of segments 
Definition of vertical 

angles 

Vertical angles are 

congruent* (2) 

S.A.S, Postulate (l , 3) 

Corresponding parts of 

congruent triangles are 

congruent . ( 4 ) 

Hypothesis 

A,S*A, Postulate (5 , 6) 
Corresponding parts of 
cprigruent triangles are 
ffongruent, (7) 
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11. 




Prove A ADB i 4 BCA 
Then DB CA 
Prove A ADC 1 A BCD 
Tt-ien /ADC S ^CD 
Prove A ADR ^ A BCH 
Then M 1 CR 
and /ADR S ^CR 
/RDE /RGF 



5. DE ^ CP 



6, A DER 2: ACFR 

7. RE =z R_F 



7. 



A proof is suggeute4^hut 
not eomple tod , 



S.A, 



.A.S 



PropertleG -equality and 
the BetweenneGD^Angle 
Theorem 

Betweenne S3 -Addition 
Theorem for Points 
S.A.S, 

De f i n 1 1 i o n o f c o n gr ue nee 
for triangles 



Problem Set 

In Problem 5(a) , (step l). Problem G, (step 5) and 
Problem 8 (step l) combining has been done. Note that the 
reason for step 5 in Problem 6 is appropriate for the 
changed form . C 

1. In A ABC, M i BC S AC 
Prove: /C i ^ i ^ 

Statements Reasons 
1, AB = BC 1^ Hypothesis ^ 

I fi. If two sides of a triangle 
are con^ruent^ then the 
angles opposite these sides 
are congruent, 




3 . EC = AC 
5. /C =/A 



2. !• D is the midpoint of 
BD ^ CD 

4. A ABC isosceles, with: 

5. AD ~ AD 

A ADB -- A ADC 
7, 2ADB /ADC 



8, ^DB and ^DC are 
rlp;ht anclec, 

9. BC is level. 



3. 1. AC ^ CB BA 



I AC ^ i CB ^ i BA 



r J R , and Q are 
m 1 d p C3 .]_ n t z 0 f s 1 d e :\ AC ^ 
CB , M raBpectively 
CP 



PA = i AC 
i CB 



CR - m 



BA 



3, Hypothesis 

4, Same as Reason number 

5, Transitive property for 
congruence 



1 . Hypothesis 

2. Definition of midpoint 
of a segment (l) 

3. Definition of congruence 
of segments (g) 

4 . Hypothesis 

5. Reflexive property of 
congruence ' = 

6. Postulate (3,4, 
5) 

7. Corresponding parts of 
congruent triangles are 
congruent, (6) 

b. If the angles of a linear 
pair are congruent each is 
a right angle. (7) 

9. By definition of level 



The measures of the sides 
of an equilateral triangle 
are equal* 

MuM l.plication property of 

equality ( 1 ) 

Hypothesis 



4, Definition of midpoint (3] 



5. CP = PA = CR m = BQ 
QA or, arranging to 
better advantagej 

6. CP i AQ ^= BR and 
CR i AF i 15 

7. iC 1 ^A S J3 

8. ACRP = AAPQ = ABQR 

9. RP = i OR 

10. APQR la equilateral 
___________ 

4. 1. ff ZY 

XR S ZR • 
2 . £IX7L = /YZX 
^RXZ ^ /RZX 

3, rn/^XZ = m^ZX 
m^XZ ^ m^vZX 

4, m^"XZ + m/flX2Z ^ 
m/yzx -+ rn^ZX 

5, rn/YXZ 4- m_£llXZ zz m^IXK 
n^ZX 4- ni^ZX - m/YZR 

6, iri/yXR = ni/TZR 

7, /fXR " /YZR 



5. 

(a) Double - CQlumn Form 

1, To % W or AG ^ BG 

2. I AC - i BC 



5. Transitive property of 
equality (l , 4) 

^ 6. Segments with equal 

rneasuras are congruent . ( 5) 

7. An equilateral triangle is 
equiangular, (l) 

8, Postulate (6 , 7) 
9* wOTresponding parts of 

congruent triangles are ^ 
congruent , (8) 
10, Definition of an equilateral 
triangle (9) 



1 . Hypothesis 

2, If two sides of a triangle 
are congruent., the angles 
opposite these sides are 
-congruent . ( 1 ) 

3 , D e f i n i 1 1 o n o f c o n g ru e n e e 

of angles 
'I . Addition propei^ty of 

equality (3) 
5. Betweenness ^Angles Theorem 

0 , 3 u b s t i t u t i o n p r o p e r t y o f 

equality (4,5) 
7 * Angles vj 1 1 h the same 

measure are congruent* (6) 



1. Hypothesis 

2. Multiplication property of 
equality, ( i ) 



XC = i AC 
YC = i BC 

XC = 



3. Definition of midpoint 

4. Substitution property of 
equality. (2 , 3) 

5. If two sides of a triangle 
are congruent j the angles 
opposite those sides are 
Gongruer ' ^ 



Pgra^^raph Form , 

Since X and Y are given the midpoin 
respectivelyj It fnllows^that XC ^ i AC 



ariu 



and BG 



But AC ^ BC by hypothesis no^ by tho multiplicative 
property of equality^ 



I AC = I BC 



or XC ^ YC, 
Thon, m AXCY, 2C>^ = iCYX :jliice 

if two sides of a triangle are congruent, the angles 



opposite those sides are congruent 



Hypothesis i 

In isosceles triangle 
AG" = BC, CD bisects 



ABC 



/ACB, 

If. ^ 

Prove . 



- is a point on 
PA PB 






In A APC and ABPC 




1. 


AC BC 


1* Hj^O thesis 


o 


CP 1- CP 


2. Reflexive property of 






congruence , 


3. 


/A CP /BC? 


3* Hypothesis and definition 




< 


of the blnector of an angle 



5. PA ^ PB 



7* Hypotheals i 

4ABG Is isosoeles vilth 

M S TO. 

aE bisects '/CAB 
, W bisects /CBA 

Prove : aE S 



S.A.S. Postulate {l , 2 , 

5. Definition of congruenGe 
for triangles (4) 




Prove;. ^ADB ^ 

i 



AB = M 



^ ^. CA 2 CB ' 
3 . £OkB i /GBA 

or m/CAB ^ m/CBA 



4, I m/CAB. ^ i m/CBA 



5. n^EAB 



m ^ mZCAB and 



m^BA ^ "I m/CBA 



^B ^ rn^BA or 
/EAB S /DBA 

7, ^ADB '2 ABEA 

8. Al ^ m 



1* Reflexiye property of 

congruenQe 
£t Hypothesis 

3* If two sides of a triangle 
are congruent^ the angles 
opposite* those sides are ^ 
Congruent* (2) 

4, MuitipHcation property 
of equality (3) 

5, Definltipn of angle 
bisector 

6, Substitution property of 
equality (4,5) 

7*^' A,S,A, Postulate (l , g , 
6) 

8, Corresponding'^parts of 
congruent^ triangles are 
congruent , (7)' 
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8, Hypothesis i 

AABC Is Isosceles with 

ADIP Is Isosoeles with 

,AC - DP 

Prove I ABAC S^AEDP/ 





1 . # ^ or mjk ^ 



2A 



4, AC S DF or AC 

5. ABAC i AEDP 



^ DF 



1. 



2, 
3. 

A, 

5. 



Hypothesis and the Theorem; 
If two sides of a triangle 
are congruent the angles 
opposite those sides are 
cQngruant, 
Hypothesis 

Transitive property of 
oongruence (l ^ 2) 
Hypothesis 

A,S,A, Postulate (2^3, 
^) \ 



Problem Set 



Again ramiM students that the validity of a statement must 
be supported by loglcai argument whereas a single counter example 
is sufficidnt to show that a sta^^ent Is not valid. 

In problem 4,' . cpnslder the^ parts of the diagram as either 
eoplanar or noncoplanari. - \ 



364. 



statement 

(a) If a number is positive^ 
then it has one positive 
square root. 

Valid, 

In elementary algebra 
there is a theorem to 
the ^effect that every 
positive number has two 
square rootSj one rosI^ 
tive and one negative. 

(b) , If a set of points is 

the interior .of a trl-* 
angle J then it is a 
c^vex sat. 
Valid. 

The Ihterior of a tri- 
angle is the inter- 
section of three half'- 
planes, and each half- 
plane isjg^n^^ex. The 
secant Joining an^two 
points in the interifer 
of a triangle lies iji 
each of the three half- 
planes j and hence^ in 
their intersection* 

(c) tf two numbers are odd. 

their sum is odd_» 
Not valid. 
Counter-example i 3 
and 5 are each odd 
but their sum is even. 



Converse 



If a nifflWR? has one positive 
square root^ then it is a 
positive number. 
Valid, 

This follows from the fact 
that the square of a posi- 
tive number is positive. 



If a set of points is a 
convex set^ then it is the 
interior of a triangle. 
Not valid. One (of many) 
counter example is ^ The set 
of all points in the plane 
is a convex set which is not 
the interior of a triangle. 



If the sum of two numbers is 
odd then each of the numbers 
is odd. 
Not valid. 

Counter-examples 5 and 4, 
Another oounter example s 
2 + TT and 5 - ^ 



(d) W eaQh angle in a set 
of angles Is a right 
angle I then the angles 
in every pair of these 
angles are oongment^ 
More simply I If two. 
angles are right 
angles J then they are 
congruent , 



Hypothesis t 
In ^ABG^ 

Prove: ^ABC is equilateral 



If the angles In ever^ pair 
of angles in a set of anglas 
are congruent^ then each of 
the angles Is a right angle. 
Not valid. 

Counter-example i The angles 
in every pair of vertical 
angles &re oongruentj but 
they are not necessarily 
right angles , 



1 , /A 2 2C 

2. m 



'3, JQ - ^ 

4V BA ^ AC 

5* BC i M 2 

6. A ABC Is equilateral. 



3 . 1 . ^ ^ 

2/ \^ and ^^BA 
a linear pair* 
2n and ^CA 
aupplementary , 



form 



,are 




1. Hypothesis 

2* If two angles of a triangle 
are ccngruentj the sidel^ 
opposite those ang3/es are 
f congruent, (l) 
3* Same aS' 1, 
4, Same as 2. (3) 

Transitivity property of 
congruence (2 ^ 4) 
Definition of equilateral 
(5) 



1 , Hypothesis 
2* Hypothesis (since the 
diagram is part of the 
hypothesis) and the 
definition of a linear 
pair. 



/ 
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3. and^ /CBk are 
supplementary. 

/n and ^CA are 
supplementary . 

4. /OBk 2 ^CA ^ 



5^ M = AB 



6, AABG is isosceles, 



ConBider ^ HPP and AKPF, 

1. HP ^ KP and HP - KP 

2. W %W and ffP S KP 

3. pF S W 



4. AHPP 



A KPF 



3* If two angles form a linear 
pair, then they are 
supplementary i (2) 

4 , Supplements of congruent 
angles are congruent, 
(1,3) 

5* If two angles of a A 
are congruent^ the sides 
opposite those angles are 
□ongruent, (4) 

6. Definition of Isosceles 
triangle (5) 

a 

1, Hypothesis 

2* Definition of congruence 
for se^ents (l) 

3, Reflexive property of \ 
congruence 

4, S,S,S. Postulate (2 ^ 3) 

5, Corresponding parts of 
congruent triangles are^ 
congruent, (4) 



5. Consider ^ACE and A BCD, 



1. 

2, 



- J — 



AD ^ BE 
and A 
collinear 
Af = 15 



5, AACE 2 ABCD' 



AD 
E . 



B are 



Hypothesis 
2, If two angles of a triangle 
'are congruent^ the sides 

opposite those angles are 

congruent , (l ) 
3* Hypothesis 



Be tweenness -Addition 
Theorem for Points (3) 
S.A.S. Postulate (l , 2 
4) 
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6. kc ~ m 

7. A ABC Is isoscel^. 




6, Definition of oongruence 

for triangles (5) 
7* Definition of isoaeeles 

triangle (6) 

Reasons 



1. ^ - £ 1. 

2. PQ J. AC and 

Is 1 W 

3. is a right angle, 
^SP is a right ahgle. 

4. ^QC S 2RSF ^ ' 4, 



5. CQ - FS 5, 

6, APQC 2 A^SP 

7% CP ^ PR 



7* Hypothesis: 

Isosceles A ABC^ with 
CX i CD 'bisects /p 

and Intersects M in 
point D, 



^1 Prove : 

(a) cj 1 AB 

(b) AD ^ DB 



Hypothesis 
Hypothesli 

Def Inition^of perpendicular 

(2) . ■ 
Right angles are eongruent, 

(3) • 
Hypothesis 

A.S,A. Postulate (1^4^ 
5) 

Definition of congruence 
for triangles (6) 



4^ 

Statements 




1, JAQD i ^CD 



2, 

3, 



CA ^ C 



4, AACD ^ A BCD 



1. Hypothesis and definition 
of angle bisector 

2 , Hypothesis . 

3, Base angles of an isosceles 
triangle are coi^ruent* (s) 

4. A,S*A. Postulate (1,2, 
3) ^ . 



f 
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5. /ADC 2 JBDG 

6* m/ADC m ^DC 

^ 7. and ^DC fo™ 

a linear pair, 

8. /ADC and /3DG are 

^ ^ right angles * 

(a) -9. CDXAB 

(b) lO. AD ^ DB 



5. Corresponding parts of 
Congruent triangles are 
eongrment. (4) 

6, Congruent angles liave equal 
measures. (5) 

7. Definition of linear pair 

8, Eaoh of the angles of a 
linear pair which have the 
same measure Is call8^ a 
right angle. (6,7) 

9t Definition of perpendicular 
(8) 

10. Definition of congruenae 
for triangles (k) 



Problem Set 5^10 



The eolutions for the problems in this setj except for 
Problem 7^ are merely ou|lined or suggested. 

1. Prove ^ABC 2 AABD by, S.A.S. 

TheW A%i IB and^ in AACD^ /AOD ^ ^DO 
since they are opposite the congruent sides, 

2. ^ABC ^ AABC by A,S.A. 

3. ADXA ^ AeXA by S.A.S. 

Then DX 2 M. 

4. (a) A model Is to be constructed, 

(b) Pour faces, 12 face angles 

(c) All faces are congruent by S.S,S.^ 
All faces are equilateral' triangles , 

5* (a) Distances AB ^ AC and BC need not be equal since 

/kVB ^ ^VC and ^CVA need not have the same measure. 

^AVB ^ ABVC and AcVA are Teach Isosceles triangles 
but not necessarily congruent to each other, 
£JAB i ^A , S ^CB ^ £rOk i ^AC 

(b) Then AB ^ AO ^ BC and all six of the angles will, be 
congruent* 



6, Prove ANPB 2 ANMC by S,A.S., first ihewlng PB ^ MC 
by the addition and iubstitutlon properties of equality 
and the Be tweenness -Distance Theorem, 

Then TO S TO 
Prove I AAOT S A MO by S.A.S* 
Then M ^ AC 

7, Prom the deflnlilon of bisect for aepnents 

From the definition of vertloal angles andj Blnoe vertical 
angl e s are c ongruent j 

/AVE % ^EVP J jpvk % i jmo % 

Then by S.A.S. 

AATO ^ AEVF J AG¥A ^ ADVl j ABVC j AFTO, 

It follows tRat the corresponding parts are Gongment and n 
thus * , ' 

Then A ABC S AEFD by S.S.S. 

8* Prove AABD ^ AABC 2 ADBC ^y S.A.S. 

— Xt-i'ollaws that ^aP S AC Bc, . 

Then^ since A ADC is equilateral^ it is also equiangular* 

Problem Set 5-11 



The following are merely the main ideas in the proof of 
the problems* The problems present no complication In proving 
congruence of triangles, 

(l) AABC 2 ACBD by B,B,B,, thus 

^ABD i /OBL and^ by definition of 
mid ray ^ iff Is a mid ray and BD 
bisects the vertex angle* 
(ii) Jkm i /OBB^ ,thus they are right 
angles J and then BD -L AC * 

C 




Then Iffi = TO 
Prove I A Aim S A km by S.A.S* 
Then M ^ AC 

Prom the deflnlilon of bisect for aegnenta 

From the definition of vertlQal angles andj Blnce vertical % 
angles are congruentj 

Then by S.A.S. 

AAVB ^ a'eVF j ACVA m ADVl j ABVC j AFTO, 

It follows tRat the corresponding parts are Gong™ent and n 
thus I , * 

AB s If J m m J i TO. 

Then AABC S AEFD by S.S.S, 

Prove AABD ^ AABC 2 ADBC ^y S.A.S. 

-Xt-^'ollaws that ^aP S AC.i Bc. . 
TheHj since A ADC is equilateral^ It is also equiangular. 

Problem Set 5-l_l 



The following are merely the main Ideas in the proof of 
the problems* The problems present no complioation in proving 
congruence of triangles, 

(l) AABC 2 ACBD by S.S.S.^ thus 

^ABD i /OBL and^ by definition of 
mid ray J Sff Is a mid ray and BD 
bisects the vertex angle, 
(ii) /km i /OBB^ .thus they are right 
angleSj and then BD -L AC. 




Problem Set 5^12a 

Corialder point* any F 

point on the ray oppoilte 

Lat M be. the mid- 
point of ffl and let F 
be the point on- the ray 
opposite suoh that 

FM ^ CM, ' ) 

Thmn Lmm^^Cm by S^A.S. and /FEK m 
X Theorem 4-7 tells us that P is an interior point of 

Tlierefore by the Betweenness -Armies Theorem 
m^BA ^ m^BP + m^FBA, 

Since m^BF > 0^ m^HBA > m^TOA and therefore 
m^BA > m£A* 

To prove m^BA > m^ACB start with the midpoint of . 
W rather than with the midpoint of *M, 

m^ABC < 50 J m£BAC < 50 j m^ACB * 130 

^ applying the Supplement Theorem (Th. 4-12) and 
the theorem on supplements of congrment angles 
(Th. 4-15) the congraence of the six exterior angles 
can be demonstrated. It Is Important that the student 
be able to identify and name these angles in his proof* 

(a) m^a < m^c 

(b) n^d < m^b » 

(c) m^c < n^fe 

(d) m^a < m^c < ni^e 

(a) The median must be perpendiGUlar to the base, 
Tlie median to th^ base of an isosceles triangle 
is perpendicular to the base by Theorem 5-11, 

{b) From Ilieorem 5-11 we, know that given a line and a 

point not on tH# line, there Is one and only one lln 
which contains the given point and which is perpen- 
dlcular to the given line. 




(c) Slnee ^ la X to Ic by hypbthesla and since 
the median from B Is ± to W, and since there 
Is only one Una from BXW, W and the median 
are the same line. 

(d) If a sepient from the vertex opposite the base of an 
Isoscelei triangle Is perpendicular to the base, then 
that se©nent is the median of the triangle. . 



Yes. T^iere is one and only one line 
which oontalns P and Is perpen- 
dicular to m since If P Is not 
In P is not in m and the 

relation is an example of Theorem 5^5. 




There Is one and only one line through perpendicHlar 
to 0?. ■ 

^ere Is one and only one line through perpendic'uliar 
to 

There Is one and only one line through P, perpendicular 
to 0?. 



P lies in plane OXY. 




One anfi only one 
One and only one 



One and only one line contains P and is J. 
Yer, 
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Let of A ABC be' a fi^t 

ar^le, Wa want to show that 
neither nor £k can be 

a right sBgle, 



Assume IP Is a right angle » Then by definition of a 
perpendicular line and \i are both peipendloular 

to %im But this oontradlets TOitorem 5^11 which assures 
us there can be one a||d only ont line containing A ai^ 

L to Th#refo^6 £p cannot be a rl^t angle. 

Likewise If £a wery^a right angle ^ and ^ would 
both be J. to ^y^lirhlch again contradicts TOieorem 5-11, 
Therefore ^A cannQt be a right angle. 

12 • ^ Let ^ACB of AACB be a right 

angle,, wt want to show that 
Ik and are each acute 

angles . 



-Consider CD as opposite 5?, . Kitn £acB and £acD 
form a linear pair and are supplementary and, sinot 
m^ACB - 90, ra^ACD also ^90* ^ Theorem 3-10, 
m^ACD > m^B and m£ACD > rn^A. ^erefore n^B < 90 
and m^A < go and hence, by the definition of an 
acute angle, £b and £a are both acute angles. 





13. ^ Let £CAB of A CAB be an 

obtuse angle* We want to 
show that and are 

each acute angles^ 



Consider , ^ ae opposltt Then ^ ^EAC and ^AC 

form a linear pair and are, therefore, supplementary 
angles* the definition of supplementary angles^ 
m^EAC + m^CAB ^ 180 or n^GAB ^ 180 - m^EAC. mt, 
by t)ie hypotheils and the definition of an obtufe^ angle, 
m^CAB > 90* It follows that l80 - m^EAC > 90 or, 
from the addition postulate of order, that 90 > rn^EAC* 

But f^m Theorem 5-10, rn^EAC > m^B and m^EAO > m£i 
Since 90 > m^EAC > m/C and 90 > m^EAC > v/e get, 

by using the transitivity property of order, that 
90 > m£a and 90 > m£B* It follows from the definition 
of acute angle that ^ and are both acute angles. 



^ Problem Set g^lSb 

You may wish to have students give only an outline of the 
proofs of these problems, as Is given for most of the problems 
below* 

i* The two triangles in which the diagonals are the 
corresponding parts are congruent by S,A*S, 

2. No* The angles may be unequal even though the sides 
are equal and the polygon would not then satisfy the 
definition of a regular polygon, 
^onplei a rhombus, 

3* ABAD tt ABAC 2 ACAB from the hypothesis and S*A,S, 

M ^ DC = CB by definition of congruence for triangles* 
ABDC is equilateral by definition of equilateral triangle 
ABDC is equian^lar since every equilateral triangle 
^ is equiangular* - ^ 



9 



Since in the fl^re segments^ with aNa«nraon endpolnt are. 
QQlTlnear, the figure does not satlBfys^onditlon (S) in 
the definition of a polygon* To be a meS^er of a subset 
of^^polygona, a figurt must first be a member of the set 
pf polygons. ' ' _ 

Outline of proof * ^^"^^J 

AFAp ^ ^BGD m ^DEP by definition of regular polygon 
* and SsA.S. . ^ 

ra ^ BD^^ DF by definition of congruence for triangles. 
Awm is equilateral by definition of e^fullateral triangle. 

V 

Outline of proof* 

1. AFBD is an equilateral triangle as proved In Problem. 5 

above, ^ 
2*. AFAD S AMD from hypotheala. Step 1 an^ S.S*S. 
3* ^FDA ^BDA by 'definition of eongruenoe' for triangles, 
4, TOlSB because a line which blseeta the vertex angle 
/Of anlsdsceles triangle is perpendicular to the base, 

outline of Proof. * ^ ^ 

1, A BAD m ACAD from hypothesis and d.S.S. ^ 
a* ^BAD 5 ^CAD by definition of congruence for triangles, 
3* AlAG m AFM from hypothesis ^ multiplication property 
of order. Step 2, S»A.S. ' ■ ^ ^ ^ 

4. EG - FG by definition of congmience for triangles. 

5. AEPG is an isosQeles triangle by definition of 
isosceles triangle, . 
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^ rChffpter 5 . * ' 

Revfew problems 

— T"^ . 

SketoheB or brief outlines, of the proofs are given. 
Prove AGCE S dras 'by^ A.S.A. 

It follows that- CS S IB and thus, by definition of 
bisacte- f or^ segments,''^ W bisects CB* 



W ft OT; ^ S CFj ft fflff by' definition of equilateral 

triangle. Then ^ ABC S A CAB ^ by S.S.S. 




, ^FGIf ^ A HGK by -A.S.A, 
TO 2 f^j^ by of 
oongjnienee for triangles. 
Therefore ^ FGH is iggsceles 
by definition of isosceles 
triangle . 



^ APQ - ABPa *by 3,S.S, 
Then ^APQ ^ from the definition of congruence for 

triangles. * 
The proof holds if A ^ is not in the plane of Q and 
B. 

m ^HAB = m ^JbA ^ince If two sides of a triangle are 

congruent^ the anglee opposite those sides are congruent 

or have equal measures* m /PAB - ^ m £HAB ^ ^ m ^ffiA * 

m ^FBA from the definition of bisect for angles, and 

the multiplication property of equality. 

Then m ^FAB - m ^^A from the transitive property of 

equality, 

_ _ i 

Then AF ^ BF since If two angles of a triangle have the 

sanfi measure, the sides Qppbsite those angles have the - 

same measure. 



Prove A AID S A BCD by S.A,S, 

It follows that AD ^ Id and thus that ^DAB ^ ^DBA- 
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The figure need not lie In a plane. " ' ' 

(a) ^PiXF;^ ^XR by the Betwleaness-Addltlon Theorem 
' for Rays 

. AAXF S ABXR by A.S,A* Therefore IF 

(b) Yes. Since the betweennes.s concept for rays la 
neededj the figure must lie In a plane , 



SRA ^^f A Sm ft -A SRC by 
-S^A.a. Thus SA^^SB^^^SC7 




TP ^ ^ J. 

Use the Vertical Angle TOeorem and then the A*S,A. 
Postulate. 



/QBP ^ ^fflF J ComplementB of congruent angles are con- 
A BPQ S AhFW by S.A.S, gruent. 



^AH m ^AF and £rAH.^ ^RAF since F/ H, A are 
colllnear. 

Then ^AF ? ^RAF and A BAP ^ A RAP by S.A.S, 

It follows -that ra ^ PR. ^ ^" 



A SRQ m A SXQ by S.A.S, ' Therefore /R ^ ^JXQv , 

AABl S ACBE by S.A.S. 
Therefore W ^ C^* 

A CAD S A BAD by S.A.S, 
Therefore Ic f ffi. 
A? ? E CT by the transl- 
tlvlty property of equality. 
It follows that A ABC Is an equilateral triangle from 
the definition of equilateral triangle* 
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IF i 15 by the multlplloatlon property of equality/ 

^ABPS AHRQ by S*S.S. 
Therefore S ind thus A ABC m A HRW by S.A.S. 

^BF m ^RFB since in A BRF ' the opposite sides are oon 
^ruent, HI ^ PA by the Betweenness-Addltlon ^eorem fo 
Points sinee A, B, F, H, are colllnear. , . ^ 

A mm S ^PRA' by^ S,A,S,,- therefbre ^RH ^^^RA. 
A student might prove A ABR S ^ ffi^R by S.A.S, ^fter 
proving /ABR ^ ^PR by noting that they.are supple- 
mentg^ of eongruent angles. Then /AfB S ^4lRP and g ' 
since and Rp are between M and Iff , it would 

follow that ^RH S ^RA by the Betweenness-Addltlon 
Theorern for Rays, . i 

A PWA m A toA by^ A.S,Av, therefore PW = KB. 

/GKR ^ since they are supplements of congruent* 

amiles^ /a and KR 2 M ^ therefSre AOKR & AKRK 

by A.S.A. Tlius GR S 

\ / 

AF ^ HB tlnce each Is |- AH. 

ARFA;2 AomH by S.A.SV 
^RFA 2 ^(JBH, thus BW ^ PW by ^ the converse of the 
Isosceles. Trlangla Theorem. ' 

(a) ' AAQP S A BQP by S.S.S. , . 

. Then ^AQR S ' . " ' ' , 

and , A AQR ^ A BQR by S^A.S. 
Thus RA^ RB, 

(b) The five points need not be cqplanar,. The proof 
will hold whether or not ^ Is In the same plane 
as points B, Rj P, ^ - 
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21. ^HTCR ■^^SBA since they are supplements of congruent an^es. 
AHHA = A BRA A.S.A. 

_____ _■ _ # * ' . ° \ . 

HA S BA ' iwd A HAS Is Isoscalaa, 

Thmn the blseol^or of the vertex angla^ is to the 

base BE, ' ^ * \ ^ ^ 

ss, Ltrnkm t^mn by a.s.a. i^iui £a S 

. To prove 3 ' " . ^ 

(l,)i3\Con8id^y" ^BWI* m by the leasteelM 
» ' Triangle Theprem, 

Therij elnC^. A? Is. between M and AH^ and^ HB^ 

Is between \^ and . ro/ ^ ^AH 5 by "t&e Between- 

ness- Angles TOiaorem and properties of equality** It 
follows that /OT S.ro,^ 

(2) OthervAgej prove ^ ^ffijc S ^tFA by supplements of 

S ^s I - ,FA by*-tha addition property of equality. 
Then A AMP 2 , A MR by A.S.A, and ^ffl S MI ' 

23* = . from the hypothesis and^he multlplloatidn 

property of equality, % 

ABQF -tt' A HGF ' by A,-S.A. ' ' - 

Thus TO, ^ . * . U 

24* XR ^ W by the Be tweehness-Addition, Theorem for Points* 
AXAR^- a WW by A.S,A. ' ' ^ 
Thus XA ^ QM and, 

since S ^Q, XK ^ . ^ / 

Then^by the addition property of equalltyj KA ^ WI* " * 

■ ■ ■ » 

25* A BRqS a TRS by A^S/A* 

mum BR ^ TR and, since ^RX S ^RY ^ (vertical £b) , 
A BRX i A TRY and thuB RX^ RY, 

(Note* -A RXft and A RYS could have been uaed.) 

26. AARQ- A ASQ by S.A.S. 

Thus ' m = JS. ( 

ARCAS a SCA by S.S.S. Thus ^RCA « ^SCA. 



No, W© have tw6 tTlmnglmQ in which* two sides and an 
angle opposite one of them in one trlWgle are eongruerit 
to the oorresponding parts of th^ other triangle. Our , 
triangle poatulatfs, S.S.S*, A.S.A,, S.A,S., do not 
apply. i . , 

Two iides and^ aLngle opposite one of theji do not neces- 
sarily give a unique tri&igle, \ 

^JX 2 ^TX by the BetWeeilnesp-Anglps Theorem and 
properties of equality. 

A TJX S LNX) by S.A.S. 
Then ^TXJ ^ ^XJ Bnd 

\^PJXS AQJX by A. 5, A. 
Therefore ^x 

(Note I Student may prove ^ ^ ^ to^get 

^ TJF.m ABJq. Then /*PT S'/JQp. and 
would be m ^y since they are supple- 
ments of congruent angles.) 

B * 




(a) AS ^ RC by the Between- 




neis-Addltion Theorem for 
Poljits. A BSA = A DRC 
by S,S,S. Thus , ^SA S ^ 



(b) No* -B need not be In the 
same plane as AC and D. 
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(1) Prove A^MM s A reR by B\A.B. Then £k m 
.(2) Prove AAQB « Awm by A.S.A, 

a. Us# the B#twaannesa^5datanGe Theorafti to show 
AR = MP, 

bp Use Supplements of Jeonjruent auigles art' obngruent 
to show ^ARQ^^^WQ* 
- -- Refer to ft'obww for ^ si%geitroh Wile^ 

' > help prove A XftR S ^ Pm by S,A*S, ( 

Show A ADC fi now by/ S.A.S. 
Then W ^ 3F, 

Show A CDB 5 AFDE by S.A.S. . . . | 

Then CS ft PE^ , ^ ^ ' 

Show A ADB a AOTE by S.A.S. ' , 

<iP Then S TO, " ' ■ 

Show A BCA ft A EPG ' by S.S,S. I " 

I 

Yas. No part of the proof depends upon the Begments bei|ig 
ooplanar, i 
For a three dimensional picture of the same problem refer 
to Problem 7 of Problem, Set 5-10, 

(1) Prove A.Ara S A MM by S,A,S. 
Then £A S ^ and W 

(2) Prove A ABT m ^ mn by .S,A,S, ^ 

a. Use the multiplleatlon prbperty of equality to * 
■show AT ^ MR. . 

(1) Prove A QAX S A PAX by S. A.S. 

Then and A P^ Is Isoscalea. 

(1) Prove A ACP ft A by S.A.S. 
Than ^ iH, 

(2) Prove A BCF ^ A CBH by S.S.S. 
Then /rac = ^GB. . . 

(3) Prove ^ABC = ^ACB by showing them supplements 
of congruent angles. 
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REVDIW PRroi£MS 
Chsptars 1-5 



1* + _ ' 19. - 37. + 55. - 

2V +"~ ~ ^~ 20, - ^ 3d. + • 56. + 

3. + • ai. - . . 39. + . 57* + 

4. - . ' 22. 4 , 4o. - 58. - 

i^* + 23. - ' ^r. + 59* + 

6. - ^ 24, + 42, « ■ 6o. + 

7. '+ ' 25. + 43. - 61, - 

V 

+ ■ 26. + ^ 44. ^ 62. - 

9. ^ - - 27. + 45. - ^ ^ 63. ^ 

10. + ^ ^ 28. + 46, + 64, - 

11. 29.^ 47L + . . 65- - 



12. + 30- + 48. + 66. 

13. + ;31. + 4g. ^ 67. 

14. + 32. + 50. ' - 68. 

15. +, 33. - - . 51. + 69. 
10. + , 34. + " 52. - 70. 
17. + 35. - • 53. - 

IB.. - 3o, ^ 54. +' 
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Chapter 6 , ^ . 

r 

ANSWERS ANfivSOLUTIONS 

Problem Set 6-2 

The first nln# problems ^ this set are designed for 
— #^ai-e laM-«H0u s si on ^o^fc Ip^ T*etaf oi^w ^thB^iWiM^^ 5F'TO¥^ 
deflhltlons In this section. ' ProMem l6 should be done by 
alJ students In the elass« However^ a teaoher may wish to 
asslpi Problem 17 to half ^the' students In the class and 
Problem l8 tc(^the other half of the students. Students In 
these two groups should share their findings. 

Problem Sefr 6=g 

1, (a) Alternate Interior, 
(b) ^<jonsecutlve interior, 
(e) ftPE ^ (or, IPQ) : 

(d) PQB (or, Bftp) . _ 

^2. (a) Vertical : 

(b) Ajptemate interior, 
(c; Corresponding., 

* (d) CorreBpondlng. 

(e) c 

(g) Vertical. 

(h) Adjacent supplementary (or, supplementary). 

(i) Two. 
(J) Two. 

* (k) Pour. 

* 

3. (a) /FDE and ^DBG . 
■(b) ^ABD and ^EDB . , 

(c) ^^DB and ^CBD , 

4. (a) /xra and 

^ZYW and /W . 

(b) /R gmd £RYZ 

^ and ^XYW " 

tnd ■ , ' 

^YW and /R 
^ * /RYW and ^ 

(c) ^ere are nQne.>>ri -i 



5* (a) Correspondlhg angles. 



(b) o ConEecutive Inter^lor an^ai 
(o) . Alternate Interior &iglee. 
(dk Corresponding anglee. 

(a) ^CDB and 

j/CDB and ^DBA . 

(b) and , 
£lXB and* ^CBD , 
/IbD imd ^BOC , 
£WB and £CBE . 

(c) ^BCD and '^AED , ' ' 
^BCb and £Am . I 

(a) . Za * Ze Zl Z" 

Zb . Zt - Zd r^--^ 



Zo , Ze Zk , Zq 

/d , £h £m Mr 

Za , Zl Ze . Zn 

• Zb # ZJ ' ' /P 

Zc , zi^ Zs , Zq 

Id , Im Zh . Zr 

(b) Ze , Zf Zk . Zp 

^ Zd . Ze >^Z"i > Zn ' 

Zh , Zn Zd . Zl 

Zf=. Zq Zb , /k 

(c) /d , /d , 2k 
.f, , /n Zf ' Zn 

Zb-,'Zl Zc . Ze- 

Zb » Zq Z"i ' Zp 

8. (a) Corresponding angles: 

ZWXP and ^QPZ , 

/YXP and /RPZ . ''^ 

Alternate Interior angles 

^WXP and /nwX , 

' ZWX and ^YXP 

• ^WXZ and £yZX , 
^QPZ and /YZP . 
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Conseoutlve interior angles i 

and £qpx , 
^ » /inap and^ /RFX , - \ 

, ^ ' ' ^PZ and ^RZP , 

, ' and ^^X . 

-ife). CprrtspQnding^imglei.i___ 

^!fRp and £XFft , 
^ERP and '^ZPQ . 



Alternate Interior ijigleei 

/ZRP and /XPR ^ . 
/YRP and /^ZPR . ' 

Consecutive Interior angles; 

/ZPR and /ZRP ^ 
^XPR and ^RP , 

(c) Corresponding angles i 

^ZTO and^ £ZXW . 

Alternate Interior angles i 
None , 

Consecutive Interior angles ^ 
^ /ZXY aiia ^ZIIC , 

Lines Transversal 

(a) and *Cp* . %d*^* 

(b) '^AD* and *Ba* . ^BD*. 
(g) ^AlT and *CD*^, ^AD^ , 

(d) '•ra*' and "^^^ . "^^^ 



1 

r 



*10, (a) . 50 , ^ 
(b) 130 . 

*11. If "^^S^l^CD^ then m £a ^ 90 * m /b and '*R^r*CD^. 



*12. If and CD 1 IF , then 

(ai m ^ 90 ^ m . 
(b) m £x ^ 90 ^ m . 

Sfia. If m £a ^ 100 ^ m\^b , then m /c ^ 8o ^ m £d 
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If m 1% - 70^ thafi m ^0 ^ 70 . 

If m £m m 70 =^ m ^ , than m 70 . . ^ 

If m £a ^ lid , €han m ^ m jq ^ m £0 ^ 110 » 
m = 70 . If m £d = TO = m , toan to ^ 7a 
m £C w 110 ^ and m =^110 , . / 

>^>and ^« 
and tri^svarsal 




(a) /d Is a sii^lement of /p and is a 

eupplament of ^f by the aapplement ^eorem 
(miaorem ^-13)* Since £c ^ £f ^ then 

^ Ifi beoauee supplements of Gohgruent fuigli 
are oongment , 

^) ^e is a supplSment of /t and £f ^ ^0 j 
therefore ^e is a supplement of /o * 

^ Similarly, It is a supplement of £d . 

(c) ^t> S /o , vertical angles are congrueriEV Since 
Ifi ^ /f , than it follows that /b S^f , 
S^ilarly, /I a Ze , £g » /g , /d S ^h . 

I^potheelsi. 

Transversal t to 

/a is supplementary 
to £q , 



(a) ^ hsnpoth^slB, /a is supplei^ntary to £q ; ^b 
and ^a are supplyientary since they are a 
linear pair, Hierefore, we ha^e /fi ^ ^ - 
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a) 



and (a ) i'ollow.^^m 
Prablem l6. 

- f ' 
\d ak 

and traniversal 

t are auoh that 

£m ^ /b . ^Is can 

* be done by using 

congruent vertlGal 

angles to prove that' 



(a) 



as a result of 



(b) 



tfie alternate' interior 
angles are congruent, 
and (c) follow from (a) 
Problem 16. 




as a reeult of 



(a) 



PrQblem Set 6=3 
Converse of Theorem 6=1, 



Let two distinot 
If the lines are 



coplanar lines be given, 
parallel 1^ thgn there is a transversal of the 
lines which is perpendicular to each of them, 

• i 

ContrapoBltive of Theorem 6=1 , Let two 'distinct 
coplanar lines be given. If the lines are not 
' parallel, then a transversal of the lines carniot 
^ be perpendicular to both ^of^Chem. 

^ (b) The Cont'rapositive can be accepted as true 

because it is logically equivalent tb the 
^ t^orem. 

2, (a) Converse, If two ^angles of a triangle are 

congruent^ the sides opposite these angles are 
congmient , 

Contrapositive . If two^angles of a triangle are 
not Gongruent, then the ^sides opposite these 
^angles are not congruent . . 

(b) ^th can be accepted as true. The converse was- 
proved in Chapter 5; and the contrapositive is 
logically equivalent to the statement, which was 
^so proved in Chapter 5* ' ^ 



^ % * 



*3, If two distinct coplanar lines and a' transversal of 
them dete^lne a pair^ of alternate Interior angles ' 
which are not Gongrueht^ then the two lines are not 



parallel , 



^ Problem Set ' 6-4 , ' ^ ^ ^ 

Ls Is a lengthy problem set, and teachBrs should , 
consider the problems very carefully before making an 
assignment, problems 4 through 7 and Problems ^9 and 20 
might be conveniently used as oral exercises. The 
problems from 8 through l8. Increase In difficulty. Only 
the better students in the class should be expected to do 
'Problems^ 15 through iB. f ' ^ . , 

1. ' ..Corollary 6-2-1% * * 

^ Proof- Two coplanar lines are given. By hypotheais, 

a pair of corresponding angles determined by a ■ 

trmnsversal are congruent. Hence [see Remark bfelow] 

a pair of alterrifte interior angles determined by 

the same transversal are congruent, Theorem 6-2^ 

the given lines ar^' parallel. 

% 

[Remarks The proof of this corollar5^ illustrates 
the Importanca of Problem iB In Problem Set 6-2. 
If a class needs further stress on details^ then the 
word "Hence" above may be replaced by a proof of 
Part (a) of Probrem l8, ] 

2. . Corollary 6^2-2. 

Proof: Two coplanar lines are given, hypothesis, 
a pair of consecutive interior- angles deterrnined by 
a transversal are supplementary^^^. Hence' a pair of 
alternate interior angles determined by the same 
transversal are congruent. By Theorem 6-^2, the given 
lines are parallel, ; 

[Remark: Corollary 6-2-^2 utilizes Problem I? in 
Problem Set 6-2 in the Bome manner as Corollary 6-2-1 
exploits Problem l8. Compare the Remark in Problem 1 
of this set . ] 



Theorem 6-1, 



Proof I Given Coplanar lines p , q > afttt t $ Buajti 
that p J_ tfe and q t . We are requ*l^ad to ^^ve 



0^ 



p 

▲ 



\ 



7^ 



statementi 



k . 

(b) 
(c) 
(d) 

(a) 
(b) 
(c) 
(d) 



Pit , 
q 1 t . 

is a right 
angle, 

/h is a right 
angle , 

P II q . 

Corollary 6-2=1 
'Theorem 6=2, 
Corollary 6-2=1 
Corollkry 6-2-2 



Reasons 



3, 
4. 



I^rpothesis 

If the' sides of an angle 
are perpendicular j the 
angle is a right angle. 

Right angles are congruent, 
Theorem 6-2. 



/ 



Theorem 6-2, 
Theorem 6-2. 
Corollary 6^2-2. 
Corollary 6-2-2. 

Theorem 6-1* 



X 

a 



y 

c 



Ttieorem 6-1, 
Theorem 6-2, 




^x' - 12 4- 5x + 30 ^ l80 

/ ^ X ^ 18 

4x -^12 6o 
3x 30 ^ 120 

3x 4- & - 6o ' ' ' ' / 

m I I n ^ Corollary 6-2-1 or Carollary 6-2- 

3x + 2x + 20 ^ l80, 
X ^ 32 
2x 4- 20^^, 84 
3x ^ 96 
4x - 10 - 118 
m iB nfit' parallel to n . A pair of alternate 
Interi^^ 4pglas are not congruent^ 

/C - ^ADE . \ 

*DE*! \ ^m^\ Corollary 6-2-1. 

AACD m Z^CAB by S,S,S. 
/DAC S imA , thus I'^C*'. 
^BAC S £dCA , thus I^B* j I *DC** 

AAOB S ACO D b y*S.A.S.i and ^BAO S' ^DCO , 
thus AB I I *CD*^ by Theorem 6=2. 

AAOD S A COB b|r S.A.S., and ^DAO S' £bCO , 
thus *AD* I I by Theorem 6-2,^ 

lYXA and /ZYC are right an_gle3, - ^AXS - ^CYT 
by hypothesis. Therefore /YXS ^ /ZYT , since 
complements of congruent angles are congruent, 
"XS^I l^YT* by Corollary 6-2-1. 

(a) AXAZ is isosceles and /x ^ /AZX , 
Amy is leos^eles and £W ^ ^BYW . 

lAZX i IX S /yi i £bYW , : irierefore ^K^\ \^ 
by Theorem 6-2, 

(b) No, *AZ* and *BY* must lie in the same plane 
to be parallel. 



■ r 

15, .AABD = ABAC^ by S.A.S. and DB ^'CA , Then 
^DCB ^ ^CDA by S.S.S, and £BCD S ^ADC . 

It is ndt possible to prove that ZBCD and 
^ADC ^ are right angles. (Attempts to do this 
suggest a need for some further postulate,) 

16, Proof ^ ^^APR - APBQ ARQC - ^ftRP by S^S.S, 
^ ^ corresponding parts -m ^a, ^ m ^A j- m ^ m 

and m /p ^ m /C , Since the sum of the measures 
of /a 5 /b and £q ia 180 by Theorem ^-9$ ^he 
sum of the measures of. /A ^ ^ /b j and /G is 180 • 

17, Proof: A PAR ^ AQAR by S.A.S. Then /ARP ^ /ARQ 
and ^AH^J^ Pft , By a. slmllaq^ proof using AABD &^^^| 

AACD , *AD*^^*^BC* , Then *PQ^ ll,*Bc'' by Theorem 6-1, 

D ^ Si ^ C 






Statements 




Reasons 


1 . 


A DAT ^ ^Cl 


3T . 


1 , 




2, 


DT - CT , 




2. 


Daflnltion of congruence 










of triangles. 


3. 


m £dtA ^ m 


/GTB , 


3 . 


Definition of congruence 










of triangles. 


4, 


m £DTS ^ m 


/GTS , 


4, 


Theorem 5-8, 




m ^STA = m 


£STB . 


5. 


Be tweenness -Addition 










Theorem,' 


6. 


*ST*X^AB* , 






Theorem 4-11 , 


7, 


^^T^^^CD*, 




7. 


Theorem 5^8. , ^ 


8, 


DC 1 1 AB , 




8. 


Theorem 6-1. 
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An alternate plan^ which does not take advantage 
.of Theorem 5-8j ds the^ following. Prom Step 1, 
deduce that '^DTA ^ /CTB and that OT ? , Prove 
that ADBT ¥ ACBT by S.S.S, Deduce that 
£ms S ICTB , Than ^ATS ^ /BTS and Theorem. 4-11 
establishes St#p 6, The fact that ADBT - ^CST 
yields £dST m ^CST , and Step 7 -becomes a second 
application of Thteorem ^-11. Step 8, as before, 
- completes the^proof . ^ . = , 

Contrapositlve of Corollary 6^2-=l: If^.two coplanar. 
lines not parallel, then any two corresponding 
angles determined by a transversal of the lines are 
not congruent , 

ContrapoBltlve of Corollary 6-2=2: If^ two^^coplanar 
lines are not parallel, then any two consecutive 
' interior angles determined by a transversal of the ' 
lines are not supplementary* 

These statements can be accepted, as true at t^is 
time because the contrapositlve of a statement is 
logically equivalent to the statement-. 

Converse of . Theorem 6-^2 , if two distinct lines are^ 
parallel, then any two alternate interior angles 
determined by a transversal of the lines are congruent 

Converse of Corollary 6^^g^l , /if two distinct lines 

are parallel, then any two cirrespAding angles 

_ I 
determined by a transversal. -of the. lines are congiment 

Converse of Corollary 6-2-2 , if two distinct lines 
are parallel, then any two consecutive Interior 
angles determined by a transversal of the lines are 
supplementary , 

No, the converse Qf a theorem needs to be 
proved before it can be accepted as true. 



Probiem Set 6-6a 

1 , Corollary' 

Proof 1 By hypothesis, two parallel lines and a 
transverBal of them are given. ^ Theorem 6-4, any 
two alternate Interior angles are congruent* Henoe 
[see. Remark below] ar^ two corresponding angles are 
^ ^congruent. 

= [Remark: Compare the Remark on the solution of 
' ' Problem 1 In Problem Set 6-4, The proof of 
Corollary 6-4-r lllustratps the importance of 
problem l6 (c) in Problem*Set 6-2.] 

2, Corollary. 6-4=2. ^ 

proof: By hypothesis , two parallel lines and a 
transversal of theip are given. By Theorem 6-4, any 
two alternate Interior angles are congruent. Hence 
any two consecutive Interior angles are Supplementary. 

[Remark: Compare Problem 1 above and Problem l6 (b) 
in Problem Set 6=2.] 

3, Corollary 6-4=3. 

Proof: Given p | | q and p t . We are required 
to prove Q X t , 



i 


i i 

y 


i 


^ - - 









Statements 


Reasons 




p 1 1 q . 


1, 


Hypothesis* 


2. 


Zy = . 


2. 


Theorem 6^4. , 


3. 


p it . ■ 


3, 


Hypothesis. 


4. 


m /x = 90 . 


4. 


If two lines are perpen 
dicular, they determine 
a right angle, -j^^ ^ 


5. 
6. 


m'Zy = 90 , 


6. 

• ) 
4 ^ 


Transitive property' of 
equality. 

Definition of perpen- 
dicular lineB% 











Ca) m 


Ih = 


100 




Theorem 6-4 , - . - 




(b) m 


Z= = 


80 




Corollary 6-4-2, 




(c) m. 


/d . 


100 




CorollN^ry 6=4=-l, 
Theorem 4-13... 


e 


rn — 

m £h ^ 


125 . 








m Ip m 


125 , 






Corollary 6=4-1, 




m £d*- 








ineorern -r — . 




m /e ^ 


55 * 






Theorem 4=ig (or Theorem 4 
or Corollary 6-4-1), 






55 * 






Theorem 6=4 (or Corollary 6 
or any of several other 
satisfactory reasons). 


6. 


(a) ik 


and 


ZD 


i Zb 


and /C ' . : , 




(b) /c 


and 


ZD 


i Zb 


and £k . 


7. 


and 






and 


Zt . 



8, Proof 



Statements 



^XYZ Is isosceles 

ZY = Zz . — 




AXAB is Isosceles, 



Reasons 



Hypothesis. 

Base angles of an 
isosceles triangle are 
conginient , 
Hypothesis, 

Corollary 6-4=1, 

Transitive property of 
congimence for angles. 
If a triangle has two 
congruent angles j it 
is' Isosceles. 



4 
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Proof: 



Statements 



1. biseGts £SPR 

2 , £sm ^ ^RPQ . 

6. ^PRQ isosceles. 
Proof: 



Reasons 



V/-.., 



1 * Hypothesis , 

2. Definition of bisect^^^ 

- 6 . Hypothesis . 

4. Theorem 6-4, 

5- Transitive property 

congruence for angles. I'- 

6. If a triangle has two 
congruent angles, it is 
, isosceles. 






Statements 




Reasons 




RT = RS . 




1 . 


HypotheBis- 


2. 


Zt r Zs . 




S. 


If two sides of a 










triangle are congruent ^ 










the angles opposite 










those Bides are congruent* 


3. 






3. 


Hypothesis . 


U. 


/S - /TOP . 




4. 


Corollary 6=4=1 , 


5. 


/T , = /TOP . 




5. 


Property of transitivity 










for congruence of angles. 


6. 


PQ = PT , or 




6. 


If two angles of a 




PQ = PT . 






triangle are congruent , 










the sides opposite the 










congruent angles are 




If 






congruent , 


X ^ 


8 , slnca 3x + 14 




5x - 


2 . 


(a) 


m ^BAC ^ 5x = 2 ^ 


38 






(b) 


m /DCA ^ 3x + 14 . 


= 38 . 




(c) 


m /ACB ^ lOx + 12 




92 . 




(d) 


m ^DCl ^ 50 . 








(e) 


m £CBA ^ m /DCE - 


50 


> 
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Proof: 



statements 



1 , is the mldray 

of £ZRW . 

3 , "Wj f^z^. 

e / /ZYR - ^YZR . 

7, ^RYZ Is Isosceles, 



Rea soils 



Proof: 



Hypothesis. 

Definition of mldray. 

Hypothesis . 

Theorem 6-4 , 

Corollary 6-4=1, 

property of transitivity 
for congruence of angles 

If two angles of a 
triangle are congruent ^ 
the si^es opposite the 
congruent angles are 
congruent , ^ 





Statements 


Reasons 


1. 


W Is the midpoint 


1. 


Hypothesis . 




of RX . 








S Is the midpoint 








of TO . 








S is the midpoint 








■ of WZ . 






2. 


'xw i m i m im I 


2. 


^flnltion of a midpoint 




m = n . 






3. 




3. 


Any two vertical angles 






are congruent , 


h. 


AWRS i ^zys . 


4. 




5. 


W S W , and 


5. 


Definition of congmienGe 




£mB s IZYS . 




of triangles* 


6. 




6^ 


^heorem 6-2. 






7. 


Transitive property of 



congruenoe for segments, 



397 



4 



14. 



) 



^ABD ^ AEDB i ^BCE - AEDB by S.S.S* and 
/ABD 2^ ^EDB j /CBE ^ /DEB by the definition of 
congruence. Therefore, *AB* | |''dE* j^BC^ j | 'de* ^ 

Theorem 6-2, and A, Bj and C are colllnear points 
by the Parallel Postulate, 



(a) 
(b) 
(c) 



Froblem Set 6-6b 

Yes. Corollary 6=2-1, 
Yes, Corollary 6^2-1. 

Yes, Corollary 6=2=1 (of*. Theorem 6-5) 



Statements 



There Is ray PF 
such that ^PF*| I 
and PF is between 
PS* and PY*^, 



Reasons 



Hypothesis , 
Theorem 6-3 < 



3 , ^PF^I I^RS^. 

4. /PSR i /SPF , 
/XYP ^ /FPY , 

5. m /SPY ^ m /SPF 

+ m /FPY . 

^.^--| m /SPY ^ m /PSR 
+ m /XYP . 



Theorem 
Theorem 6-4. 

The Betweenness -Angles 
Theorem (Theorem 4-4). 



3. (a) Let 



Substitution property 
of equality. 

and be distinct parallel lines, 

and let a line m 

Suppose that m 
In a single point- then 
m ] I ^ definition* But this contradicts 

the Parallel Postulate. Hence m must intersect 

^2- 



in the plane of and ji ^ 

Intersect at a point P 

does not Intersect A^ 
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(b) Corollary' 6-5-^1 is essentially a contraposltive 
of the coplanar case of Theorem 6-5i for the 
superior student who recognizes this logical 
ralationshlp, no" further proof may be necessary. 
Many students may prefer the following pr6of . 

Let A^ and A ^ be distinct parailel lines 
and let a line m- in the plane of and 
intersect A^ In^a point Suppose that m does 
not intersect In a single point; then 

m II , by definition* Consequently, by ^ 

Theorem 6-5, m || . k^This is impossible. 

Hence m Intersects j£ ^-^ 

(c) If r intersects only one of the Unas and 
A 2 ^h^t coplanar with It^ then r is ^ 
parallel to tha other of them. The one that r 
Intersects cannot be parallel to the other 
'without contradicting the Parallel Postulate. 
Consequently the two Unas sind inter- 
sect. 

Let p, q, r be three distinct coplanar lines such 
that p I j r and q j j r . Let A be any point on 
r . There Is a line u containing A and perpen- 
dicular to p , Since u is a transversal of ^p 
and r , Corollary 6-4-3 tells us that u _[ r . 
Similarly, there Is a line v containing A and 
perpendicular to q j by Corollary 6-4-3; v r . = 
By Theorem 4-21, u and v are- the same line. 
Since each of p and Is perpendicular to u , 
we apply Theorem 6-1 to' Iphb lude that p j | q * 

case (a): s ^ s' . If also t ^ t' the result 
follows from the hypothesis. If t ^ t' , then s 
(where s ^ s') is a transversal of t and t' , 
and it Is perpendicular to t* , and hence perpen- 
dicular to t by Corollary 6-4-3* ^ 



Case (b): t ^ Ir' . If also s ^ s» the result 
follows from the hypothesis. If s / s» ^ then t 
(where t ^ t») is a transversal of B and s» 
and It is perpendicular to s' , and^ence to s , 



P^^Qblem Set 6-^7 ■ 

Problems 9^ 10^ 11 of this- section lead to the 
important summary with respect to parallelism and anti- 
parallelism for the corresponding sid|s of two .distinct 
angles in a plane,. The prooCs of these problems are time- 
consuming^ and the teacher should exercise caution when 
making the assignment. Perhaps a desirable solution would 
be to ask students to prove 9(a)i 10(a), ll(a)i and 11(b), 
The proofs to 9(b)^ 10(b), and 11(c) could be handled 
more conveniently by blackboard demonstration and class 
discussion," This is especially true since it Is necessary 
to use a general case for these problems rather than rely 
on a .picture of a specific case for proof. For example. 
Problem 9(b) would require four dlf f erent pictuFe^s if this 
approach is used. 

1. The missing reasons are;'ii 

2, Reflexive property of congruence for segments, 
A . S . A , 

5*:- Definition o)f congruence for triangles. 

If ABCD i^ a parallelogram, we are to prove that 
' ^ and tiiat £B S /D . 

Since the parallel lines 

and *BC^ and their transversal 
*AB*^ determine /k and 

as a pair of consscutive 

Interior angles^ £A and A B 

/B are supplementary, by Corollary 6-4^2. Llkewisei 
/B ~^mi& /p are supplementary, because CD" | | AB . 
Therefore /A and £C are congruent , since each is 
a supplement of £b . The ^roof that /b ^ is 
similar. 
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3thesls: AKD Is 
a parallelogram with 
diagonals -^AC BD 
intersecting at 0 . , 

^rov^i DO - OD 
. OA - OC 

Statemefits 



and 




C . 



"DC 1 1 sa" y 

/k ^ ly and 
Is - ifi , 



DC^ BA" 



ADOC - A BOA 

TO - and 
CO - OA . 



Reasons 



4. 

5. 

CD 



^ - - ^ : * 

Definition of a p&rallelogram. 
Theorem 6^^; 

* 5 
1 

\ ^ ^ i 

Jn any parallelogra'mseach side 
Is congruent to the side 
opposite . 

A.S.A, 

DeflnltlAn of congruence for 
trlansles 




AB ^ "CD and 
toy hypothesis, 
^BAG S /DC A by 
The.orem 6-4^ and 
AC OA by the' 
reflexive property of 
congruence for segments, 
Therefore^ ^BAC^ ADCA 

by S.A.^S*, and by the definition of congruence, 
/BCA ^ /DAC , Therefore, M || M by Theorem 6-2, 
and ABCD Is a parallelogram by definition of a 
parallelogram. 

Use the same diagram as Iri Problem 4, AB = CD and^- 
"AD ^ CD by hypothesis. By the reflexive property 
of congruence for segments CA 
AACD ^CAB by S.S.S, 
definition of congruence. By Theorem 6-2, BC j j W 
Tlierefore ABCD is a parallelogram by Theorem 6-7. 

AC , fx , and BX . 



Ther^^f ore> 
Hence, £daC ^^^BCA by 



, 4Q| 



EKLC 



ProoJl! Given: p || q j t l^ntersects p and q 
at A and B , respectively. /ZBA and ^XAB are 
.a pair of alternate interior angles j Bft bisects 
£ZBA and AP bisects ^XAB ^ We are required to 



prove that AP ^and Bft 'are antlparallel 




Statements 



P II q 

IZBk i ly 

AP* bisec 

Ba** toise( 

m £PAB ^ i m £XAB ^ 
m ^QBA ^ I m £ZBA . 
m ^PAB ^ m ^QBA , 




AP 



AP and Bft are 
antlparallel . 



Reasons 




H3rpothesls , 
Theorem^-A , 
Do^^esis . 

Definition of bisect. 

Multiplication property 
of equality. 

Theorem 6-2, 

'Definition of '^^^ 
antlparallel rays. 



1* AD blseats £CAB 
5.. ^ARB » 



6 . ^Ara S ^ARG 

7 * ^ZABR » ^ACR , 

8, K*' blieots 

9, ^R S /pJm 
10. ^^BIR ^ ^ACR 

11- p ir q . 



Zdba 



Raaaons 



1. I^potheils. 

a. DsflnitlQtt of blsfot, ^ 

3. Rafltxlva property for 
oongruenQt of stp^nts. 

^* H^pothaaii, 

5* Two j^z^andiaular 

sepienti ditannina right 
angles whloh ara oongruart 

6. A;S.A, 

7* Definition of eongrmenoe 
fo^ triangles. 

8. Hypothesis. 

9. Definition of blseat. 

10. K^ansltlve property for 
oongruenae of angles, 

11 , Theorem 6-2, 



(a) 
(b) 



^ABC i /XYZ , by Corollary 6-4-1. 
. Qdnslder the lines and *YZ*, ^ese lines 

Intersect at exactly one pointy call It p . 
The point p Is the ehdpolnt of a \m±q\xm ray 
which Is parallel to Tit » call it PQ*. Alsoi 
P Is the endpolnt of a unique ray which Is ^ 
parallel to BG*, call It PR*. Since BA* and 
Pft are collinear parallel rays and BG ,and P^ 
are noncolllnear parallel rays,f /ABO 2 ^ftPR » 
by Part (a). Since PR mnd YZ are collinear 
parallel rays and PQ jjand YX are noncollinear 
parallel rays ^ ^ftPR ^^/XYZ for the same f 
reason. By the transitive property of congruence 
for angles ^ ^ABC ^ £xm . 
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'I 



♦10, 




Lat inc be the ray opposite .to YX 
BA and YX are antiparallel 
rays^ BA and YK are 
parallel rays. Let^ YL 
bp the ray opposite tg 
yz*^. Thenj Blnce BG 
\ and are antiparallel | 

rays and are not colllnear, 
BC and YL are parallel 
rays and are not colilneart 
Furthermore /p£L * ^XTO , 

be^auie the angles are a pai:^ of vertleal angles* * 

(a^ If BA and YX are colllnea^j then BA and 
TO* are colllnear. In this case^, ;^ABC S ^KYL 
by Problem .9(a) * B}f the transitive property of 
congruence for angles^ /ABC ^ /XYZ * 

(b) If BA and YX are not colllnearj then BA 
and YK are not collinear. In this casej 
/ABO S /KYL by Problem 9(b), ^ the 
transitive property of congruence for angles, 
/ABC - /XYZ , 

LBt be the ray opposite to YZ*, Then 15*' and 

YL are parallel rays. 
Furthermore , /XYL and 
/XYE are supplfementary ^ ^ ^ 

angles. ' 

* 2 Y L 

Suppose that BA ,and ^ are collinear and 
that TC^ and YZ*" are noncollinear, Theri BC 
and YL* are noncollinear* Problem* 9(a) ^ 

/ABC S /XYL , Hence /ABC and /XYZ are 
supplementary, . ^ 

Suppose that BA* and YX* are noncollinear and 
that BC* and YZ* are^colllnear* Then BC and 
YL* are collinear. Again we have the case treated 
in Problem 9(a), and /ABC ^ /XYL * As before, 
/ABC and /}^Z are supplementary. 




(a) 



(b) 



4: ' 



(e) Suppose that BA and ra^ are noncol linear and 
' . tKat pC; and/ W are^^noncol'ljjiear Then BC^ 
%.;j^)UiA}[;^ \Kpm nonodillneaj?. ^'^roblem 9(b), 
. ^/AfiiC ^ ^YL . Therefore, ^BC knd ^CYE are 
supplementary, 

*12. (a) Congruent J parallel (or, antlparallel). 
I (b) Congruent} antlparallel Jor, pirkllel). 
I "(e) Supplementaryj parallel (oi«, antlpajrlliel) j 
antlparallel (or, parallel). « V " 



I*ro"b'lem Set 6-8a 



1, 

2. 

3. 
k. 
5. 
6. 
7- 



(a) 
(b) 

(c) 

36 . 



85 . 
l^G-2n 



(d) "i^b - (r + a) 
(a) 90 . 

(f) 90 - I . ^ 



54 . ' ■ 

36, 54, 90 . 

32, 96, 52j X + 3x + (2x - 12) = l80 . 

4.2 . . ' ; 

The Parallel Postulate Is used to prove Theora^ ^-4 
which Is applied to ©btaln equation/ (2) a^|>|ajf^n^ 
the proof of Theorem 6-9, ' . , \ '-^ 
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9. Let ^AG b© itfi exteriQr angle of AABC . Wa.^i^^. 
required to prqva m ^DAC ^ m + m , . ' ' 

Slnet ^ ai*e a liMftr pair, trrtr^ 

are sijppldEnantarj' and the svm of thalr mtasurei is ' 
180 , J^ .5h#b#am 6-9, m ^CAB + m + m ^ I80 * 

y^'^^j; ' : . ThBrmtom^ m ^kO ^ m ^ + m ^ by the addition/ ^ 

^ property of equality. 

• 10, (a) 120 . (0) 155 * ^ 

(b) 50 , (d) lib • 

11, 108 . , . 

12, 360 , 

13, aiven A ABC and AXtZ , with m /A ^ m £x and . 
m £B ^ m ^ ,; - Thmh by the addition property of 
equality m ^A + m ^ ^ m £x + m ,^ Since 

m £A + m + m ^ l8or ^ m + m + m , 
then m £c ^ m £Z by the addition property of 
equality, 

14, Since W j^W and W i AC , then /BDP and /CEP 
are right anglei and oongruent, ^ slnee they 

^ are base anglee of an Isoacelee triangle, Thsreforej 
by Theorem 6-11 > Z* ^ ^ * 

15, ^kOS and /DOC are oongmient because any two 
vertical angles are congruent, /B an4 Z^ 

right angles and therefore congruent since TO J_ ^ 
and W W , Therefore, by O^eorem 6-11, /k S Z^ * 

16, (a) Is correct by Theorem 6-11 j (b) Is not a valid 
conclusion because no Infonmtlon Is given concerning 
any lengths^ and therefore we cannot say that two 
lengths are the same, 

*17. Let the given triangles be ^ABC and ^A'B'C" , 
with W - , Ik - ZA* , and ' Zb * ZS' * ^ 

■Theorem 6-11, £0 ^ , Therefore, 
^ABC & AA'B'C by A.S.A, 
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^ and are right fugles wid therefore eor^mient* 

'^BMk and are vertlcanQ^es tod therafora 

QOi^ruent. "TO W , Henee, ^ABM = ^bcM by S*A.A. 
%i the aaflnltiari of ^aongrUan^f. 1^ ^ 
*M S CH . O^arefort IB pid W blseSt aaoh othar 
by the definition of blseet. ' . 

/A and ara right angles and therefore oongruenti 

' by the dafinition'of biiectA ^APD m j 
"fB ^ TO by the reflexive property of Gongruence for 
segments, ^^erefore^ ^PDA 4 ^APDB by S,A,A, and 
by the definition of congruenflipj -TO S BB 

Problem Set 6-8b 

60 . 

90- J not necessarily* Although' the sum of the 
measures of three angles of the quadrilateral is 
270 ^ we do not taiow that the measure of aaoh of the 
three Mglee is gO • 

^e measure of eaeh Mgle of the parallelogram is 
90 • Use Corollary 6-4-3, 

m /C ^ 7€ \ m £d ^ 108 I m ^ ^ 108 ^ ^ > 

Let m £0 ^ m £k = 72 * Let m £B ^ m ^ x , 
Therefore, 2x + Ikk m 360 , and x = 108 . 

5y hypotheses ABGD is a quadrilateral with £A ^ £o , 
and £b i /p * We are required to prove ABCD is a 
parallelogram. Theorem 6-13 tells ue that 
m^^m^^ + m^ + m^^ 360 , 

m /k + m £b + m £k + m £b ^ 360 or % 
2m £a + an ^b"^^ 360 by the BUbstitution property 
of equality. Therefore m ^A + m ^ 18O , and 
/a and £b are supplementary angles. ^ the sub- , 
stltution property of equalityi m /C + m ^B - I80 j 
and /C and £B are supplemeiatary angles. ^ 
Corollary 6-2-2,- TO j j W and TO || OT , 
ABCD is a parallelogrm. 



Problem Sat 6-9 

Let ^ABC be the given triangle with m = 90 . 
m ^orem 6-9, m £k + m /S + m ^ 180 . 1^ the 
addition property of equality^ m m £c ^ 90 , 

Therefore ^ £B and are complementary angles, 

Slno| £dap and 2^^^ are right ^lee, ADAP knd 
ADBP are right triangles. hypothesii, TO S IB . 
5ir the reflexive/ property of eongrufenoe for sepnents, 
fD ^ TO . Therefore, ADAP & ADBP ^ theorem 6-l6 
(the Hypotenuse =I^g ^eorem)/ the definition of 
oongruence for tuiajiglas, ^A^^ ^ ^PD , ^us ' 
is the mltoay of ^APB , 

^ tt^ l^otenuse-Lag Theorem, AQTR S ASVP . 
He»ce ftT S Iv , % the Betwaennees-Addition Theorem, 
QV ^ St . We can now apply S,A.S. to prove 
APQV S ARST . 

(a) By hypothesis, AD^ BC * ^ Theorem 6-8, 
AE - BP , Since AADE ^dAfCF are right 
triangles, AADE ABCP by the Hypotenuse -Leg 
7hc^ em, ^erafore, /P ^ ^ * By . * 
Corollary 6=^-2, ^DAB and /CBA are eupplements 
of £d and £C , respectively, Harice, , 
/DAB - /CBA , because supplements of oongruerrt 
angles' are congruent, 

(b) ^ h5^othesis, /P ^ £0 , Also, /pEA £ /CWB , 
■ since each of these angles l^a a right angle. 

By Iheorem 6-8, AE ^ BF , Hence ADM ^ ACra 
by S,A.A.| thus, AD ^ BC . 

(a) Since TO is an altitude of AABC , the point 
D is contained in ^BG*, Since A^^ ^*', the 
point D is contained in *AC* , therefore 
D ^ G , because the lines ^BC* and *ag* inter- 
eaot in exactly one point, Henct TO 

^ r 




• Wlfcli the ffid "d* the ^Iktheiea that II Is an 
alWtudt if v^ABC ^^i^ttmt 'tf^ 13^, find 
, iln^larly that E =' c"; and hsnea that K ^ M . 

By hypotheslsV M K TO , miarafore by . the 
trwisltive .property of congmenot for se©nents, 
WmW 4^4,Thus AATC is Isoiceles. [An 
altemata ^]^proaoh for part of the proofs Since 
each of the points D and 1 Is the same as 
C , the hypotheils AD = BE beeomts AC ^ BC 

ft 

by the substitution property for equalltyj hence 

^ABC Is leoscele^,] 
Apply S . A , A. . to prove 
AACD S dmm , There- 
fore TO" i W , and 

Adsc Is Isbseeles by 
definition. 

[Alternate proof i By the a 
I^otenuse-Leg Theorem^ 

^ABE S ^BAD t Since Is the hypotenuse for 

each of the right triangles* .B^ the definition > 
of congruence for triangles, ^EAB S ^DBA . 
Henpe ^ABC Is isosceles 'by '^eorem 5-7, 
Although the diagram for Part (c) Is different 
from the diagram for Part (b), the proof ffr (b) 
is applicable here verbatim, excepting the 
reason for the statement that ^ACD S ^BCE , 
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1. 

2. 



Problem Set 6-10 



(f) 



False, 

True. 

False, 



(e) 
(f) 
(s) 



True, 

False, 

True* 



5. 
6. 




z^ 



slno^: 6 > & > 4 75^ > 60 > 45 



Problem Set . 6=11 

U Corollary ^6^l8-l 

We are given that £C Is a right angle of ^ABG 
We are required to prove c > a and c > b . 

In right A ABC , 
£a and £b are acute 
angles ^by ^eorem 6-14, 
Therefore^ m > m , 
and m £0 > m £b * Then 
by Theorem ^-l8j c > a 
and' c > b , ^ ^ ^ 

2. , /C , ^ * 
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3. (a) W , 

(b) W . 

-(c) it,(TO^ M . 

4. (a) No. 
— (b) No. 

(c) Yes. ■ H , 

5. 4 J 20 

if 

6* 3 I 13 , ^ ' ^ , 

7. Less than. ' ^ _ ^ - 

8. J ^ k < X < J +'k , - ^ , . 
^ Theoreln 6-21^ x must satlefyi 

/ ' X < J + k , \ 

' " ^ . J < X + k ^ , 

ii k < X + J * 

Sinee J > k ^ theea three conditions simplify to 
the statement that x is between J = k and J -h k 

9. AH < AP I AH < AT . ' . 

BT < TF i BT AT , ' ^ - - ' _ 

Theorem 6-19 (or. Corollary 6-18-1) . 

10* KB < HC < HJ . ' 

I^eorem 6-19 (or^ Theorem 6-l8)| Tlieorem 6=18, 

11. (a) AD > AB I Theorem 6-19 (or^ Corollair 6-18-1). 

(b) m /b ym /p j Kieorem 6^17 (or, TOieorem 6-14), 

(c) m > m £m ; mieorem 5-10. ' 

(d) m ^ > m I Transitive property of order, 

(e) AD > AE I Theorem 6-I8, 

(f ) AE ^ AC J rDefinltion of Gon®ruenee 

(^Ap ^ AABC b^ S.A*S.). 

(g) AD > AC I Substitution property of equality. 




^ statement i 



Reasons 



DB < CD + CB , 
DB ^ At) + AB , 
CA < CD + AD , 
CA < CB + AB , 

are + sca < 2cd ' 

+ 2AD + aCB + 2AB 

DB + CA < CD + AD 
+ CB + AB * 



The sum of the lengthi 
of two sides of a 
triajigle is greater thBn 
the length of the third ' 
side of tha triaj^le. 

Additive property of 
order . 

Multiplleative property 
of order, * 



J- 



Review problems 
Contrapositlve of: 

Theorem 6=4 1 if any two alternate interior angles 
determined by a transversal of two distinct 
lines are 'not congmient, then the lines are not 
parallel* 

Corollary 6-4=1 i if any two corresponding angles 
determined by a transversal of two distinct 
lines are not congruent^ then the lines are not 
parallel. 

Corollary 6=2l=2i If mny two consecutive Interior 
angles deteftfilned by a transversal of two 
distinct "lines are not supplementary, then the 
lines are not parallel. 

Corollary 6-4-3 ^ if a transversal is rtot perpen- - 

dlcular to one of two distinct parallel lines, • 
then it is not perpendicular to the other. 

Yes. ^ the Property of the Contrapositlve. 

(3a + 15)+ (Sa - 35) ^ l80 , 

Thus a ^ 40 . ^ ^ 

p II q II s . 
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(a) JilBe. it) False. 

(b) True. (g) True, 
(o) False. (h) True, 

(d) True. ' (l) Tram. ■ 

(e) -True. (j) False. 

■ . . * 

m £m ^ 105. . m £d m lOo , 

m ^ 80 , ^ 25 . 
m £q m Bo , 

^ ^ because ' ^ ^ 

(1)^ TO and W are. parallel and /B , 
are alternate interior angles, 
or (2) Conilderlng vertical angles^ If two iLnglee 
of one trlknglm. are congruent to two angles 
of another trl^gle, the third pair of 
angles are congruent. 

(a) m ^ 50 . m ^d ^ 4o , m ^ « 50 , 
m /b ^ 4o . m ^e ^ 50 . 

m = 40 . m £x - 40 , 

(b) m W W and II W . ' ; 

(a) 180 , (d) 50 . 

(to.) 90 . (e) b or a . t 

(c) 90 , 

CD + AD ^ AC 

ffi + EC ^ BC ' " ^ 

l^B BE + EC + CD + AD ^ AC + BC . ' 

Since AABC is isoscei^s, S /B , 

Since ,fl I I W and TO j | , corresponding angles 

are congruenti that is, /A S^PB ^./B S ^DPA , ^ 

Hence £k S /DPA and /B & ^pb , Therefore, J 

AD ^ OT and PE = IB . ^ , 

Substituting we see that 

PE + EO + CD + DP s AC + BC . 



4 ^ ^ 

hi3 



Proof I ^Olyen /p. f j q i t Interstots p and q 
At A arid B , reipeetlvely, and are 

a pair of oonseoutlve interior angles* AP* bisects 
^XAB and bis^ts £ZBk , We aa?e required to 

prove AP* at R . 
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^ \ 


_/q 








By 
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Statements 






Raasons 


1 


P 1 1 ^ • 




1 




2. 


m ^XAB + m £ZBk ^ 




2. 


Corollary 6-4»2, 


3. 


AP^ bleects £}WB 
..^T blieots ^ZBA 




^, 


Hypothesis, 




m /Am - ^ /ZBA . 




ii 

4, 


Definition of bl^eet 




m ^^BAR + m ^ABR - 


90 . 


5* 


Addition and multi- 
plication prope^les 
of equality* 


6, 


m /bar 4- m /kBR 
+ m /ARB ^ l80 . 




6. 


Thaorem 6-9* 


7* 


m /AM ^ 90 . 




7, 


Addition property 
of equality. 


8. ^ 






B. 


Definition of" 
perpendicular lines. 



/ 




^PQR ^ IqsT , ilnoe W ^ 

m £a ^ ^ m and ^ 

m /h m ^ m /QST , by definition of bisaot. 

Hence m £a ^ m ^ , by the multiplication property 
of equality, IHierefore ^Qf^^\ | *SN*, 

Finally, R and T lie on the Bmmm side of '^S*', 
because £Fm and ^QST are a i^ir of corresponding 
angles. Since M lies on the smne side of *QS* as 
R does and N lies on the same side as T does, 
M and N are on the same side of ^s*j in other 
Vwords, (^4 wid SN* are parallel rays. 

^BED m ABEC by S.A.S. , ' i 

ThuB KD * IC , 
Since AC ^ AE + EC J 
" AC ^ AE + ED . 
Now, AE + ED > AD , by Theorem 6»21, Slnoe A, D, 1 
are noncollinear and determine a triangle. There- 
fore, by the substitution property of equality, 
AC > AD . 



12, (a) Considering all possible oases i * ■ 

^ Ca^Q (i) B, C are not three distinet pointSi 
if (1) k ^ B ^ C , then AB ^ 0 and M + BC = AG 
(2) A » C ^ B ,^.thah AO ^ 0 and AB + .BC > AC 
(3> A ^ C , tHen BC 0 and ^ + BQ = AC 
, (4) B ^ C , then AB ^ M = AC ^ 0 m& 

AB + BC ^ AC . 

Cage - (ll) A| B, C are three distinot QOllinear 
points. 

(5) B is between A and .C , then 
AB + K * AC , 

(6) A is between B and C ^ then 
AB + AC - K and" BC > AC , thus 
AB + BC > AC . ' ' ' ^ % ^ 

(7) C is between A and B , then ' - 
AC + BC ^ AB anft^ AB > AC , thus 
AB + BC > AC , 

Case (IJLi) Aj C jfflte three nonoolllnear points. 
Then "they dete^&rti^a triangle ABC in 
which *^he Bxm of the measures of any two^ 
sides must be greater than the measure of 
, the thirds by Theorem 6-21, Thus 
AB + BC > AC . 

' Prove* If B is in AC , then + BC - AC , ^ 
Refer to Cases 1, 3, and 5 above in this 
problem. Part ( a ) , 
Conversely^ 

Prove: If A and C are distinct points and 
AB + BC ^'AC > then B must be in W , 

Using the contraposltlve of Theorem 6-21, 
we toiow that A, B^ C cannot be non- 
collinearj therefore B is In AC , 

We must. yet prove that B Is In TO , 



We Imow that either 

(1) C is between A and B , 

(2) A is between B and C , or 

(3) B is in AC / 

Case (l) Is impossible since then 

AB + BC > AC (see Case 7 in Part (a)). 

Case (g) Is impossible since then 

AB + BC > AC (see Case 6 in Part (a)). 

Thus Case (3) Is the only remaining possi- 
bility and therefore B is In W . 

The point G as described exists by the Point 

Plotting Wieorem. ^ABC i ^DOF by S.A.S. 

Thus £DGF ^ /ABC , It is given that /ABC S'^/DEP , 

therefore /DGP ^ /DBF , Now if 0 ;^ E , then 

fG I I PE because corresponding angles formed by the 

two lines and the transversal ^GE* are congruent. 

But parallel lines cannot Intersect in a single point. 

Therefore G and E cannot be distinct points; 

G ^ E , Thus AABC - ADEP , 

Line m and P determine a plane* P is on and 
^2 . Since j j m 

and ^2 I I J and 

^2 coplanar with 

m and p , if \ \ m 

then m /a ^ m /c , If 

Mm, then m = m ^c . 

•nius, m ^a ^ m ^b , Now both 

and ^b have PQ* as the 
zero-ray and the other sides 
of /a and /p extend Into 
the same halfplane, (This is 
implied by the definition of 
alternate interior angles,) 

Therefore, by the Protractor Postulate ^ - ^ , 
Thus, there is at most one line through P which 
is parallel to m , 




I. II m and contains P , Itiere is a line 

t through P such that t ^ m . Thus , m , 
and t are coplanar. Singe jl^ ^through P is 
parallel to m , is coplanar with m , t , 

and ji^ , . ' 

Now, since t m , then t _L A^ and 
t J_ by Statement III. This tells us that in 

the s^e plane, and A^ are perpendicular' 

to a given line at a given point on the line. 
Theorem 4-21 tells us that there can be only one 
line in any one plane perpendicular to a given line 
In that plane at a given point on the line. Thus 




A quadrilateral is a parallelogram if- ' 

(a) each side is parallel to the side opposite It. 

(b) each side is congruent to the side opposite It. 
(e) each angle Is congruent to the angle opposite 1 

(d) two sides are parallel and congruent. 

(e) the "consecutive angles are supplementary. 

(f ) the diagonals bisect each other, (This will be 
proved In Chapter 8). 




Chapter 7 
ANSWERS AND SOLUTIONS 
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1 
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(c) 


True 
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(d) 


True 
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(e) 


True. 
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(f) 


False 






(s) 


True 
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1 

^ 2 


(J) 


True 


k 


1 


(k) 


True 


k 


1 

" t 


(1) 


True 


k 


^ 1 


(m) 


False 






(n) 


False 


k 


eannot 


(o) 


True 


k 


^ -1 * 


(a) 




15 


k ^ 3 


(b) 


3. 






(c) 


36, 72, 




18 


(d) 


1 . 
9 




k = 3 


(e) 


10, 24, 


26 





3 • All are correct conclusions , 
Yes, Yes. 

♦5* ^ • 2 , One Is the multiplicative inverse ^ . 
(or reciprocal) of the other. Their product Is 
one. This Is an instance of the symmetric property 
of proportionality which is stated in the next 
section. 



Yes. (3, 5) p (9, 15) ^ - | , 

. (9. 15) I (18, 30) k - i , 

(3, 5) I (18, 30) k - i ^ I . 

This Is an instance of the transitive property of 
proportionality whiqh Is stated in the: next section. 

(a) Yes, % definition of proportionality. 

(b) Yes. The quotient is 3 , 

(c) If 6 = 3x J then 6y - 3xy and 

if 12 3y , then 12x ^ 3xy , by the 
multiplication property of equality. 
Thus 6y = 12x by the transitive property 
of equality. 

Yes, d ^ k - b , Thus, d - k * 0 , and by a 

basic arithmetic property, if 
0 is a f^tor, the product 
is 0 . 

No, If B, 0 p Q ^ 0 because c ^ k^ a , and 
k c^mot bs 0 since c Is not zero* 

Yes. Yes, By hypothesis, there is k ^ 0 such 

that c ^ ka and 3 ^ 6k , Hence ^ ^ ^ "J 

1 a 6 

c ^ ^ . Therefore ^ 2 ^ and 
d , c o 

v., 

c 1^ a . 

Yes. Yes.' By hypothesis, there is k ^ 0 such 

2 

that a ^ 2k , b - 3k . Hence, a ^ ^b . Since 
we also Imow that 2 ^ |^ * 3 , (a^ 2) p (b, 3) , 
Also, since . 3 ^ | • 2 and ' "b - |a , (3, b) p (2, a) 



^20 



(a) 



The correspondence indicated In (a, b) = 



P 



is the same as that Indicated in (b, a) p (d, c) 

Hence, by definition, if one holds then the 
other does also, 
(b) l^ere is ^ 0 such that a ^ qb , since 



(c) Since (a, b) g (c, d) ^ there is W ^ 0 such 

that a ^ kc ^ and b ^ kd , Hence 
ad ^ (kc)d ^ (kd)c ^ be , 

(d) Since a and c are not zero, there is k 
such that a ^ kc . SubBtltuting in ad - be , 
we obtain (kG)d ^ be , that is, b - kd , 
Hence (a> b) g (c, d) , 

With regard to the note, if c = 0 , then a ^ 0 
and (0, O) ^ (bi d) only if both b and d are 

zero. Thus, if c ^ 0 and d ^ 0 , the conclusion 
in Part b would be false. Similarly, the 
conclusion ^n Part d would be false unless both 
a - b = 0 and c - d ^ 0 hold, 

12, Yes^ since^'if ^ a = kc and b ^ kd , then 

5a ^ k(5c) and b ^ kd . The proportionality 
constants are the same* 



a and b are not both zero. From' the 



hypothesis (a, b) d) ^ there is k ^ 0 

such that a = kc 'and ' b = kd . Substituting 

these expresBlons for a and b In a = qb , 

we obtain kc = qkd . Since k 0 , we have 

G = qd . Since a = qb , o = qd , and q Q , 
we have (a, o) = (b, d) . 




13. (a) 
(b) 
(c) 



3 



8 
6 




(a) 
(f) 



a> .3b, .124c 
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(s) 2^, 9^ 

(h) 12 ■ . ■ 

(1) 4 

(j: '/lo 

{k) Z i/E 

(1) ( 3 8, 6, (3, 3j^, ^) 

* 

Problem Set 7-gb 

(a) True. Reflexive property, 

(b) True. Since (x^ y) g (r, s) and r, x, y 

are positive, (y, x) = (a^ r) by 
Inversion, 

Hence (s, r) g (y^ x) by the symmetric 
property, 

3 2 
Further^ since x ^ ^r , r ^ . 

£ 

So the proportionality constant Ts ^ , 

(c) False, (x, y) | (2, 3) . 

(d) False. (r, s) ^ (b, c) with k ^ 3 . 

P 

(e) True, S^nmetrlc property and Inversion. 

Since 2 ^ 3a , a ^ | ' 2, Hence, ^ ^ § 
for the proportion in the conclusion. 

(f) True. % the addition- property, 

(5j 2* 3) p (a + b, a, *b) . Hence, 

(2, 3, 5) - (a, b, a + b) since this is 
P 

^ the same correspondence, 

(g) True. Inversion 

(h) False, 3x ^ 2y 



4 ^' ) 



(a) (7, 2) = (y^ x) " ^ 

(b) (z, x) p (8, 2) 

(c) (IQ, 7) p (x + z, y) 

(d) (6,-7) p (z - X, y) 

We have given only one proportion for each part. 
Students may use various acceptable proportions, 

(5. 2) p (y, x) , (5, y) p (a, x) , (5, 7) j (y, Y + x). 

The last of these is obtained from the first by 
addition which gives (7^ 5^ 2) | (y + y, x) , 

Hence (7, 5) p (y + x, y) . So, by inversion, 

(5, 7) p (y, y + x) . 

(a) 4 (e) k 

(b) 6| (f) 6^ 

(d) 9 (h) ^ 

CE ^ ^ since by hypothesis (AD, DB) g (CE, EB) ' 

and so (3, 4) = (6e, 6) i that is, l8 ^ 4 • CE * 

1. (Ap, DB) p (CE, EB) 1. I^Qthesls 

2. (AD, DB, AD + DB) = (CE, EB, CE + EB) 

2, Addition 

property of 
proportionality 

3. AD + DB ^ AB and 3. Betweenness- 



CE + EB ^ CB 
9 



Distance 
Theorem 



(AD, DB, AB^ I (CE, EB, CB) 4. Substitution 
^ property of 



equality for 
real numbers ^ 



4 ? • 

•' -4. 



r 

7*' XYaa + b^6 and a = 2 ^ hence b = 6 . 

ZW - c + d ^ 8 . Since (a, b) ^ (c, d) , we have 

(a, b, a + b) = (c, d, 0 + d) . 
That is, (2, 4, 6) g (c, d, 8) with k = | . 
2 = |c , It = |d 
c = J , d = ^ 
8. d = iti , e = 6 



Problem Set 7-3 





2', 










3" X 


5" 












(a) 


k B 


1 
1 








18 


(b) 
(c) 


k = 
k = 


2 

3 
2 


MN 

BC 


- 9 . 

- IS , 


MP - 
AE ^ 


8 
12 


(d) 


k = 


2 


YZ 


- 8 , 


XZ ^ 




(e) 


k = 


3 


RT 


- IS . 


ST ^ 


15 




k = 




AC 




BC ^ 




(s) 


k = 


3 


MN 


- 3 , 


NP ^ 


3 4/3" 


(a) 


BC = 




AC ^ 






ST = 


(b) 


(1) 
(2) 


2 

1 

2 












(3) 


1^ 









(5) 1 



6. ^ or 4- 
t/J 3 

'2 2 

7- k - 2 , f , f 

8* 27j 36, 33 * Corresponding ^angles are congruent, 
9. 33 * They are congruent, 
10* Hypotheslsi ^ABC ^ ADEF , ADEF ^ ^XYZ . 
Ttierefore (AB^ BC, AC) p (DE, EP, DF) 

(DE, EF, DF) ^ (XY, YZ, XZ) by the 

definition of similarity. 

Thus (AB^ BC, AC) g (XY, YZ^ XZ) by the 

transitive property of proportionality. 

Also £k i £d and S /X , 

IB i /% and /E - ^Y , 
^ ^F and ^F S . 

Thus 3^ /X , £b S ^Y and £c S by 

the transitive property of congruence 
, for angles* 

Therefore ^ABC y AXYZ since this correspondenoe 
has corresponding angles congruent and 
corresponding sides proportional. 

11. AABC ^ ^MNP , 

12. Yes. We toow (AB, BC, AC) - (XY, YZ, XZ) and 

(XY, YZ, XZ) I (ZY, YX, ZX) . In the second 

proportionality, k ^ 1 , since XZ ^ ZX , Hence^ 
XY " YZ ^ Therefore J from the first proportionality 
AB ^ BC . Since AB ^ 8 , this yields BC ^ 8 , 

13. Yes, since the constant of proportionality is 1 . 

lU. (a) AABC AEDC ^ (e) AMNP ^ ARSQ 

(b) AACD ^ ACBD (f) AABC ^ AEDF 

(c) ARST ^ ARWV (g) A ADC ^ AFBE 

(d) AXZW ^ AXYR 
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(a) 11.2 . ^ Postulate 21, 
(AB, AD, DB) = (AC, AE, EC) . Hence 

(10,. 7, DB) p (16, Al, EC) . Thus 

,(10, 7) p (l6, AS) , so lOAE - (7)(l6) . 

(b) (AD, DB, AB) = (Al, EC, AC) 
(1) (3, 3, 6) = (4, 4, §) 

(S) (i, 2, 6) = (8, 12) . i 



(3) (3, i, 7) = (3|, 5, 4) 
(^) (S, 3, 5) = (4 4' 7) 
(5) (2, 1, 3) p (4, 2, 6) 

(c) No. Slnoe (AD, AB) g (AS, AC) , theri by 
alternation, (AD, Al) g (AB, AC) . 



2. 


(a) 


b 




(b) 


X + y 




(c) 


b 




(d) 


y, y 




(e) 


a 




(f) 


b 


3. 


(a) 


AB « 




(b) 


BP = 5 




(c) 


BP = 13|- 


4. 


In 


AACF , (a: 



In AAFD , (AX, XP, AF) g (DE, IF, DF) . 

By the transitive property of proportionality^ 
(AB, BC, AC) p (DE, EF, DF) . 



5. Consider BP | | DE and intersecting *AC* at F , 
Then, by postulate 21, (AB^ AD) g (AF, AE) * 

•nius, AC ^ AF . F is on AC*" since it is in the 
half plane determined by ^DE* and B , ^ua, C 
and F must be the same point by the Point-Plotting 
Theorem. Therefore *BF* and ^BC^ are the same line 
since only one line can contain two points* 
Cdnsequently W | | ffi , 

Converse: If a line intersects two sides of a 
triangle in interior points so that the jneasures 
of one of those sides and the two se©nents into 
which it is cut are proportional to the measures 
of the three corresponding segments in the other 
side,, then the line is parallel to the third side 
of the triangle, 

6. PQ - 7| . CD - 2| . 

7. DF ^ &| 

8. CD - 3 , OY - 5| 

9. Since *FG* | 1"^^, ^BFG - . 
Since ^DE*| |^BC*^ /Km ^ £B . 

W S IE , Therefore AADS APBG by A.S.A, 
10, (rf) AD ^ 6 , 

(b) AE ^ ^AC . Postulate 21. AE ^ 8 , 

(c) Yes. 

(d) BG ^ ^BC . Postulate 21. BO ^ 10 * 

(e) Yes, This was proved in Problem 9 by A.S.A, 

(f) Yes, DE ^ 10 . 
(s) Yes, with k ^ I , 

(h) Corresponding angles must be proved congruent, 
. £BAC S" /DAE . Reflexive property of congruence, 
/ABC m /ADE and /ACB = /AED since |^BC*. 
Thus, AADE ^ A ABC . 



J' 



11/ Lfet P« and Q' denote the points on AB that ar© 
\ also on the lines parallel to *AB^ and through P 
and Q , respectively. ^ Theorem 7-2 j since 
PQ ^ OR ^ P'Q' ^ Q'B . ^ Postulate 21, since 
AR ^ PQ , AP« ^ P«Q' , Hence AP' ^ P'Q» ^ ft?B 
that is, the parallel lines trisect AB • 
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Problem Set 7^5 



(a) 


S 


, S.S. 


Th. 


7- 


-4 


J 


^ABC 




ADFE 






s, 


,A.J. 


Th. 


7- 


-5 


i 


^GHJ 




A Mm 




(c) 


s. 


.A.S."* 


Th. 


7- 


-5 


I 


AQRN 




ASRT 




(d) 


A, 


,A. 


Th. 


■7- 


-6 


s 


^ABC 




APDE 




(e) 


A. 


,A. 


Th. 


7- 


-6 


j 


^ ABE 




ADCE 




(f) 


S. 


f 

t A ■ b3 > 


Th. 


7- 


= 5 


J 


AMKN 




ALKP 




(s) 


S. 


s.s. 


Th. 


7- 


-4 




^ ABC 




ADFE 




(h) 


A. 


A. 


Th. 


7- 


.6 


3 


AACD 




ACBD 


(Al 
















^ACD 




A ABC 


and 
















ACBD 




A ABC) 




(i) 


S. 


A.S. 


Th. 


7- 


■5 


3 


ARST 




A WSV 





2. 
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AB 



kA«B« 



BC ^ kB'C 



5. 
6, 



with proportloriallty 
constant k 

A*'B" ^ kA«B» 
IB'' X ^B' 
B"C" - kB»C» 

AB ^ A*'B'' 
BC ^ B"C" 
iB - /B" 

AABC S AA''B''C" 

AABC ^ AA'B»C» 



2. 



Hypothesis j 

Hypothesis and 
^eorem 7=3 

Definition of 
polygoji similarity 

Transitivity for 
congruence and 
equality 



5, 
6. 



Postulate 



Transitivity for 
similarity 

Use figure for solution of Problem 2 and the hint in 
the text following the statement of the theorem. 



1, 
2, 



^ ^ £At , ^ S^B» 
AB - kA«B' 



7. 
8, 



AA"B"C" ^ AA'B'C* 
with k as the 
proportionality 
constant 

£b" S /B' 
A"B" - kA«B' 

lA - /A'' 
A"B'' 

AABC AA''B''C" 
AABC ^ AA*B»C» 



1. 

2. 



Hypothesis 

If a i b are 
positive^ then there 
is a positive number 
k such that a = kb, 

Theorem 7-3 asserts 
the existence of 
such a triangle p 

Definition of 
similarity 



7. 
8, 



Transitivity for 
congruence 

Se^ents with equal 
measures are 
congruent , 

A.S.A. Postulate 

Transitivity for 
similarity \. 
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14 










(e) 


16 




(d) 


Insufficient InforTnatlon 


(e) 


6 




(f) 






(a) 


If two lines are 


parallel and cut by a 


/ 


transversal J the 


corresponding angles ar 




c ongruent , £CBD 


- /A , /CDB i lE . 




AACE ^ ABCD by 


A, A, Similarity Theorem 



(b) /CBB i £k by definition of polygon similarity. 
Thus ro I I since ^ if two lines are cut by 
a transversal so that a pair of corresponding 
angles are congruent ^ the lines are parallel, 

(c) BC ^ ^AC , CD ^ by definition of midpoint, 

2' /C . Reflexive property for congrmence. 
AACE ^ A BCD by S,A,S* Similarity Theorem 
and the Gonstant of proportionality Is 2 , 

B Since the triangles ABC 

and A 'B'C ' are isosceles ^ 
/k^ IQ , l_k^ &^C' . ^If ^ 
^A 2 ^A» , then Ip & 
by the transitive property 
for congruence. Thus 
AABC ^ AA»B»C» by A, A. 
Similarity Theorem, 

Given AABC and AA'B'C are isosceles with 
^ ^B' ^ the vertex angles. We Imow that 

^ 180 - m /B , /. , 180 - m /B» 

m £A ^ — ^^g- ^ - and m ^A' = . — u since 

base, angles of isosceles triangles are congruent 
and the sum of the angle^^of a triangle is l8o , 
AlsOj m 1% ^ m ^B' J sin^4 congruent angles have 
equal measures. Thus m ^A = m [k^ and ^A S ^A* , 
Therefore AABC ^ a/»b>C» by A. A, Similarity Theorem 




^QTP S ^QRS since thay are right anglts, ^ft p ^ 
by feflexlva property for oongruenoet Iherafora, 
^QTF 'V by A. A. Similarity Thtoram and r ^ 

(QP, PT, TO) g (ftS, SR. Rft) . 

(a) ^BDE S ^CFE slnct they are right angle i, 

^ i? since they are opposite oongruent 
sides h^J^ , ^BDE ^ ^Cra by A*A. 
Similarity Theorem* 

(b) Slnse 4BflDE ^ ACFE the eorrespondlng sldei 
are proportional by the definition of polygon 
elmllarlty. Henee (BD, DE, EB) j (CF^ FE, EC) 

(o) From (BD, DE, IB) p (CF, PI, EC) we get 

(DE, EB) g (Fl, EC) , Applying the alternation 

property of proportions, we get 
(DE, FE) p (EB, EC) . 

(a) /BZC ^ £kYC Since they are right angles. 

S /q by the reflexive property for 
oongruenGe. Thus ^BZC 's. ^AYC by A* A* 
Slmllaj^ty Theorein, Therefore 
(BC, m) p (AC, ay) by the definition of 

polygoncf similarity and thus by alternation, 
(BC, AC) p (BZ, AY) . 

(b) By the product property, (BC)(AY) m (AC)(BZ) , 

'ab*| |*DC* by feflnltloff of parallelogram. Thus 

^BAE S ^DFE Ad ^ABE & £FDE • ^FDE ^ A AH 

by A, A, Slmila^^y Theorem, with (Dl, PD) p (BE, AB) 

If DE ^ I^EB , Fmf ^AB by the definition of 

proportionality. Since opposite sides of a 
parallelogram are congrTient, AB ^ DC and thus 
FD - |dC , 

39* Is the height of the tree. 
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13 « (a) 



Ik. 



15. 



(b) 



The trlSwigles are similar by S.S^Sp Similarity 
^aoramj thuB oorrespondlng angles are oongruent, 
If one has ^ right angle so does the othtr. 

3k , 4k , 5k . 




D F C 

"^^1 I^^, thus £bAO S ^DCA and £kEQ S £CFO . 
Therefore A AEG ^ ^CFQ by A, A* Similarity Theorem* 
Thus (AG^ Qfi) p (CO, fg) * By the product property 

of proportion, (AG)(GF) - (GE)(CG) and elnoe 
multlpllaatlon is Gonmutativa, (Ag)(gp)^ (Ca)(GE) , 

(a) Approximataly 2100 miles, 

(b) Approximately 830,000 miles. 



Problem Set 7-6a 



2. 
3. 



5, 



A'P' ^ 3 

(a) (1) 
(2) 
(3) 
No, 



AD ; 
(a) 



P'B' m 6 



No 
Yes 



Not if the segment is perpendicular to the 
line or in a plane perpendicular to the line, 

Pft > p«a» . 



DB . AB 

m ^ACD ^ 50 
m /pOB ^ 40 
m £OBJ) ^ 50 

(b) lA~= /pOB . 

(c) Yes 



(d) 3 

(e) AACD ^ ACBD ^ AABC 




Problem Sat 7-6b 

Th% teacher may want to ask students to prove 
Theorem 7-7 In a two-oolumn proof as an additional 
problem. 







A km 


c 


a 


b 


a 


X 


h 


b 


h 


y 


7-7-1 


h ^ xy 




T-7-2 


2 ^ 2 
a = xc J b - yc 





3. (a) Since ACDB ^ ^ADC , (x, h) = (h, y) . 

P 

By ^he product property of proportions, 

.i ■ - 

h ^ xy , 

(b) Since ^ACB ^ ACDB , .(c, a) p (a^ x) , 
thus . a^ ^ xc , 

Since AACB ^ ^AW , (c, b) ^ (b, y) , 

P 

p 

thus yc , 

4, Since AACB ^ AAiX! , (c, a) p (b^ h) , 

and thus ch = ab . 



(a) 4 

(b) 3 

(c) 7 

(d) 8.5 

(e) 2 



h = 


c~ ' 


(f) 


6 


(e) 


6 


(h) 


2 


(1) 


4 


(J) 


5 or 20 
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■- ^^^^^ # 
4 1. Gj f;, gj5i# ai'a^ndt right trlanglee btoaus© the 

square of ar^ one aide is not the aim of tha^Bquares. 
of tha other two aides. 

i 

a, b, d, e, h,'J, 1, m, n, o are right trlanglea 
because the square of one ilde is the sum of the 
squareB of the"other two sides . ' » 

2. (a) 16 (d) 

(b) ^/m (e) 4 

(o) lO^/ff 

3. 3ylT 
^. 75 

5. 7 

6. 2 vTT 

7. or S/i/J 

8. 20 

9. 12 

10. 10 

11. 13 

12. 

13. 6 

15. TOiere Is a right triangle whose legs have lengths u 
and V (see proof preceding the problem set) by 
the Ruler Postulate^ Protractor Postulate^ and Point- 
Plotting Theorem, TOien, by the PythagorearP Theorem, 

2 2 2 

the hypotenuse x is such that x - u + v . 
2 2 

Therefore x ^ w and since both x and w are 
positive, X ^ w . 



Since the sum of the aquarafi of two sides Is the^ 
, ' iquai*e of the third, tht triangle is a right 
trianglt ' ■■ 

If xm 2 , tl^ sidrt aw 3, 5 * 

' It X m k , th# Sides' are 15', 8, I? . ^ 
If X = 6 , the sides are 35j 12, 37 * 

.17. (SuvJ^ + (u^ + v^)^ 4uM + - SuM + 

^ ^ u + 2u V + V < 

Slnoe the sum of the /squares of two Blde$ is the 
square of the third, it is a right triangle. 

If u ^ 5 and v ^ 2 , these numbers are 
ao, 21, 29 , 

l8* Either use the fonmilas in 16 ^d 17 or 

r 

multiply the integers $9, 20, 21 by 1000 to 
obtriin the triple 29,000 20,000 , 21,000 , 



19. 
20. 



Yes. 
Yes 



S.A.S. Similarity Theorem, 




ic Is given tftiat 
a = to* , 0 = kc' 

Therefore b - kb' , 
Thus ^ACB ^ ^A»C»B* 




) ^ k^f 



- a' 



by S.S.S, Similarity Theorem, 
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Alte^ate proof i 




a ^ ka * , 0 ^ ko » . 



Proof! There iB a triangle A"B'-C" ^ A^B*0' with 
proportionality conetant k . Therefore, 
^c" ^ , a" ^ ka» , c" p ko» . TOius , ^o" 
are right angles s a ^ a" j o - o" and 
AABC ^ ^a"b"C" by I^otenuse-Leg Congruence 
Theorem. Thus ^ABG 'v Aa»B'C" , 



Problem Set 7=8 





AB 


BC 


(a) 


5 


54/3" 


(b) 


3 


3 V? 


io) 


4 




(d) 


2 


2 ^ 


(e) 




6 


(f) 


a 
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2. WlrBt part of proofs 

pothtalfl*- ^ABC M m £C ^ 90 , AC - BC ' 
Provei (AC, BC, AB) j (1, 1, ^) . ' 

Proof; Let AC ^ BC = x , mien by the fTthagorean 
Theortm, (AB) " ^ + x^ . Thus AB ^ x , 
Stoat X, X, xy¥ are proportional to (i, l*;^?) 
with proportionality factor x , a poiltlve quantity 

(AC, BC, AB) p (1, 1, i/ff) . 

Seaon4 part of proof i ^ 

IQrpothaslBi ^ABC vrtth (AC, BCj AB) - (l, 1, , 

Prove: ^km has m ^C ^ 90 , AC ^ BG . 

Proof I AC - k * 1 , BC - k ' 1 , I^i%refore 
AC ^ BC . Slnee AB ^ k and 
(k • 1)^ + (k * 1)2 m (kyf)- , ^ABC must be a 
right trlar^le by the converBe of the Pythagorean 
Theorem, ^erefore^ thm angle oppoilte the longest 



side, AB , 


that Is, 


/C , iB the right angle 


(a) 10 4^ 




(a) 


(b) 




(e) 3 


(c) -2- or 




(f) 10 ^ 


a 


b 


c 


(a) 10 


10 -j/J 


20 


(b) 5 




10 


(c) 3 y? 


9 




(d) 2 




18 


(e) 6 


6 /3" 


12' 



6. * ^ 

8, 3 V . ' ^ 

IQp 150 feet' , 

11. El, h| k belong to a triangle slml lax* to the 

3, 4, 5 Fight triangle. 

dj ij J belong to one sjji^lar to the 

5j 12* 13" trlai^e. 

e^ f . belong to one similar to the 

£ 1^ 2 triwigle, 

1 belongs to one similar to the 

. 1^ Ij 4^ triajigle, 

0 does not belong to one similar to 







those gl\ 


ren. 


(a) 


8 


(a). 


6 


(b) 


.9 


(h) 


2 


(c) 


7 


(1) 


2,5 


(fl) 


36 


(J) 


10 


(e) 


3 4/5" 


(k) 




(f) 




(1) 
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^swers to Revlaw Kfoblams 
1, a » ke and b ^ kd . 

S., (a) 5 . 

■ ■ 

-(ef (3, X, 3 +,x) g (39, 65, 104) 

. y P - 

3, 0 * Sjnifflietrio tod triisltlve propertlee, for » 
initsnce, would n© longer hold as ^general propertiej 
as stated In text* ^ ^ 

4. 1, If . (a, b, c) p CpJ r) then 

(a^ b, c, a + b + c) p (p^ q> p + q + r) , 

Thus a + b + 0 ^ k(p + q + r) , but the sum of the 
angles must be l80 * TOierefore^ l80 « k • l80 -. 
and k - 1 . ' 

5* Positive 

6* If the corresponding angles are congruent and 
Qorresponding sides proportional* 



4 



7. 


X = 


6| . ykC = 8 . 


BC = 9 . j 


8. 


(a) 


10 


(i) 




(b) 


6 


(h) 24^ 




(c) 


6 


(1) 




(d) 


4 


-(J) ^ 




(e) 


12 


(k) 6 




(f) 


3 


(1), 5| 


9. 


Yes, 


k 

m ' 




10. 


(b. 


h, x) = (a, 0 


- X, h) 




(a, 


0 - X, h) = (c 


, a, b) 


11. 


a = 


kb , h = k(Q - 


x) . 
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12. ' m^^A ^ 60 , m 30 *, m ^ 90 . 

j3 . m ^ 45 , m ^ ^ ^5 , m ^ 90 , , 
14. (a) AY - , AZ -yj , AB - a 

(b) AC =y5 . 

(o) Contlnua the pattem once more to get 6 , 

Continuing the pattern, tha points ^ 
Xj Y, B, t.. , are contained In a 
spiral J sometimes referred to as the 
"Square Root Spiral." 

L5. 13 

.6. (a) AO » 7 

(b) No. A ABC ^ ^|BD J however, BD^ BA are not 
proportional to BE* BC . 

,7. 15, 18, 2k . 

a AC 

8, Let ^ ^ , then AC « k * CI iuid likewise, 

BC ^ k * CD . We Imow that k is a positive numbi 
becauee it represents the quotient of two positive 
numbers, I^ierefore, (AC, BC) j (CE, CD) . Also, 
^ACB i /BCD since they are vertical angles, Thus 
AACB ^ -41CD by S,A,S. Similarity Theorem, Since 
correaponding angles of similar triangles are 
congruent, ^A ^ , mierefore, since these 
alternate Intarlor angles are congruerit, j.| W 

3, ^ACB S ^DB since they are both right angles 

formed by perpendicular lines, ^BD ^ ^ABC by the 
reflexive property of congruence. Therefore, 
^EBD ^ A ABC by the A. A, Similarity Theorem. 

). 12 



